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1. Introduction

This paper is concerned with the long-time behavior of the following non-autonomous lattice
systems:

u; + vi(Au)i + .)Liui + fl-(ui, (Bu)l) + a;0; = ki(t), i€ Z, t>T, (11)

0; + 6,‘2)1‘ - ﬁ,-ui = gi(t)/ 1€Z, t>T, (12)
with initial conditions
ui(T) =iy, vi(T)=0i;, 1€Z, TER, (1.3)

where Z is the integer lattice; v;, A;,6; > 0, a; > 0, f; is a nonlinear function satisfying
fi € Ci(Rx R,R), i € Z; A is a positive self-adjoint linear operator; k(t) = (ki(t));cz, g(t) =
(gi(t)) ez, belong to certain metric space, which will be given in the following.
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Lattice dynamical systems occur in a wide variety of applications, where the
spatial structure has a discrete character, for example, chemical reaction theory, electrical
engineering, material science, laser, cellular neural networks with applications to image
processing and pattern recognition; see [1-4]. Thus, a great interest in the study of infinite
lattice systems has been raising. Lattice differential equations can be considered as a spatial
or temporal discrete analogue of corresponding partial differential equations on unbounded
domains. It is well known that the long-time behavior of solutions of partial differential
equations on unbounded domains raises some difficulty, such as well-posedness and lack of
compactness of Sobolev embeddings for obtaining existence of global attractors. Authors in
[5-7] consider the autonomous partial equations on unbounded domain in weighted spaces,
using the decaying of weights at infinity to get the compactness of solution semigroup. In
[8-10], asymptotic compactness of the solutions is used to obtain existence of global compact
attractors for autonomous system on unbounded domain. Authors in [11] consider them
in locally uniform space. For non-autonomous partial differential equations on bounded
domain, many studies on the existence of uniform attractor have been done, for example
[12-14].

For lattice dynamical systems, standard theory of ordinary differential equations can
be applied to get the well-posedness of it. “Tail ends” estimate method is usually used to get
asymptotic compactness of autonomous infinite-dimensional lattice, and by this the existence
of global compact attractor is obtained; see [15-17]. Authors in [18, 19] also prove that the
uniform smallness of solutions of autonomous infinite lattice systems for large space and time
variables is sufficient and necessary conditions for asymptotic compactness of it. Recently,
“tail ends” method is extended to non-autonomous infinite lattice systems; see [20-22]. The
traveling wave solutions of lattice differential equations are studied in [23-25]. In [18, 26,
27], the existence of global attractors of autonomous infinite lattice systems is obtained in
weighted spaces, which do not exclude traveling wave.

In this paper, we investigate the existence of uniform attractor for non-autonomous
lattice systems (1.1)—(1.3). The external term in [20] is supposed to belong to Cp(R,1?) and
to be almost periodic function. By Bochner-Amerio criterion, the set of this external term’s
translation is precompact in Cp(R,[?). Based on ideas of [28], authors in [14] introduce
uniformly w-limit compactness, and prove that the family of weakly continuous processes
with respect to (w.r.t.) certain symbol space possesses compact uniform attractors if the
process has a bounded uniform absorbing set and is uniformly w-limit compact. Motivated
by this, we will prove that the process corresponding to problem (1.1)—(1.3) with external
terms being locally asymptotic smallness (see Definition 4.5) possesses a compact uniform
attractor in 1> x 12, which coincides with uniform attractor of the family of processes with
external terms belonging to weak closure of translation set of locally asymptotic smallness
functionin L, (R, ?). We also show that locally asymptotic functions are translation bounded
in L} (R,1%), but not translation compact (tr.c.) in L{ (R,?). Since the locally asymptotic
smallness functions are not necessary to be translation compact in Cp,(R, %), compared with
[20], the conditions on external terms of (1.1)—(1.3) can be relaxed in this paper.

This paper is organized as follows. In Section 2, we give some preliminaries and
present our main result. In Section 3, the existence of a family of processes for (1.1)-
(1.3) is obtained. We also show that the family of processes possesses a uniformly (w.r.t
Hop (ko) x H(g0)) absorbing set. In Section 4, we prove the existence of uniform attractor.
In Section 5, the upper semicontinuity of uniform attractor will be studied.



Advances in Difference Equations 3

2. Main Result

In this section, we describe our main result. Denote by I? the Hilbert space defined by

P = {u = (W)jey, | wi € R, D ul < +oo}, (2.1)
icz,
with the inner product (:,-) and norm || - || given by
(w,0) = Dwwi,  Null® = (wu) = Yul. (22)
icZ =7

For I>xI%, we endow with the inner and norm as. For ¢s; = (1), 0\)) = (ulg),vi(i))iGZ ePxP, j=
1,2,

1 2 1 2 1,2 1), .(2)
<q’rl’ (P2>lz><lz = <u( )’u( )>lz + <U( ),U( )>12 = Z(ui ui + 7Ji Ui >’
i€z (2.3)

”(P'”lzle2 = <(P" (P>12X12/ v([f € 12 X 12.

Denote by L7 (R, %) the space of function ¢(s), s € R with values in [ that locally 2-power
integrable in the Bochner sense, that is,

%)
f [4(s)[|3ds < +o0, V[t1,t] CR. (2.4)
2]

It is equipped with the local 2-power mean convergence topology. Then, L? (R,[?) is a

metrizable space. Let Li(R, I?) be a space of functions ¢(t) from L2 (R,[?) such that

loc
t+1
9O =sup [ 365 ds <o 25)
€

Denote by le(':c” (R, %) the space L7 (R, [?) endow with the local weak convergence topology.
For each sequence u = (1;),, define linear operators on I? by

(Bu); = uij1 —u;, (B'u);=ui1-u;, i€Z,
(2.6)
(Au)i = —Ujy1 +2U; — Ui, 1€7Z.

Then

A =BB"=B'B,
(2.7)
(B*u,v) = (u,Bv), Vu,vel’
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For convenience, initial value problem (1.1)—(1.3) can be written as

u+v(Au) + A+ f(u,Bu) +av =k(t), t>T, (2.8)
v+ov-pPu=g(t), t>r, (2.9)

with initial conditions
u(t) = ur = (Wir)ieyy 0(T) =0r = (Vin)iepy TER, (2.10)

where u=(ui)iez, 0= (0i)icz, v(Au) = (vi(Awi)) ez, f (1, Bu) = (f (i, (Bu);)) iz, k(t) = (ki(t))icz,
g(t) = (8i())ez-

In the following, we give some assumption on nonlinear function f; € C}(R x R, R),
and Vi, .)Li, di,ﬁi, 61' eR:

(Hy)

fi(ui =0, (Bu); =0) =0, fi(ui, (Bu);)u; 2 0. (2.11)

(H;) There exists a positive-value continuous function Q : R* — R* such that

sup max
ic7, wi,(Bu);€[-rr]

" (u;, (Bu);)| +su max
fl’ui( ! ( )1) iegui,(Bu)ie[—r,r]

fi o, (i B)| Q. (212)

(H3) There exist positive constants v,1°, A, \°, ag, a°, By, °, 00, c”such that

0 < vy =min{v;,:i €Z}, v0=max{v,-,:i€Z} < +o0,

0 <Ay =min{\;,:i€Z}, A0=max{Ai,:i€Z} < +o0,
0<ap=min{a;,:i€Z}, a’ = max{a;,: i € Z} < +oo, (2.13)
0 < po=min{p;,:i€Z}, B’ = max{f;,:i € Z} < +oo,

0<6p=min{6;,:i €7}, 60=max{6i,:iGZ}<+oo.

Let the external term h(t), g(t) belong to Li(R, 12), it follows from the standard theory
of ordinary differential equations that there exists a unique local solution (u,v) € C([7, to), [>x
I?) for problem (2.8)-(2.10) if (H;)-(Hs) hold. For a fixed external term (ko(t),go(t)) €
L%(R,1?) x LZ(R, %), take the symbol space X = {ko(s+ h) | h € R} x {go(s+ h) | h € R} =
H(ko) x H(go), the set contains all translations of (ko(s), go(s)) in L(R,[?) x L2(R,I?). Take
the [Z],, = Huw(ko) x H1(go) the closure of X in L7 (R, %) x L™ (R, I?). Denote by T (h) the
translation semigroup, T (h)(k(s), g(s)) = (k(s + h), g(s + h)) for all (k, g) € Zor [Z],, s € R,
h > 0. It is evident that {T(h)},, is continuous on X in the topology of Li(R, I?) and on [X],,
in the topology of Li’f(R, I?), respectively,

T(h)Z =X = (ko) x #(g0), T(R)[Z], =[],y = Huw(ko) x Hop(g0), VR>0. (2.14)
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In Section 3, we will show that for every (k(t), g(t)) € Hw (ko) x Hw(g0), and (ur, v;) =
(Wiz, Vir)iez, € P x I2, T € R, problem (2.8)—(2.10) has a unique global solution (u,v)(t) =
(4i,0i);ez, () € C([1,00),1* x I?). Thus, there exists a family of processes (U, (t, )} from
I? x I? to I> x I2. In order to obtain the uniform attractor of the family of processes, we suppose
the external term is locally asymptotic smallness (see Definition 4.5). Let E be a Banach space
which the processes acting in, for a given symbol space Z, the uniform (w.r.t. o € Z) w-limit
set w,z(B) of B C E is defined by

w-z(B) = J UUo (s, T)BE. (2.15)

t>T o€= s>t

The first result of this paper is stated in the following, which will be proved in Section 4.

Theorem A. Assume that (ko(s),g,(s)) € L% (R,1*) x L2 (R,I?) be locally asymptotic smallness

and (H1)—(Hs) hold. Then the process { Uk, g,) iO(C:orrespondiilfl)é to problems (2.8)—(2.10) with external
term (ko(s), 8,(s)) possesses compact uniform (w.r.t. T € R) attractor A in 1> x 1> which coincides
with uniform (w.r.t. (k(s),g(s)) € Hulko) x Huw(gy)) attractor HAu, ko)., for the family of
processes {U g (t, T)}, (k, &) € Hu(ko) x Hu(g,), that is,

A0 = Aty (ko) x koo (50) = WO,y kvt (BO) = U Kk,(0), (2.16)
(k,g)eH (ko) xHw(go)

where By is the uniform (w.r.t. (k, ) € Hqw(ko)xHq (o)) absorbing set in I*x12, and K (x,q) is kernel
of the process {Uxg)(t, T)}. The uniform attractor uniformly (w.r.t. (k,g) € Hu (ko) x Hw(g0))
attracts the bounded set in I? x I

We also consider finite-dimensional approximation to the infinite-dimensional
systems (1.2)-(1.3) on finite lattices. For every positive integer n > 0, let Z, = ZNn{-n < i < n},
consider the following ordinary equations with initial data in R***! x R***1;

1 + vi(Au); + L + fi(u, (Bu);) + aiv; = ki(t), i€Z,, t>r,
0; + 61'1)1' - ,B,-ui = gi(t), i€ Zn, t>T, (217)
u(r) = (i (7)) ij<n = (ui,’r)|i|§nr o(T) = (Ui(T))mgn = (Ui,r)\i\gn/ TEeR.
In Section 5, we will show that the finite-dimensional approximation systems possess a

uniform attractor o4 in ?**! x R*"*!, and these uniform attractors are upper semicontinuous
when n — oo. More precisely, we have the following theorem.

Theorem B. Assume that (ko(s),g,(s)) € Li(R,l‘z) X Li(R,lz) and (H1)—(H3) hold. Then for
every positive integer n, systems (2.17) possess compact uniform attractor 4. Further, A is upper
semicontinuous to Ay asn — oo, that is,

lim dllez (Jg, Jo) = 0, (218)
n—oo
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where

dllez (Jo,e#()) = sup 1nf ||a b”llez (219)
eJ"

3. Processes and Uniform Absorbing Set

In this section, we show that the process can be defined and there exists a bounded uniform
absorbing set for the family of processes.

Lemma 3.1. Assume that ko, g, € Li(R, 1%) and (Hy)—(Hs) hold. Let (k(s),8(s)) € Huy(ko)xHw(gy),
and (uy,v;) € P x 2, T € R. Then the solution of (2.8)—(2.10) satisfies

|, 0)()II3, 0 < ||(u,’U)(T)||122xlze_(7'0/’10)(t—7')

3.1)
1/p 2 a’ 2 Mo (
+ % (.)L_QHkO(S)”le;(R'lZ) + 6_0 IIgO(S)”Lﬁ(R,lZ) <1 + %)/
where 1y = min{ay, o}, Yo = min{Xofo, @00 }.
Proof. Taking the inner product of (2.8) with pu in 12, by (H;), we get
5 dth,u + D pvil(Bu),* + D Nipul + D fiaiuiv; < > fiuiki(t). (3.2)
i€Z i€Z i€Z i€Z
Similarly, taking the inner product of (2.9) with av in I?, we get
5 dtZalv + Zaﬁ u; Zﬂitxiuivi = Zaivigi(t). (3.3)
i€z =7 =7 i€Z
Note that
ki) < 3 Shpac + 3 S LK,
i€Z 1EZ 1€Z
(3.4)

Zalvlgl(t) < = Za 6;07 + 22111 g ().

i€Z 1eZ €7,

Summing up (3.2) and (3.3), from (3.4), we get

%Z <ﬁiu? + a,-vf) + Z (Aiﬁiuiz + ai6ivi2> < Z <%ki2(t) + g—:gf(t)) (3.5)

i€Z i€Z i€Z
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Thus, by (H3),

0 0
1o S, 0) ()1 + ol D) Ol < <f—0||k<t>||?z + ‘;—Ollgmlli). (36)

Since (k(t), g(t)) € Hw(ko) x Hw (o), from [12, Proposition V.4.2.], we have
2 2
k)72 gy < Moz ey N8Oz < 180D 172 2)- (3.7)

From (3.6)-(3.7), applying Gronwall’s inequality of generalization (see [12, Lemma I1.1.3]),
we get (3.1). The proof is completed. O

It follows from Lemma 3.1 that the solution (u, v) of problem (2.8)—(2.10) is defined
for all t > 7. Therefore, there exists a family processes acting in the space I* x I> : {U g} :
Uk, (t,T) (Ur,v2) = (u(t),0(t), U (t,7) : B x> — P x 1%t > 1,7 € R, where (u(t), v(t))
is the solution of (2.8)—(2.10), and the time symbol (k(s), g(s)) belongs to (ko) x H(go)
and K, (ko) x H(go), respectively. The family of processes {Uxq)} satistfies multiplicative
properties:

Ug) () 0 U (5,7) = Uy (17), Wi2s>7, TER,

(3.8)
U xq) (t,7) = Id is the identity operator, 7 € R.
Furthermore, the following translation identity holds:
U(k,g) (t+h,t+h)= LIT(h)(k/g) (t,t), Vt>T, TER, h>0. (3.9)

The kernel X of the processes U ) (t, T) consists of all bounded complete trajectories of the
process Uk ¢) (¢, T), that is,

Kig) ={@(),00) [ 1@®), v0)llpe < Cuo)

(3.10)
U (1,q) (£, T) ((T),0(7)) = (u(t), v(1), ¥t 27, T € R}.
K (s) denotes the kernel section at a times moment s € R:
K (15)(6) = { (), 0(9)) | (u(),0()) € K (1) . (3.11)

Lemma 3.1 also shows that the family of processes possesses a uniform absorbing set
in %2 x 2.
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Lemma 3.2. Assume that ko, g, € LE(R, 1*) and (Hy)—(Hs) hold. Let (k(s),8(s)) € Hy(ko) x
He(3,). Then, there exists a bounded uniform absorbing set By in I* x I* for the family of processes
{Ukg) b (ko) xolt (g,)- hat TS, for any bounded set B C 1> x I2, there exists ty = to(T,B) > T,

U Uk (t, T)B C By, Vit to. (3.12)
(k/g)eeqw(k(])xﬂw(go)

Proof. Let ||(ur, vz)|lpxe £ R, from (3.1) we have

0
1 )OI < Re0/m)en e L gz, @ e 6)s <1ﬂ_>
X "o ./\0 Lb(R’l) 60 Lb(R’l) Yo

2 /B ) a0 ) "
“ o\ % 5o — >
(3.13)

where
Ho RZ 1 ﬂo 2 tXO 2 < Ho
tO =— In X T, X = 0 < }0 ||k0(s)||Li(R,lz) 50 ”gO(S)IILi(R,lZ) 1+ —0 ) (314)

Let By = {(u,0)(t) € P x I | ||(w,0)(t)[|,» < 2X?}. The proof is completed. O

4, Uniform Attractor

In this section, we establish the existence of uniform attractor for the non-autonomous lattice
systems (2.8)—(2.10). Let E be a Banach space, and let = be a subset of some Banach space.

Definition 4.1. {Us(t,T)}, o € Eissaid tobe (ExZ, E) weakly continuous, if forany t > 7, 7 €
R, the mapping (u,0) — {Us(t, T)u is weakly continuous from E x = to E.

A family of processes U,(t,T7), o € = is said to be uniformly (w.rt. o € 2) w-limit
compact if for any 7 € R and bounded set B C E, the set |,z U, Uo (s, T)B is bounded for

every t and (J ez Uss¢ U (S, t) B is precompact set as t — +oo. We need the following result in
[14].

Theorem 4.2. Let = be the weak closure of =Zo. Assume that {U,(t, )}, 0 € Zis (E x E, E) weakly
continuous, and

(i) has a bounded uniformly (w.r.t. c € Z) absorbing set By,

(ii) is uniformly (w.r.t. o € Z) w-limit compact.
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Then the families of processes {U(t, T)}, 0 € Zy, 0 € = possess, respectively, compact uniform
(wrt. o € Zy, 0 € E, resp.) attractors Az, and Az satisfying

Az, = Az = woz(Bo) = UJCO'(O)' (4.1)

o€z

Furthermore, X (0) is nonempty for all o € =.

Let £ be a Banach space and p > 1, denote the space LfOC(R, &) of functions p(s), s € R
with values in & that are locally p-power integral in the Bochner sense, it is equipped with
the local p-power mean convergence topology. Recall the Propositions in [12].

Proposition 4.3. A set X C Lfoc (R, &) is precompact in LfOC(R, &) if and only if the set Xy, 1) is
precompact in L' ([t, 2], €) for every segment [t1,t,] C R. Here, X4, 1,] denotes the restriction of the

loc

set X to the segment [t1,t7].

Proposition 4.4. A function o(s) is tr.c. in LI (R, &) if and only if

loc
(i) for any h € R the set {f?ho(s)ds | t € R} is precompact in &;
(ii) there exists a function a(s), a(s) — 0"(s — 0%) such that

+1
It lo(s) - o(s +Dfds <a(|l]), VteR. (4.2)
t

Now, one introduces a class of function.

Definition 4.5. A function ¢ € L} (R,1?) is said to be locally asymptotic smallness if for any
€ > 0, there exists positive integer N such that

t+1

sup Z @ (s)ds <e. (4.3)

teERJt|i|>N

Denote by L7 _(R,I?) the set of all locally asymptotic smallness functions in L} (R, I?).
It is easy to see that leas(R, ?) c Lﬁ(R, I?). The next examples show that there exist functions
in L} (R, 1) but not in L} (R, %), and a function belongs to L (R,[?) is not necessary a tr.c.

. . 2
function in L7 (R, 1?).

Example 4.6. Let ¢(t) = (¢i(t))icz,

r

0, i<0,
1
V/2i + 4in/2i(t - 2i), 2i- - <t<2i,
1
¢i(t) =4 | v2i 20<t<2i+—, (4.4)
$ 2i i>1.
1 1 3
V2i—4i2i(t-2i- =), 2i+—<t<2i+-—,
2i 2i 44
L L0, otherwise.
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Foreveryt e [2i—1/4i,2i +3/4i],i>1,

+1 2i
ft Z|q§i(s)|2d5 < f [\/Z +4iV/2i(s —2i)]2ds
2i—(1/4i)

t iez
2i+(1/2i) 2i+3/4i 1\12
+f 2ids+f [@—4i@<s—2i—z>] ds

2i 2i+1/2i (4.5)
1 1 1
§21'><AE+21'><Z+21'><AE
=2 < +oo.
Thus,
t+1 )
Supf D ldi(s)] ds <2, (4.6)
teR/J t ez
and ¢(t) € Li(R, I?). However, for every positive integer N, and for any positivei > N,
t+1 5 2i+1/2i
sup| D |di(s)["ds zj 2ids =1. (4.7)
2i

teR Y/t >N

Therefore, ¢(t) ¢ L2 (R, I?).

las

Example 4.7. ¢(t) = (@i(t)) ez,

pi(t)=0, fori<o,

( 2 j j 1 j
o W 2k - L - <t<
2k +4(2k) 2k<t 2k 2k>' 2k + ok aR? S t <2k + K
V2k 2k+—j <t<2k+—j +—1
’ 2k = 2k (2k)*

N : . :
91(0) =1 V2k - 4(2k)?V2k( £ -2k - L - ! =), ke 2gif§2k+L+L2,
2k (2k) 2k (2k) 2k 4(2k)

j=0,12,...,2k-1, ke Z*,

0, otherwise.
(4.8)
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fori>2,
)
V2i + (20)*V/2i(t - 2i), 2i - o <t<2i,
1
1
V2i, 2i<t<2i+ —,
¢i(t) = 1 (21) (4.9)
1 1 2
V2i- (2i)V2i( t-2i- — ), 2i+—— <t<2i+—,
(2i) (2i) (2i)
L0, otherwise.

Here, Z* denote the positive integer set.
For every positive integer N > 1,i > N, and for ¢ € [2i - (1/(2i)%),2i + (2/(2i)%)],

t+1 2i 5
f S i) ds < f [\/Z + (21)*V2i(s - 21')] ds
t 2

[iI>N 2i-1/(2i)

2i+1/(2i)? 2i+2/(2i)?
+ f 2ids + f

2i 2i+1/(2i)2
2
1 4.10
w |vai- @ipvai(s—2i- L) | as (410
(2i)
1
< 2ix 12+2i>< 5 +2ix 5
(2i) (2i) (2i)
_3
20
which implies that
t+1 9 3
su i(s)| ds < —. (4.11)
te]lg) t |l|§\]|q’ | 2N

Therefore, ¢(t) = (¢i(t))icy, € L2 (R, I?). Note that for any 1/(2i)* < I < 1/2k—(1/(2i)*)(k > 2),

las

1 1
j Z|<Pi(5+2k) - pi(s +2k+l)|2 > f Z|(p1(s+2k) —(pl(s+2k+l)|2
0 iez 0 iez, (4.12)
>1

From Proposition 4.4, ¢(t) = (¢i(t)),c, is not translation compact in leoc(R/ ).

Remark 4.8. Example 4.7 shows that a locally asymptotic function is not necessary translation
compact in Cp(R, I?).

In the following, we give some properties of locally asymptotic smallness function.
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Lemma 4.9. L} (R, %) is a closed subspace of L}(R, I?).

Proof. Let {¢s,}52, € L2 (R, I?) such that

las

gu— ¢ in L(R ). (4.13)

Then, for any ¢ > 0, there exists positive integer N; such that for every n > Ny,
t+1 )
sup( () -9 <e 1)
teR J ¢t

Since ¢, € L? (R, 1?), there exist N, > 0 such that for all n € Z*,

las

t+1

sup Z @2 (s)ds < e. (4.15)

teR J t [i>N,

Let n > Nj, we get that

t+1

sup Z (piz(s)ds

teER J 1 i|>N,

t+1 1
S2<Supft Z |‘l’ni(5)_‘1’i(5)|2ds+sup t Z qfii(s)ds> (4.16)

teR [i|>N; teR J t [iI>N;

< 4e.

Therefore, ¢s(s) € L} _(R,1?). This completes the proof. O

2

oc (R, %) is locally asymptotic smallness.

Lemma 4.10. Every translation compact function w(s) in L

Proof. Since w(s) is tr.c. in leoc(R’ I?), we get that {w(s+t) | t € R} is precompact in leoc(R’ 12).
By Proposition 4.3, we get that {w(s + t) | t € R}y, is precompact in L([0,1];1?). Thus, for
any € > 0, there exists finite number w; (s), w2(s), ..., wk(s) € L([0,1]; I2) such that for every

w € {w(s+1) | t € R}jgy), there exist some w;(s), 1 < j < K, such that
! 2
J‘ |w(s +t) —wj(s)||. <e, teR. (4.17)
0

For the e given above, w;(s) € L([0,1] ;%) implies that there exists positive integer N such
that

1

3 |wj(s)|*ds <. (4.18)

0li>N
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Therefore,

1 1 1
M wi(s + HPds <2| Y |wils +t) - wji(s)| ds + 2f0 3 wji(s)|*ds

0li=N 0lii=N lil>N (4.19)
< A4e,
which implies w(s) is locally asymptotic smallness. This completes the proof. O

We now establish the uniform estimates on the tails of solutions of (2.8)—(2.10) as
n — oo.

Lemma 4.11. Assume that (Hy)—~(Hs) hold and (ko,g,) € L% .(R,1*) x L% (R, 1) is locally

asymptotic smallness. Then for any e > 0O, there exist positive integer N(e) and T(e,R) such that
if [|(u(r), 0(T) e < R, (u(t), 0(t)) = Ugrg) (8, 7) (u(7),0(7)), (k,8) € Kuwlko) x Hu () satisfies

S, (P + i) <e. (4.20)

liI=N
Proof. Choose a smooth function 8 such that 0 < 8(s) <1 for s € R*, and

0(s)=0 for0<s<l1,
(4.21)
0(s)=1 fors>2,

and there exists a constant My such that |6'(s)| < My for s € R*. Let N be a suitable large
positive integer, (¢, ¢r) = (0(|i|/N)u;, 0(|i|/N)v;) ;. Taking the inner product of (2.8) with p¢
and (2.9) with ag in I?, we have

(11, ) + (vAw, pp) + (Au, pp) + (f (u, Bu), pp) + (av, pp) = (k(t), pp),

(4.22)
(0, aqp) + (60, ayp) = (Pu, agp) = (g(t), agp).
From (H7)-(Hj3), we have
p )
(P9} + (0,a0r) > T2 3 (1 + @e(%), (4.23)

i€Z
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where 7 is same as in Lemma 3.1

(vAu, pp) = > vifii(Bu);(Bp),

i€Z

G T ()

. . (4.24)
li +1] li]
- gonoaro(8)- Zoon (52 ()
ol A MoX?
> EZZvlﬁl(Bul) 6<N> —N Vt > to,
tp asin (3.10)
li]
(1 i) 2 o 30 )
(av, pp) = (Pu, ay),
(60, ap) > 60a029< i )vz,
i i (4.25)
(k0), pu) < £k Jui < 3o 50 )i+ Ef)_(;lez so( [ )k,
(s0,9) < Sewaozo( Moz 4 12 s0( M)
Summing up (4.22), from (4.23)—(4.25) we get
jt,ezz<uiz + U?)@(%) + %é(w% + U?)@(%)
(4.26)
Thus,
2 li 1N,z 2 ~(vo/m0) (t=7)
ie%(u +'0> < > ieZZG<N><ul(T)+UI(T)>e Yo/10) (¢

Mo 40 MX? t g o) -9 <|z|> )
+ 2. 0 k;(s)d 427
TR vl 20\ K@ @2

t
+ 6_6 =(yo/m0) (¢ S)Z(9< i )81 (s)ds.

00 i€Z
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We now estimate the integral term on the right-hand side of (4.27).

Le (vo/m0) = S>Ze< i >k2(s)ds < ft g ~(0/m) - S>Ze< i >k2(s)ds

i€Z i€Z

" J‘t Ze ~(yo/m0) (= S)ZQ< i )kz(s)ds +-

i€Z

<e 70/710’[ e (YO/’TO)SZG< |l| >k2(5 +t— 1)dS
0

i€Z

1 .
4 e—ZYo/nof 6_(}/0/710)529(%)&2(5 +t-2)ds+---
0

i€Z

S<1+e‘“’/’70+e‘270/”°+--->sup Z <E>k2(5+t)ds
0 ez

teR

1o m/w teRf 5239(' |>k2<5+t)ds

(4.28)

Similarly,

I e~ (10/m0) (t= S)ZQ<J|3>gI (s)ds < o /m tERI ZG( i >g1 (s + t)ds. (4.29)

i€Z 0 ez

Since (ko(t), go(t)) is locally asymptotic smallness, from (4.27)—(4.29) we get that for any € > 0,
if ||(u(T),U(T))||122X12 < R, there exist T = T(e, R) > 7 and sulfficient large positive integer N
such that

WOPMXE 71 'so(
u2+v <|1|> Mo + f 9<—>k24s+tds
Z < > - Yo N AoPo 1 — e(v/m) teﬂg oiz \N ol )

i€Z
+a—02;su ZG(' l) (s+t)ds ) <e, Vt>T
boag 1 — p(n/m) teﬂg 07 S ’ -
(4.30)

The proof is completed. O

Lemma 4.12. Assume that (H1)—(H3) hold, let (1,0, 0,0), (1o, v9) € P x 2, If (Uno, vno) — (1o, Vo)
in x> and (k,, g,) — (k,g) weakly in L% (R, 1> x I), then foranyt>71, TER,

loc

u(kn,g,,) (Uno, Uno) — U(k,g) (1, v0) weakly in 1> x>, n— co. (4.31)
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PTOOf. Let (unr Un)(t) = u(kn,gn)(unOI UnO)/ (u, U) (t) = u(k,g) (uO/ UO)~ Since {(unOr UnO)} is bou-
nded in I? x I, by Lemma 3.2, we get that

{(un,vy)(t)} is uniformly bounded in 2 x 2. (4.32)

Therefore, forallt > 7,7 € R,

(Un, 0n) (1) = (Uw, Vw)(t) weakly in PxI?, asn— . (4.33)

Note that (u,, v,)(t) is the solution of (2.8) and (2.9) with time symbol (k,, g,) € Liﬁ’(R, I? x
I?), it follow from (4.32) that

(tty, On) (£) — (1w, Vw) (t) weak starin L* (R, I? x 12>, as n— oo. (4.34)

In the following, we show that (1., v)(t) = (4, v)(t). By the fact that (u,, v,)(t) is the
solution of (2.8) and (2.9), for any ¢ (t) € C°([7,t],1%), we get that

¢ t ¢ ¢ t
I Unigp (t)dt + f vi(Auy,);p(t)dt + J‘ Xty (t)dt + f fi(tni, (Buy);)p(t)dt + f vy (t)dt

T

t
= f k(g t)dt, t>T,

t t t t
f i (t)dt + f Oivnitp(t)dt — J‘ Piunig(t)dt = f Si(hgt)dt, t>r.
T T T T (435)

Note that (ky, g:) — (k,g) weakly in L} (R,I* x I*). Let n — oo in (4.35), by (4.34) we get
that (14, v)(t) is the solution of (2.8) and (2.9) with the initial data (19, vg). By the unique
solvability of problem (2.8)-(2.10), we get that (1, v)(t) = (u,v)(t). This completes the
proof. O

Proof of Theorem A. From Lemmas 3.2, 4.11 and 4.12, and Theorem 4.2, we get the results.
O

5. Upper Semicontinuity of Attractors

In this section, we present the approximation to the uniform attractor o/, (ko) x2.,(g,) Obtained

in Theory A by the uniform attractor of following finite-dimensional lattice systems in R¥m+1 %
R2n+1:

u; + vi(Au)i + Aiui + fi(ui, (Bu)l) + a;v; = ki(t), i€ Zn, t>T,
(5.1)
i+ 0;v; — fiu; = gi(t), 1€Z,, t>T,
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with the initial data
W(r) = Ui(Tjen = W) yon 00 = OT)jen = @i)yen TER,  (52)
and the periodic boundary conditions
(Uns1,On41) = (Uon, 0-n), (U1, Uni1) = (U, On). (5.3)

Similar to systems (2.8)—(2.10), under the assumption (H;)-(H3), the approximation
systems (5.1)-(5.2) with k,g € Li(R, I?) possess a unique solution (u,v) = (Ui, Vi)jj<n €
C([r,+o0), R?"1 x R?1), which continuously depends on initial data. Therefore, we can
associate a family of processes {U?k,g)(t,r)} (ko) xou (o) Which satisfy similar properties
(3.8)—(3.9). Similar to Lemma 3.2, we have the following result.

Lemma 5.1. Assume that ko, g, € Li(R,lz), and (Hy)—(Hs) hold. Let (k,g) € Hqy(ko) x
H(8y)- Then, there exists a bounded uniform absorbing set By for the family of processes
{Uz‘k,g)(t, T)} o, (ko) x L)) that is, for any bounded set B,, C R¥*Lx R there exists ty = to(T, B,) >
T, for t > to,

u?l

% (£ T)By C By, (5.4)
(k,g)EH (ko) xH (0)

In particular, By is independent of (k, g) and n.

Since (5.1) is finite-dimensional systems, it is easy to know that under the assumption
of Lemma 5.1, the family of processes {U;’k,g)(t, 7)}, (k,g) € Hw(ko) x He (o) is uniformly
(w.rt. Hoyp (ko) x He(go)) w-limit compact. Similar to Lemma 4.12, if (), v},) — (ug,vg) in
2 x 12, (km,gm) — (k,g) weakly in LY. (R, R*"*! x R**!), then forany t > T, T € R,

u?krn/gm) (uanvaao) - ur(lk,g) (u{)’, Ug) weakly in I? x l2, m — oo. (5.5)

Lemma 5.2. Assume that (ko(s), g,(s)) € Li(R, 1) x Li(R, 1%) and (Hy)—(Hz) hold. Then the process

{u?ko,go)} corresponding to problems (5.1)-(5.2) with external term (ko(s),g,(s)) possesses compact

uniform (w.r.t. T € R) attractor Ay in 1> x I* which coincides with uniform (w.r.t. (k(s),g(s)) €
Ho (ko) xHo(8,)) attractor A" )for the family of processes {u7gk,g) (t, 1)}, (k,g) € Hy(ko)x

eww(k())xelew (go
H(8,), that is,

n _ n — —_
Ao = A kxealg0) = POt (B1) = e (ij) N )JCn,<k,g> 0), (5.6)
8 w (K0 ) XK (80

where By is the uniform (w.r.t. (k, ) € Hw (ko) xHw (o)) absorbing set in R*™ x R** and K k. g)
is kernel of the process {U k,g)(t,T)}. The uniform attractor uniformly (w.r.t. (k,g) € Hu (ko) x
H.,(0)) attracts the bounded set in R*™*1 x R¥*1,
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Proof of Theorem B. 1f (u(j,v)) € Ay, it follows from Lemma 5.2 that there exist (k", g") €
Ho (ko) x Hq(g0) and a bounded complete solution (1" (), v"(:)) € C(R, R***1 x R***1) such
that

(1" (1), 0" (1)) = Uy oy (L,0) (u, 0F), (1, 0) = (u"(0),0"(0)),

W), 0" () eA}, VieER, n=1,2,....

(5.7)

Since (k", g") € Hq (ko) x H(g0), there exist (k, g) € Hq (ko) x H(go) and a subsequence
of {(k",g")}s=1, which is still denote by {(k", g")};—;, such that

(k",g") — (k, g) weakly in L] <R, % x lz>, as n — co. (5.8)

loc

From Lemma 5.1, we get that
(", 0")()|lpee <C1 VEER, n=1,2,..., (5.9)
which imply that
" <Cop IR (B)] < Co. (5.10)

Thus,

[[w" () — u" ()| < |l"|||t — s| < Calt — s,
(5.11)
[0" () — 0" (s)|| < [|0" ||t = s| < Calt - s].

Let I;(j = 1,2,...) be a sequence of compact intervals of R such that I; C I;;; and
U]. I; = R. From (5.9) and (5.11), using Ascoli’s theorem, we get that for each t € I}, there
exists a subsequence of {(u",v")(t)} (still denoted by {(u",v")(t)}) and (w4, v;) € I? x I such
that

(u",v")(t) — (u,v:)(t) weakly in > x I?, as n — co. (5.12)

Proceeding as in the proof of Lemma 4.11, we get that the weak convergence is actually strong
convergence, and therefore {(u",v")(t)} is precompact in C (Ij,l2 x I?) for each j = 1,2,....
Then we infer that there exists a subsequence {(u™,v™)(t)} of {(w",v")(t)} and (u1,v1)(t)
such that {(u™,v™)(t)} converges to (u1,v1)(t) € C(I1,1? x I?). Using Ascoli’s theorem again,
we get, by induction, that there is a subsequence {(u"*,v"*)(t)} of {(u",v™)(t)} such
that {(u"+1,v"+)(t)} converges to (us1,vj:1)(t) in C(Ij+1,l2 x [2), where (tj+1,vj41)(t) is an
extension of (uj,v;)(t) to Ij;1. Finally, taking a diagonal subsequence in the usual way, we
find that there exist a subsequence {(u™,v")(t)} of {(u",v")(t)} and (u,v)(t) € C(R,I* x %)
such that for any compact interval I ¢ R

(U™, o) (t) —> (u,0)(t) € C(I, 12 x 12), as 1 — oo. (5.13)
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From (5.9) we get that
I(,0) (Bl < C1 VEER. (5.14)
Next, we show that (u(t), v(t)) is the solution of (2.8)—(2.10). It follows from (5.10) that

@ (1), 9" (1)) — (u(t),v(t)) weak star in L*® (R, 12 x 12), as 1 — oo. (5.15)

For fixed i € Z, let n > [i|. Since (u"(-),v"(-)) is the solution of (5.1)—(5.2) with (k",g") €
Hop (ko) x H(g0), we have

' (t) = —vi(Au"); - Nl - fi(ul!, (Bu™);) — aol' + k'(t), teR,

(5.16)
ol (t) = -6;0" + fiul + gi(t), teR.
Thus, for each ¢ (t) € C(I,1?), we have
j il (g (t)dt = —j vi(Au") g (H)dt —f Aiu;’q;(t)dt—f fi(ul', (Bu™);) g (t)dt
I I i I
- J‘ a;ol g (t)dt + f kK'(Hg(t)dt, teR, (5.17)
i I
f ol () (t)dt = —f oivl'y(t)dt +I Pl (t)dt +J gh(Hy(t)dt, teR.
T I T T
Letting n — oo, by (5.8), (5.13), (5.15) and (5.17) we find that (u, v) satisfies
u;(t) = —vi(Au); — \ju; — fi(u?, (Bu)i) —av;+ki(t), Vtel, ieZ,
(5.18)

;(t) = =6;v; + ﬂiu,’ + gi(t), Vtel, i € Z.

Since [ is arbitrary, we note that (5.18) are valid for all ¢ € R. From (5.14) we find that (u,v)
is a bounded complete solution of (2.8)—(2.10). Therefore, (1£(0),v(0)) € 4. By (5.13) we get
that

(u™(0),v"™(0)) — (1(0),v(0)) € A. (5.19)

The proof is complete. O

Remark 5.3. All the result of this paper is valid for the systems in [20, 21].
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