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Copyright © 2009 Changlong Yu et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Multipoint boundary value problems (BVPs) for second-order differential equations in a
finite interval have been studied extensively and many results for the existence of solutions,
positive solutions, multiple solutions are obtained by use of the Leray-Schauder continuation
theorem, Guo-Krasnosel’skii fixed point theorem, and so on; for details see [1-4] and the
references therein.

In the last several years, boundary value problems in an infinite interval have been
arisen in many applications and received much attention; see [5, 6]. Due to the fact that
an infinite interval is noncompact, the discussion about BVPs on the half-line is more
complicated, see [5-14] and the references therein. Recently, in [15], Lian and Ge studied
the following three-point boundary value problem:

x"(t) + f(t,x(t),x'()) =0, 0<t<+oo,

(1.1)
x(0) = ax(n), tl_i)rpoox’(t) =0,
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where a € R,a#1, and 11 € (0,+c0) are given. In this paper, we will study the following
m-point boundary value problems:

')+ f(tx(t),x' () =0, 0<t<+oo,

m-2 (12)
x(0) = Z“z’x(ﬂi)/ tl_lgl x'(t) =0,
i=1 *

where a; € R, Z;’i{z a; #1, a; have the same signal, and 0 < 7 < 7o < -+ < ]2 < +00 are
given. We first present the Green function for second-order multipoint BVPs on the half-line
and then give the existence results for (1.2) using the properties of this Green function and
the Leray-Schauder continuation theorem.

We use the space CL[0,+0) = {x € C'[0, +o0), lim; _, , oo x () exists, lim; _, , ., x'(t) exists}
with the norm ||x|| = max{||x||,, [|x'||,}, where || - ||, is supremum norm on the half-line, and
L'[0,+o0) = {x : [0,+00) — R is absolutely integrable on [0, +o0)} with the norm ||x||: =
[ |x(8)|dt.

We set

P= 4[0 p(s)ds, P = fo sp(s)ds, Q= 4[0 q(s)dt, (1.3)

and we suppose a;,i = 1,2,...,m — 2 are the same signal in this paper and we always assume

2. Preliminary Results

In this section, we present some definitions and lemmas, which will be needed in the proof
of the main results.

Definition 2.1 (see [15]). It holds that f : [0,+o0) x R> + Ris called an S-Carathéodory
function if and only if

(i) for each (u,v) € R?,t — f(t,u,v) is measurable on [0, +0),
(ii) for almost every t € [0, +o0), (u,v) — f(t u,v) is continuous on R?,

(iii) for each r > 0, there exists ¢, (t) € L'[0,+o0) with tip,(t) € L'[0,+o0), ¢, (t) > 0 on
(0, +00) such that max{|ul|, |[v|} < rimplies |f(t,u,v)| < ¢,(t), for a.e. t € [0, +0).

Lemma 2.2. Suppose X"2 a; #1, if for any v(t) € L'[0,+oo0) with tv(t) € L'[0,+00), then the
BVP,

x"() +o(t) =0, 0<t<+oo,

m-2 (21)
x(0) = Yaix(n),  lim x'(H) =0,
i=1 *
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has a unique solution. Moreover, this unique solution can be expressed in the form

+00
x(t) = f G(t,s)v(s)ds, (2.2)
0
where G(t, s) is defined by
m-2
a;s + As, s<m,s<t,
i=1
m-2
a;s + At, s<m,t<s,
i=1
i m-2
Ak + Z ars+As, 0<ni<s<n,s<ti=12,...,m-3,
Gt s) = — kfl k=i+1 (2.3)
i m-2
Ak + Z ars+At, 0<ni<s<n,t<s,i=12,...,m-3,
k=1 k=i+1
m-2
a;in; + As, 82 MNm-—2, <,
i=1
m-2
aiffi + At, §2Mm-2, t<s,
\ i=1

here note A =1 - Y™ % a;.

Proof. Integrate the differential equation from ¢ to +oo, noticing that v(t), to(t) € L'[0, +c0),
then from 0 to t and one has

t Atoo
x(t) = x(0) + j j v(t)dr ds. (2.4)
0/ s
Since x(0) = ZZIZ a;x(1n;), from (2.4), it holds that

i +co t
x(t) = Z . [Za,q,f . v(s)ds + Zaljo sv(s)ds] + tft v(s)ds + fosv(s)ds.

(2.5)

For 0 <t < 14, the unique solution of (2.1) can be stated by

() = ws iz %S
x(t) = J‘0<—1—Zim_12ai +s>v(s)ds+L <1—Zf'f12al t>U(S)ds

. "f J‘ e Sy QT + Z?ﬁl ags + At o(s)ds + J‘ o S “ini ot )o(s)ds.
im1 Y i 1-3m2a e \1 - 277 a
(2.6)
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If ; <t < 1341,1 <i < m -3, the unique solution of (2.1) can be stated by

1 m-2
x(t) = jz <Eiﬁ + S>U(s)ds

i1 i Z{(:l agmy + ZZ;% ags + As
+ — v(s)ds
11— a

=17 nj

t i m-2
+J’ Dk=1 MMk + D4 z+1 akS+AS>v(s)ds

7 1- Z =1 “l
| i 2.7)
. J"lm <Z;<:1 aMi + Z? z+1 aEs + At>v(s)ds
t 1- Zl 1 Qi
m=3 A1 Zj_ ANk + Zm—_Z xS + At
N ZI k=1 Tk k ]+1 o(s)ds
j=i+17 1j 1- Z —1 “1
+00 m=2 .
+ J‘ <M t>v(s)ds
Nm-2 1 Zz 1 Qi
If #p—p <t < +00, the unique solution of (2.1) can be stated by
m m2 Tlis1 Lt + X2 ags + As
x(t) = f (—Z 1 &S s>v(s)ds + ZI <Zk=1 Kl Zn’;f;l K v(s)ds
1 Z 1- Zi:l a;
, , (2.8)
t S A oo M im;
+ J <—le m_z;lz + s>v(s)ds + J (—Z’l m_lzﬂl + t>v(s)ds.
mma \ 1= 201 @i t 1-350 ai
We note A = 1 - 37,% a;, then
( m-2
szis+As, s<m,s<t,
—
Zais+At, s<m, t<s,
Zaqu+ Z ars+As, 0<ni<s<nuq,s<t,i=12,...,m=3,
k=i+1
G(t,s) = — : 2 (2.9)
Z“krlk+ Z ars+At, 0<n<s<n,t<s,i=12,...,m-3,
k=1 k=i+1
m-2
Zairli + AS/ s> Hm-2, S < t/
i=1
m-2
ain; + At, § 2> Mo, t < 5.
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Therefore, the unique solution of (2.1) is x(t) = gmG(t, s)v(s)ds, which completes the
proof. O

Remark of Lemma 2.2.0bviously G(t, s) satisfies the properties of a Green function, so we call
G(t, s) the Green function of the corresponding homogeneous multipoint BVP of (2.1) on the

half-line.

Lemma 2.3. Forall t,s € [0,+o0), it holds that

s, Z“i <0,
i=1
s m=2
IG(t,s)| < A 0< D ai<l,
i=1
m-2 m-2
max D WS Dy Fillmo S o>
7 4 1
\ -A -A Py

Proof. For each s € [0, +o0), G(t, s) is nondecreasing in t. Immediately, we have

m-2 i m=2 m=2 .
min{ 2ty M5 Dot WMk * Dicin OkS Duimy il } < G(t,s) <G(s,s)

A7 A ! A
.
s, s < i1,
i m-2
1 Z(xqu+ Zcxk+A s, i<s<M <+o0,i=12,...,m-3,
N k=i+1
m-2
aif; + As, § > Mm-2.
\ i=1

Further, we have

> ais =
= <G(ts) <s, a; <0,
Ao sGs)ss Xa

[ ras S am s m=2
< <2 < .
O<m1n{ A , A _G(t,S)_A, 0_§a1<1,

m-2 m-2 m=2
min{ 2 als/ 2 Gillm-2 } <Gl(t,s) <s, Z“i > 1.
A A i=1

Therefore, we get the result.

(2.10)

(2.11)

(2.12)
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Lemma 2.4. For the Green function G(t, s), it holds that

Jim G(t,s) = G(s)
— +00

(
S S S 7111
i m-2
1 Z“qu + < Z ak +A>S, M <s <N <+0,i=1,2,...,m-3 (2.13)
= Ak k=i+1
m-2
Zaim + As, §> o
\ i=1

Lemma 2.5. For the function x € C1[0, +c0), it is satisfied that
m-2
x(0) = Zaix(m) (2.14)
i=1

and a; (i =1,2,...,m —2) have the same signal, 0 < 11 < 12 < -+ < -2 < +o0, then there exists
1 € [m, Nm-2] satisfying

x(0) = ax(n), (2.15)

where a = Y% .

Proof. Leta; (i =1,2,...,m - 2) are positive, and note M* = max{x(t) | t € [n1, §m-2]}, m* =
min{x(t) | t € [f1,m-2]}, then for every i (i = 1,2,...,m —2), we have m* < x(1;) < M*,
som* Y a; < S aix(n) € M* XM oy, that is, m* < S aix(n)/ S aix < M*
Because x(t) is continuous on the interval [#1, 77,,—2], there exists 1 € [#1, -] satisfying
x(0) = ax(n)), where a = 3" % a;. O
Theorem 2.6 (see [5]). Let M C C,[0,+00) = {x € C[0,+00), lim;_, 4o, x(t) exists}. Then M is
relatively compact in X if the following conditions hold:

(a) M is uniformly bounded in Cy, [0, +o0);

(b) the functions from M are equicontinuous on any compact interval of [0, +o0);

(c) the functions from M are equiconvergent, that is, for any given € > 0, there exists a T =
T(e) > 0 such that |f(t) — f(+o0)| <€, foranyt > T, f € M.

3. Main Results
Consider the space X = {x € CL [0, +o0),x(0) = Z}ZIZ aix(n;), limy_, ;o x'(t) = 0} and define
the operator T : X x [0,1] — X by

T(x,\)(t) = AI;mG(t,s)f(s,x(s),x’(s))ds, 0<t<+oco. (3.1)

The main result of this paper is following.
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Theorem 3.1. Let f : [0, +00) x R? — R be an S-Carathéodory function. Suppose further that there
exists functions p(t), g(t)r(t) € L' [0, +oo) with tp(t), tq(t)tr(t) € L'[0, +o0) such that

|f(t,u,0)| < p(t)|ul +q(t)|o] +7(t) (32)
for almost every t € [0, +c0) and all (u,v) € R*. Then (1.2) has at least one solution provided:

Mma2P+Pr+Q <1, a<0,

Atm-2
1_aP+P1+Q<1, 0<acx<l, (33)

_ P P
max{tn:"12P+P1 +Q, :_11 + aerizl } <1, a>1.

Lemma 3.2. Let f : [0,+00) x R> — R be an S-Carathéodory function. Then, for each A €
[0,1], T (x, ) is completely continuous in X.

Proof. First we show T is well defined. Let x € X; then there exists r > 0 such that ||x|| < r. For
each A € [0,1], it holds that

T(x,A)(t) = J\J‘W}G(t, s)f (s, x(s),x'(s))ds
+:o (34)
< J |G(t, s)|p,(5)ds < +o0, Vi€ [0, ).
0

Further, G(t, s) is continuous in t so the Lebesgue dominated convergence theorem implies
that

+00

|T(x,A)(t1) — T(x, 1) (t2)]| < AIO |G(t1,8) = G(ta, s)|| f (s, x(s),x'(s))|ds

< )Lfoﬂc(tl,s) — G(ty, 5)|p,(s)ds (3.5)
— 0, ast — b,
t
|T(x, 1) (1) = T(x, 1) (t2)| < ,\L £ (s, x(s), %' (5))|ds
| (3.6)

ty
<) ¢(s)ds— 0 ast) — 1,
t

where 0 < t;,t, < +00. Thus, Tx € C'[0, +c0).
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Obviously, T(x, 1)(0) = Z?:’Iz a;T(x,X)(1;). Notice that
+o0
tlim T(x,\) (t) = tlim f f(s,x(s),x'(s))ds =0, (3.7)
— +00 —+o )

so we can get T(x, ) (t) € X.

We claim that T'(x, 1) is completely continuous in X, that is, for each A € [0,1], T(x, )
is continuous in X and maps a bounded subset of X into a relatively compact set.

Letx, — xasn — +ooin X. Next we prove that foreach A € [0,1], T(x,,A) — T(x, 1)
asn — +oo in X. Because f is a S-Carathéodory function and

+0oo
f
0

where ry > 0 is a real number such that max{max,en o} [[xxl, ||x]|} < 70, we have

G(s)

¢r,(s)ds <+o0,  (3.8)

foma(s) (f(s,xn(s),x,(s)) = f(s,x(s),x'(s)))ds

T (x,, L) (+00) — T(x, L) (+0)| < A’[O G(s) | |f (s, xu(s),x,(5)) = f(s,x(s),x'(s)) |ds

(3.9)
— 0, asn— +oo.
Also, we can get
T (x,, L) (t) = T (5, 1) (+00)| < /\JO G(t,s) - G(s) | |f (s, xu(s),x,(5))|ds
< I :o G(t,) - ()| pr, (5)ds (3-10)
— 0, ast— +oo,
|T (2, 1) (£) = T(xs, 1) (+00) | < I |f (s, xu(s), x,,(5))|ds
:m (3.11)
< L ¢r,(s)ds — 0, ast — +oo.
Similarly, we have
T (x,M)(t) = T(x,\)(+0)| — 0, as t— +oo,
(3.12)

|T(x, 1) () = T(x, 1) (+00)| — 0, as t — +oo.



Advances in Difference Equations 9

For any positive number Tj < +oo, when t € [0, Ty], we have

T (xn, A)(t) = T(x,L)(t)] < fo IG(t, 5)I| f (s, xn(5), x,,(s)) = £ (s,x(s),x'(s))|ds

— 0, asn-— +oo,

oo (3.13)
|T (2, 1) (£) = T, 1) (1) | < L |f (s, xn(5), x,,(5)) = f(s,x(s),x'(s))|ds

— 0, asn— +oo.

Combining (3.9)-(3.13), we can see that T(-, ) is continuous. Let B C X be a bounded
subset; it is easy to prove that TB is uniformly bounded. In the same way, we can prove
(3.5),(3.6), and (3.12), we can also show that T'B is equicontinuous and equiconvergent. Thus,
by Theorem 2.6, T(-, 1) : Xx[0,1] — X is completely continuous. The proof is completed. [J

Proof of Theorem 3.1. In view of Lemma 2.2, it is clear that x € X is a solution of the BVP (1.2) if
and only if x is a fixed point of T(-,1). Clearly, T'(x,0) = 0 for each x € X. If for each A € [0, 1]
the fixed points T'(-, 1) in X belong to a closed ball of X independent of A, then the Leray-
Schauder continuation theorem completes the proof. We have known T(-, 1) is completely
continuous by Lemma 3.2. Next we show that the fixed point of T(-, A) has a priori bound M
independently of A. Assume x = T(x, A) and set

+00 +00

r(s)ds, Ry = f sr(s)dt. (3.14)
0

Q= [ Tsqas, =

0 0

According to Lemma 2.5, we know that for any x € X, there exists 1 € [11, sm—2] satisfying
x(0) = ax(7n). Hence, there are three cases as follow.

Case 1 (a <0). Forany x € X, x(0)x(77) < 0holds and, therefore, there exists a ¢y € [0, ] such
that x(tp) = 0. Then, we have

[x(8)] =

<Eelel, < @ ma)ldll,, telw),  (15)

o’

f: x'(s)ds

and so it holds that
%', < [AfCE x| < 1F x|

<|lp®x@®)]+g®)1x' )] +r )] 2 (3.16)
< (T’Zm_zp + P+ Q) ”x,”00 + R,

therefore,

<., < K
© T 1-fm2P-P-Q

=M. (3.17)
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At the same time, we have

lx(t)] < )LU:G(t, s)f (s, x(s),x'(s))ds

< ’[ |sf (s, x(s),x'(s))|ds (3.18)
0
< Piflx|l,, + QM| + Ry, t€[0,00),
and so
QlM,l + R1
<=1 - . 3.19
Il < 25— = My (319)
Set M = max{M;, M}, which is independent of \.
Case 2 (0 < a < 1). For any x € X, we have
t
lx ()| = ax(7) +f x'(s)ds| < a|x(n)| +t]|x||,, te[0,0), (3.20)
0

which implies that |x(¢)| < (an/(1 - a) + t)||x'||, < (@fm—2/ (1 —a) +1)||x'||, forall t € [0, o0).
In the same way as for Case 1, we can get

/ (1 B LI)R !
x|, < = M,,
¥l < T R= 0y —anmap - M
(3.21)
QM) + Ry
“x”oo— 1-a-P - 2
Set M = max{M, M5}, which is independent of A and is what we need.
Case 3 (« > 1). For x € X, we have
! 1
lx(t)] = [x(n) +f x'(s)ds| < E|x(0)| +|t-n||x']|.,, te0,0), (3.22)
1
and so |x(t)| < (an/(a—1) + D||X'|| < (@m—/ (@ = 1) + 1)]|x'||,, forall t € [0, c0).
Similarly, we obtain
! (“ - 1)R '
x < =M;,
¥l < G- —anmar - M
(3.23)

tX(Qlj\/I/3 + Rl) + arlm_z(QMé + R) - M

X <
], < P B

3.

Set M = max{ M}, M3} and which is we need. So (1.2) has at least one solution. O
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