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The main purpose of this paper is to investigate several further interesting properties of symmetry
for the multivariate p-adic fermionic integral on Z,. From these symmetries, we can derive some
recurrence identities for the ¢-Euler polynomials of higher order, which are closely related to
the Frobenius-Euler polynomials of higher order. By using our identities of symmetry for the ¢-
Euler polynomials of higher order, we can obtain many identities related to the Frobenius-Euler
polynomials of higher order.
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1. Introduction/Definition

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, C, and C, will, respectively,
denote the ring of p-adic rational integer, the field of p-adic rational numbers, the complex
number field, and the completion of algebraic closure of Q,. Let v, be the normalized
exponential valuation of C, with [p], = p %) = p~l. Let UD(Z,) be the space of uniformly
differentiable functions on Z,. For f € UD(Zy,), q € C, with |1 - g] p < 1, the fermionic p-adic
g-integral on Z,, is defined as
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(see [1]). Let us define the fermionic p-adic invariant integral on Z, as follows:
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(see [1-8]). From (1.2), we have
Li(f1) +1a(f) =2£(0) (1.3)

(see [9, 10]), where fi(x) = f(x +1). For ¢ € C, with |1 - §|p <1, let f(x) = e*'¢*. Then, we
define the ¢-Euler numbers as follows:
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where E,, ; are called the ¢{-Euler numbers. We can show that
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where H,,(-{™!) are the Frobenius-Euler numbers. By comparing the coefficients on both sides
of (1.4) and (1.5), we see that

Eng = ——H,(~¢"). (1.6)
Now, we also define the ¢-Euler polynomials as follows:
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In the viewpoint of (1.5), we can show that
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where H,, (-}, x) are the nth Frobenius-Euler polynomials. From (1.7) and (1.8), we note
that

Eni(x) = 12T§Hn (—é‘l,X> (1.9)

(cf. [1-8, 11-18]). For each positive integer k, let Ty, ¢ (1) = 35_,(~1)°¢¢¢¥. Then we have

0 tk ~ 0 n ¢ i’k ~ n ¢ - 1+ (_1)n+1e(n+1)t
k%:rk,;(rz)ﬁ = Z<Z<-1> e"&) e é(—l) gfet = ol (1.10)
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The ¢-Euler polynomials of order k, denoted Eflkg (x), are defined as

ext<§6t%>k:(get%>x...x<§et%>ext:§15§l’fg(x)%. (1.11)

Then the values of Eilkg) (x) at x = 0 are called the {-Euler numbers of order k. When k = 1,
the polynomials or numbers are called the ¢-Euler polynomials or numbers. The purpose of
this paper is to investigate some properties of symmetry for the multivariate p-adic fermionic
integral on Z,. From the properties of symmetry for the multivariate p-adic fermionic integral
on Zy,, we derive some identities of symmetry for the ¢-Euler polynomials of higher order. By
using our identities of symmetry for the ¢-Euler polynomials of higher order, we can obtain
many identities related to the Frobenius-Euler polynomials of higher order.

2. On the Symmetry for the ¢-Euler Polynomials of Higher Order

Let wy, w, € N with w; = 1(mod 2) and w, = 1(mod 2). Then we set

.[Z{,” ewl(x1+x2+---+xm+w2x)t§w1x1+---+w1xm d‘lL1 (xl) . d‘l«L1 (xm)

(m) _
R"™ (wy,ws) = .[Z gwlwzxeunwzxtd‘u_l (x)
P

(2.1)

% I ewz(xq +x2+-~-+xm+w1y)t§w2x1+--~+w2xm dl/l—l (xl) . d‘l/l_l (xm),
zy

where

flxr, . xm)dp-1(x) - dp1(xm) = f ol fOo, e Xm)dpea () - dpe (). (2.2)
z Z,
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Thus, we note that this expression for R (w1, w») is symmetry in w; and w,. From (2.1), we
have

R (wy,w,) = <.[ ettt gttt X gy (xg) - dp (xm)> o
zy
fz,, eWrmt Xy (x,,) (2.3)
X .
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i
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We can show that

[ze8 dpa(x) st
[5, et dp (x) ) gz:;) b ;)(Tkg(wl 1))k" 24

By (1.4) and (1.11), we see that

<J‘ ew1(x1+~~+x,,,)t§w1x1+~~~+w1x,,,d#_l (xl) . dﬂ—l (xm)>ew1wzxt
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2 m
_ ) 1wt (2.5)
wiewit +1
[o/e] tn
= ZOESZZ” (wax)wy —
=
Thus, we have
n
Ef:zwl (wyx) = ; <€> Eé"gzjl wy~ Cxn ¢, (2.6)
=0

From (2.3), (2.4), and (2.5), we can derive
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By the same method, we also see that

R™ (w1, wy) = <f gt Rl gt 0T gy (xq) - dpy (xm)> o
zy
IZPewlxmtgwlx’"dH—l(xm)
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(2.8)

By comparing the coefficients on both sides of (2.7) and (2.8), we obtain the following.

Theorem 2.1. For wy,w, € N with w; = 1(mod 2), w, = 1(mod 2), and n > 0,m > 1, one has

n /n .
Z( )ww BN <wzx>zn g (1 - ”< )Ei"’k 2, ()

(2.9)

n n . 7 j
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Let y = 0and m = 1in (2.9). Then we have

n n . .
Z <]>w;‘ ]’wéEn_j,gm (w2 x) T gwr (w1 — 1)

j=0
(2.10)
N ™\ E _
= Z _Jwiw, "Epjper (w1) Ty g (wn = 1).
=0 \J
From (2.10), we note that
n o\ .
<i>w§w’2“Ei,gW1 (wrx) Ty gwr (w1 — 1)
i=0
(2.11)
n /n o
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i=0
If we take w; = 1in (2.11), then we have
no/n\
Eng(wix) = > < .>w;E,-,§wl () Tpoig (w1 = 1). (2.12)
i=0 \'!

From (2.3), we note that

R (wy,w,) = <I g (Xt X X X dpa(xr) - dpy (xm)> o
Zy
J ey (1)
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By the symmetric property of R (w,,w,) in wy, w», we also see that

R(m)(wl,’Cl)z) — (I ewz(X1+"‘+xm)t§w2(xl+"'+xm)d‘u_l (x1) -+~ d,u_1(xm)>ew1w2"t
zy
[, € g dp  (x,)
X
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o n wy—1 m ( 1) n k tn
Z<Z<Z (-1)! Cw”E K gz <w1x+ —1)> k|2 E". (wzy) ).n!> o
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n wor— 1 tn
1) w w1 .
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2
(2.14)

By comparing the coefficients on both sides of (2.13) and (2.14), we obtain the following
theorem.

Theorem 2.2. For wy,w, € N with w; = 1(mod 2) and w, = 1(mod 2) , one has

1

(" n—k p(m-1) Nl i swai 2 (m) w; .
> K wiw; “E," o (W1Y) > (1™ Ej g <w2x + ;l>
i=0

(2.15)

2

S n k k (m-1) w1 i i = (m) wy .
- Z k wz w;l_ En—k,§w1 (wa) Z (_1) CWIlEk’ng (wlx + ;l)
i=0
Let y =0and m =1, we have

’(,U]-l . . wz wy— -1
W} D (1) G Ep g <w2x + Ei) wh > (<1)'¢ Ep g <w1x + —z) (2.16)
i=0

i=0

From (2.16), we can derive

w171

i i 1. 1
; (-1)'¢'Epgn <x + HT11> = uT{‘E"’g(wlx)' (2.17)
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