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A nonautonomous N-species discrete Lotka-Volterra competitive system with delays and feedback
controls is considered in this work. Sufficient conditions on the coefficients are given to guarantee

that all the species are permanent. It is shown that these conditions are weaker than those of Liao
et al. 2008.

1. Introduction

Traditional Lotka-Volterra competitive systems have been extensively studied by many
authors [1-7].The autonomous model can be expressed as follows:

N
ui(t) = biu(t) [1- D aju;(t)|, i=1,...,N, (1.1)
j=1

where b; > 0, a;; >0, a;j > 0 (i # j), u;(t)denoting the density of the ith species at time t. Montes
de Oca and Zeeman [6] investigated the general nonautonomous N-species Lotka-Volterra
competitive system

u:(t) = u;(t) | bi(t) — icij(t)uj(t) , ¢j>20,i=1,...,N, (1.2)
j=1
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and obtained that if the coefficients are continuous and bounded above and below by positive
constants, and if for each i = 2,..., N, there exists an integer k; < i such that

< i=1,., (1.3)

then u; — 0 exponentially for 2 < i < N, and u;(t) — X*, where X* is a certain solution of
a logistic equation. Teng [8] and Ahmad and Stamova [9] also studied the coexistence on a
nonautonomous Lotka-Volterra competitive system. They obtained the necessary or sufficient
conditions for the permanence and the extinction. For more works relevant to system (1.1),
one could refer to [1-9] and the references cited therein.

However, to the best of the authors’ knowledge, to this day, still less scholars
consider the general nonautonomous discrete Lotka-Volterra competitive system with
delays and feedback controls. Recently, in [1] Liao et al. considered the following general
nonautonomous discrete Lotka-Volterra competitive system with delays and feedback
controls:

=1

xi(n+1) = xi(n) eXp{bi(n) - iaij(n)x]' (n—7yj) - di(n)ui(n) }

Aui(n) = ri(n) —e;(n)u;(n) + ci(n)xi(n-o0;), i=12,...,N,

x:(0) = ¢:(6) >0, 6€N[-1,0] := {-1,-T+1,...,-1,0},

where x;(n) (i=1,2,...,N) is the density of competitive species; u;(n) is the control variable;
ei(n) : Z — (0,1); bounded sequences r;(n), ci(n), bi(n), a;j(n), and d;(n) : Z — R*; 7;
and o; are positive integer; Z, R* denote the sets of all integers and all positive real numbers,
respectively; A is the first-order forward difference operator Au;(n) = w;(n +1) —u;(n); T =
max{maxi; j<NTij, MaXi<i<NO; } > 0.
In [1], Liao et al. obtained sufficient conditions for permanence of the system (1.4).
They obtained what follows.

Lemma 1.1. Assume that

min M;A; > 1 (1.5)
1<i<N

hold, then system (1.4) is permanent, where

exp(b -1} . a: exp{’rﬁ (Zﬁ\il aizMj+ Widy - bf)}

MiAi:al exp{-bi'r; } bl - N “M: — d“W;
i EXP1~0; Tii i Zj=1,j#iaij jT a4 Vi

(1.6)

i+ c*M; exp(b* -1
W; = 1—11’, M; = lp(—l)
€; a;; exp (=bi'Tii)
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Since

N
exp{bi-1} >0, ak exp{-b'z;} >0, at exp{’rﬁ <Za;‘jM]- +Widy - bf> } > 0.

j=1
(1.7)
Hence, the above inequality (1.5) implies
N
bi- > ayiM; - di'W; > 0. (1.8)
J=Lj#i
That is
N
bi> > a,M; + di'W;
j=Lji
& T,
= Z aiiM]- + di - (19)
j=lj#i €

It was shown that in [1] Liao et al. considered system (1.4) where all coefficients r;(n), ci(n), d;(n),
a;j(n), e;(n), and b;(n) were assumed to satisfy conditions (1.9).

In this work, we shall study system (1.4) and get the same results as [1] do under the
weaker assumption that

N dirt
bi> > aiM; + -1 (1.10)
j=Li#i €

Our main results are the following Theorem 1.2.
Theorem 1.2. Assume that (1.10) holds, then system (1.4) is permanent.

Remark 1.3. The inequality (1.9) implies (1.10), but not conversely, for

N dvrt N dvrt  d'c*M;
Z ayMj + —= < Z ay;Mj + == + —. (1.11)
Lz € jeLji € €i

Therefore, we have improved the permanence conditions of [1] for system (1.4).

Theorem 1.2 will be proved in Section 2. In Section 3, an example will be given to
illustrate that (1.10) does not imply (1.9); that is, the condition (1.10) is better than (1.9).
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2. Proof of Theorem 1.2
The following lemma can be found in [10].

Lemma 2.1. Assume that A > 0and y(0) > 0, and further suppose that

(1)
y(n+1) < Ay(n)+B(n), n=12,.... (2.1)
Then for any integer k < n,
k=1
y(n) < A'y(n—k) + > AB(n-i-1). (2.2)

i=0

Especially, if A < 1 and B is bounded above with respect to M, then

M
i < . .
nlgr;gsup y(n) < A (2.3)
()
y(n+1)>Ayn)+B(n), n=12,.... (2.4)
Then for any integer k < n,
k-1
y(n) > Ay(n—-k)+ > AB(n-i-1). (2.5)
i=0
Especially, if A < 1 and B is bounded below with respect to m*, then
Tim inf y(n) > 1"_1 = (2.6)

Following comparison theorem of difference equation is Theorem 2.1 of [11, page 241].

Lemma 2.2. Let n € N, = {ng,no +1,...,n0 +1,...}, r > 0. For any fixed n,g(n,r) is a
nondecreasing function with respect to r, and for n > ny, following inequalities hold: y(n + 1) <
gn,y(n)), u(n+1) > g(n,u(n)).If g(n, ) < u(ng), then y(n) < u(n) for all n > ny.

Now let us consider the following single species discrete model:
N(n+1) = Nn)expl{a(n) -b(n)N(n)}, (2.7)

where {a(n)} and {b(n)} are strictly positive sequences of real numbers defined for n € N =
{0,1,2,...} and 0 < a' < a*, 0 < b! < b“. Similarly to the proof of Propositions 1 and 3 in [12],
we can obtain the following.



Advances in Difference Equations 5

Lemma 2.3. Any solution of system (2.7) with initial condition N (0) > 0 satisfies

m < lim inf N(n) < lim sup N(n) < M, (2.8)
where
M=lexp{a”—1} m=ilexp{a’—b”M} (2.9)
o , D . .

The following lemma is direct conclusion of [1].

Lemma 2.4. Let x(n) = (x1(n),x2(n),..., xn(n),u1(n),ux(n),..., un(n)) denote any positive
solution of system (1.4).Then there exist positive constants M;, Wi(i =1,2,..., N) such that

lim sup x;(n) < M;, limsupu;(n) <W;, i=12,...,N, (2.10)
n— oo n—oo
where
exp(b* -1 ' + ¢ M;
M, = lp(—l), W= -0 (i=12,...,N). (2.11)
a; exp (=bj'T;) €

Proposition 2.5. Suppose assumption (1.10) holds, then there exist positive constant m; and w; such
that

lim inf x;(n) > m;, lim inf u;(n) > w;. (2.12)

n—oo n— oo

Proof. We first prove lim inf x;(n) > m;.
n—oo

By Lemma 2.4 and by the first equation of system (1.4), we have

N
xi(n+1) = x;(n) exp{b,-(n) - Za,-j(n)xj(n - T;j) - di(n)u,-(n)}

j=1
(2.13)

N
> xi(n) exP{bi(n) - Zai]- (M +¢€) — di(n)(W; +¢)

1

for n sufficiently large, then

ﬁ Xi(s+1) exp{ 5 <bi(s) - iaﬁ(s)(M; +€) = di(s)(W; + €)> } (2.14)

=n—T;; j=1
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Thus
xi(n - 7ii) < xi(n) exp{ "Z—l Di(S)}r (2.15)
where
N
Di(s) = D aij(s)(M; + £) + di(s)(Wi + &) — bi(s). (2.16)
j=1

From the second equation of system (1.4), we have
u;(n) = (1 -ei(n))u;(n) + ci(n)x;(n — o;) + ri(n)
< (1 - ef)ui(n) +ci(n)xi(n - o;) + ri(n) (2.17)

= Aju; (1’1) + B; (1’[)

Then, Lemma 2.1 implies that for any k < n — T3,

k-1
ui(n) < Afuj(n— k) + > AlBj(n-j-1)
=0
k-1
= Afui(n-k) + ZAf [ri(n-j-1)+ci(n-j-1)xi(n—j-1-0)]
=0
k-1
<Afui(n—k)+ D Alfri(n—j-1) + ¢l exp{(j + 1 + 0;) D} }x;(n)] (2.18)
=0
k-1 k-1
< Afui(n—k) + > Alri + > Alctcl exp{(j + 1+ 0;) D} } xi(n)
=0 =0
k
Ali ri + Hixi(n),

3 1
SAiWi"' 1

where

k-1 | !
H; = I:ZA;C:‘C:‘ exp{(j+1+ O'i)D;‘}] . (2.19)
j=0

For any small positive constant € > 0, there exists a K > 0 such that

u Ju

rid! 3
<d;‘Wl- _ ﬁ)Ai <e VK> K. (2.20)
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From the first equation of system (1.4), (2.18), and (2.20), we have

xi(n+1)

j=lj#i

N
2xi(n)exp{bi(n)— Z aij(n)M; — a¥ exp{; D} } x;(n)

u k 1- Af u Ju u
_di WiAi - - rpa; — di Hixi (n)
i

1-A
N Tud? ridn . (2.21)
= x;(n) expq bi(n) — Z aij(n)M; — 1- A <duw 1 _A.)Ai
j=Lj#i ' '

—(ajexp{7uD}'} + d?Hi)xi(n)}

N u Ju
Zx,-(n)exp{bi(n)— Z a,-,-(n)Mj—lri_dA —e— (a exp{Tl,D”}+d”H)xl(n)}

L7

By Lemmas 2.2 and 2.3, we have

I _ wa s\
lim inf x;(n) > b; Z] =1,j#i lll]M < k /e>

n—oo exp{Tl, } +d!H;
(2.22)
1 & u rludlu u u
-exp4 b - Z agMj— - —e- (aj;exp{miD}'} + d!'H;) M; ¢.
j=Lj#i €
Setting ¢ — 01in (2.22) leads to
o b= SN aliM; = (ridr/el)
lim inf x;(n) >
n—oo exp{Tu v+ d!H;
(2.23)
N udu
cexpd bi— > aj; — (a exp{m:D}'} + d!'H;) M;
j=Lj#i e
Thus,
lim inf x;(n) > m;, (2.24)

n— oo
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I N I
b= SN i asM; - (ridt /el
aexp{r;D!'} + d*H;
?/l u

< u 1" di u u u
- exp Z M - T (atexp{TyD}'} + d'H;)M; ¢.
]

(2.25)

j=Lj#i i

Second, we prove lim,, _, inf #; (1) > w;. For enough small € > 0, from the second equation of

system (1.4), we have
ui(n+1) = (1-ei(n))ui(n) +ri(n) + c;(n)xi(n— o) > rl + cl(m; — &) + (1 - e)us(n)  (2.26)
for sufficient large n. Hence

-(1- ”)(

i

wi(n) > (1-e*)" u,(0)+ ! +c(ml—£)) (2.27)

Thus, we obtain
lim inf u;(n) > w;. (2.28)
This completes the proof. O

3. An Example

In this section, we give an example to illustrate that (1.10) does not imply (1.9). Consider the
two-species system with delays and feedback controls for ¢t € (—oo, +0)

x1(n+1) =x1(n) exp{% -2x1(n-1) - %xz(n— 3) - %ul(n)},

xa(n+1) =xy(n) exp{% - 1xl(n -3)-2x(n-1) - %uz(n)},

2
(3.1)
1 1
Auj(n+1) == - zu1(n) + x1(n—4),
8 2
1 1
Aup(n+1) = = — —up(n) + xp(n - 8).
8 2
We have
1 1 ru ru
bl =t = 5 Mi=My=35,  apM, +dit = g ay My +dy = = g (3.2)

€ €
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So
u u
B> a My +di L, bl My +di 2 3.3
1> appMa+dy—, p > Ay Vi +dy = (3.3)
e e,
Therefore (1.10) holds.
But
1 r* +c*M 7 1 r+c¥M 7
5 =th<ahMy+ A1 = 5 poth<aiMi+ dy2—22 = T L)
e €
Thus (1.9) does not hold.
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