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We establish a conjugacy criterion for a 2 x 2 symplectic difference system by means of the concept
of a phase of any basis of this symplectic system. We also describe a construction of a 2 x 2

symplectic difference system whose recessive solution has the prescribed number of generalized
zeros in Z.

1. Introduction

The main aim of this paper is to establish a conjugacy criterion for the 2 x 2 symplectic

difference system
X X
< "”> =5k< ">, kez, ©)
U1 Uk

where S = (‘;ﬁ Zi ) with real-valued sequences a, b, ¢, and d is such that det Sx = axdy —
brcy = 1for every k € Z.Recall that under this condition, the matrix S is symplectic. Generally,

a 2n x 2n matrix S is symplectic if

. 0 I
525=2, Q=< > (1.1)
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I being the nxn identity matrix, and this conditions reduces just to the condition det S = 1 for
2 x 2 matrices. We introduce concepts of the first and second phase of any basis of system (S),
and we study some of their properties. We generalize results introduced in [1-4] for a Sturm-
Liouville difference equation, and we describe how to construct a 2 x 2 symplectic difference
system whose recessive solution has a prescribed number of generalized zeros. This result
generalizes a construction for a Sturm-Liouville difference equation and so solves an open
problem posed in [3, Section 4].

The paper is organized as follows. In Section 2, we introduce the definition of the first
phase of any basis of the system (S), and we establish a formula for the forward difference of
this phase. We apply this formula to study the relationship between (S) and its reciprocal
system in Section 3, where the concept of the second phase is introduced. The forward
difference of a first phase of (S) plays the crucial role in a conjugacy criterion for system
(S), which is proved in Section 4. In Section 5, we show how to construct system (S) with
prescribed oscillatory properties.

Definition of some concepts we need in our paper is now in order. A pair of linearly
independent solutions () and (%) of (S) with the Casoratian w

W = Xx Uk — Yrux = const #0 (1.2)

is said to be a basis of the system (S). If w = 1, it is said to be a normalized basis. An interval
(m,m+1], m € Z,is said to contain a generalized zero of a solution () of (S), if x,, #0 and

Xms1 =0 or buxmXme <0. (1.3)

A solution () of (S) is said to be oscillatory in Z if it has infinitely many generalized zeros
in Z. In the opposite case, we say that (};) is nonoscillatory in Z. System (S) is said to be
nonoscillatory (of finite type) in Z if every solution of (S) is nonoscillatory in Z. A nonoscillatory
system (S) is said to be 1-general in Z if it possesses two linearly independent solutions
with no generalized zero, and it is said to be 1-special in Z if there is exactly one (up to the
linear dependence) solution of (S) without any generalized zero in Z. The definition of these
concepts via recessive solutions of (S) is given later. System (S) is said to be conjugate in the
interval [M, N] ([M, N] represents the discrete set [M, N]|NZ, M, N € Z, N > M), if there
exists a solution of (S) which has at least two generalized zeros in (M -1, N +1].

Note that the terminology conjugacy/1-general/1-special equation is borrowed from
the theory of differential equations, see [5, 6], and it is closely related to the concepts of
supercriticality / criticality /subcriticality of the Jacobi operators associated with the three-
term recurrence relation

Tx := 11 Xpe1 + QX + T-1Xk-1 = 0, (1.4)

see [7] and also [8].
At the end of this section, we recall the concept of the recessive solution of (S)
and its relationship to conjugacy and other concepts defined above. Suppose that (S) is

nonoscillatory. Then, there exists the unique (up to a multiplicative factor) solution z[*l =
<ﬁi]]> with the property that limkqwx,[:] /xx = 0 for any solution z = (};) linearly inde-

pendent of zI*]. The solution z[*] is said to be recessive at co. The recessive solution z!| at



Advances in Difference Equations 3

—oo is defined analogously. System (S) is 1-special, respectively, 1-general if the recessive
solutions z!*], zI"] have no generalized zero in Z and are linearly dependent, repectively,
linearly independent. For more details concerning recessive solutions of discrete systems,
we refer to [9, 10].

2. Phases and Their Properties
Definition 2.1. Let (35) and (7}), k € Z, form a basis of (S) with the Casoratian w. By the first

phase of this basis, we understand any real-valued sequence ¢ = (¢x), k € Z, such that

arctan % if xx#0,
¥ = k - 2.1)
odd multiple of 5 if xx =0,

with Ags € [0,0r) if w > 0and Agy € (-, 0] if w < 0.

Here, by arctan, we mean a particular value of the multivalued function which is
inverse to the function tangent. By the requirement A € [0, o), respectively, Ag € (-o,0], a
first phase of (3), (%) is determined uniquely up to mod Jr.

The first phase (and the later introduced second phase) are sometimes called zero-
counting sequences, since each jump of their value over an odd multiple of /2 gives a
generalized zero of a solution of (S) (or of its reciprocal system) as we will show later.

Lemma 2.2. Let () and (¥) form a basis of (S) with the Casoratian w. Then, there exist sequences h
and g, hi #0, such that the transformation

(2)-=()
U Ck

Ry = <hk 0 >, transforms system (S) into the so-called trigonometric system

gk w/hy
Sk+1 Sk
Ck+1 Ck

where T is a symplectic matrix of the form Ty = ( Fs 1) with

—qk Pk
axhy + brgx wby
= o0 = ) 2.3
Pk B T hihia @3)
Sequences h, g are given by
XUk + Yk Ok
Me=Xit Y ge= T (24)

hy
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The values of the sequence h can be chosen in such a way that wqyx > 0. In particular, if by #0, then
hy can be chosen in such a way that wqy > 0 for k € Z.

Proof. A similar statement is proved for general 2n x 2n symplectic systems in [11]. However,
in contrast to [11], our transformation matrix contains the Casoratian w, and the proof for
scalar 2 x 2 systems can be simplified.

Transformation (2.2) transforms the symplectic system (S) into the system

Sk+1 Sk
< : > S tk< > Th = R, SkRy, (2.5)
Ck+1 Ck

where T =: (‘Z g) with

5 = akhk +gkbk E _ wbk
g hea “7 hihin
- 1
Gk =— [~gk+1 (akhi + begr) + hie (cchic + diege)], (2.6)
~  —brQka + dihia
di = ,

hy

as can be verified by a direct computation. Then
1
det Ty = det(R;}, SiRe) = det Ry, detSedetRe = —-1-w =1, 2.7)

which means that T is a symplectic matrix, even if the transformation matric R is not
generally symplectic. This is due to the fact that we consider 2 x 2 systems where a matrix is
symplectic if and only if its determinant equals 1.

We have (no index means index k)

~ 1
hhjiC = - [—h(xk+1uk+1 + Y10k ) (ah + bg) + ki, (ch + dg)]
1
== [—(xk+1uk+1 + Yk+1Uks1) <ah2 +b(xu + yv)> +h <ch2 +d(xu + yv))]

1
=~ [ — (Xks1tks1 + Ye10ks1 ) (x(ax + bu) + y(ay + bv))

+hy,, (x(ex +du) + y(cy + dv))]
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L 2 2
== (Xks1Uks1 + Vi1 Oke1) (XXki1 + YYia1) + ( Xy + Yiny ) (XUki1 + YOR41)

1
2 2
= w [—XXk+1yk+1Uk+1 — YXk1 Ykl Uke1 T YX3 1Okl + XYy uk+1]

1
== [k (—Xk1Vka1 + Vit Uks1) + YXki1 (~Yis1 Ukl + Xks1 Uke1 ) |

= —XYk+1 + YXie1 = =X (ay + bu) + y(ax + bu) = —wb.

2.8)
Hence, b = —(wb/hhy,1) = ¢ =: g. Similarly,
- 1 5 5
a-d= g — |ah® + hgb + bgiahi - i,
1
=W [ax2 +ay® +b(xu + yv) + b(Xgs1 Ukt + Yis1Vks1) — dxg, — dyiﬂ]
X " (2.9)
= e [x(ax + bu) + y(ay + bv) + xpa (b1 — dXii1) + Yir1 (bks1 — Ay |
.
1
= e [X%Xk1 + YYke1 = Xk1X = Y] =0,

in the last line of this computation, we have used the fact that $7' = (4 ), that is, x; =
diXe1 — betiesr, Yi = diYie1 — bevks1. Hence, a = d =: p.
Finally, concerning positivity of wq if b#0, we fix the sign of h in a particular index,

say hy = \/x} + v} and the formula wq = w?b/hhi, shows that the sign of h, that is, h =
+1/x2 + y?, at indices k # 0 can be “adjusted” in such a way that wqx > 0 if by #0. O

Remark 2.3. Transformation (2.2) preserves oscillatory properties of transformed systems in
the following sense. If byxixk1 < 0, that is, bihisihisisk+r < 0, then since sgn(bxhihis) =

sgn(wqxk), we have (using the positivity of the term wqi) bihisihisisksr < 0 if and only if
skSk+1 < 0. Note also that xx.1 = 0 if and only if sx.1 = 0, since hy #0 for all k.

Lemma 2.4 (see [12, Lemma 1]). Let (T) be the trigonometric system. There exists the unique (up
to mod 2ur) sequence i € [0, 2or) such that

sin gk = g, COS Pk = Pk (2.10)
and the general solution () of (T) takes the form
s sin(éx +a
K _ 5 (¢ +a) / (2.11)
Ck cos(éx + a)

where k € Z, a, p € R and ¢& is any sequence such that Aéi = .
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Lemma 2.5. Let <ﬁﬂ > and <1’j{§]] > be a basis of system (S) with the Casoratian w, and let (T) be the

trigonometric system associated to (S) as formulated in Lemma 2.2. Then, there exists a solution ()
of (T) such that

xll(l] he O cr x,[f] he O Sk
)= w , )= w , (2.12)
U 8k e —Sk u; Sk e Ck
where k € Z and h, g are given by (2.4). Further, there exists a sequence ¢ such that

Sk = sin ¢, Ck = cosé, (2.13)

Ak = i, where the sequence  is given by (2.10) and @i € [0, 20r) for every k € Z.

Proof. By Lemma 2.2, there exist solutions <j[3 >, i=1,2, of (T) such that

(i he 0 (il
pe S
k) = w £, (2.14)
w') N8 7/ \&
that is,

—olil [i]
Sl iyl i 28X Al (2.15)

gltol2l _ gl = q (2.16)
and after a few steps

(S[i]>2 N (C[i1>2 —1 (2.17)

By Lemma 2.4, there exist real constants al’l, glil such that

s,[j] _/sin(g +all)
] =p ] (2.18)
Cl[:] cos (g + all)
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where ¢ is an arbitrary sequence such that Aéx = @i and ¢ is given by (2.10). By (2.17), we
have plil = 1, and by (2.16), we obtain

st c,[j]s,[(z] = sin(ék + a[1]> cos(ék + a[2]> - sin(ék + a[2]> cos<§k +alll

k Ck
(2.19)
= sin<am - a[2]> =1,
that is, alll — al?l = (7 /2)(mod 2or). Hence, sl!l = cl?l and ¢!l = —s2] what implies (2.12).
Since (¢x) was an arbitrary sequence such that Ay = ¢k, changing &, to & — a2l we get
(2.13). O

Notation. In the following, by Arctan and Arccot, we mean the principal branches of
the multivalued functions arctan and arccot with the values in (-or/2,o/2) and (0,),
respectively.

Theorem 2.6. Let zI = (%) and z12) = (¥) form a basis of (S) with the Casoratian w, and let ¢ be
a first phase of this basis. If by #0, then

XkXk+1 T YkYk+1

Arccot by ifw>0,
Ay = (2.20)
Arccot XK kYt if w<0.
wbk

If by =0, then A = 0.

Proof. Let (T) be a trigonometric system associated to (S) with the basis z[!l, zI?l and with p,
q satisfying (2.3). Let ¢s be a first phase of this basis. By Lemma 2.5, there exists a solution ()
of (T) such that si = sin &, cx = cos g, and zl!l = (%), 2Pl = (¥) satisfy

Xk = hy cos &, Yk = hisinéy, (2.21)

where h is given by (2.4), Aéx = @i and ¢y is given by (2.10). Hence, for xi #0,

tan & = Z—Z (2.22)

and if xx = 0, then ¢ is equal to an odd multiple of or/2. On the other hand, by Definition 2.1
for xx #0

tan ¢ = Z—i, (2.23)

and if xx = 0, then ¢ is equal to an odd multiple of or/2. Consequently,

¥k = ék(mod ), (2.24)
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and it implies (since the additive multiple of s to get equality in (2.24) is independent of k)
A(p’k = Aék (225)

For w > 0, we defined in Definition 2.1 that A¢gx € [0,or). Suppose that by #0.
According to Lemma 2.2, we can choose gx > 0, and then by Lemma 2.4, we can take
¢k € (0,r). Using (2.25), we have @i = Agy, and thus cot Ay = pi/ gk, and hence

Ay Arccot = % (2.26)
k

Let w < 0. Then, we defined Agi € (-, 0] and based on Lemma 2.2, under the
assumption bk #0, we can choose gx < 0 and then ¢x € (r,2r) defined in (2.10). Using
(2.25), we have @i = Ay + 2or, and consequently cot(Agy + 2r) = cot Ay = pi/ gk and

Agy = Arccot? -, (2.27)
k

in this case. Finally, if by = 0, then gx = 0, and we put ¢ = 0. Hence, by (2.25), Agi =
¢x(mod o) and since by Definition 2.1 A¢y € (=, o), then we have Agy = 0.
Summarizing, by a direct computation

h 1
% = w—;;k (akhk + bkgk) = w—bk [akhi + by (xkuk + ]/kvk)]. (2-28)

Since xy41 = axXk + brugx and yii1 = akyk + brok,
2
XXk + YiYka = aihy + b (xeuie + yivk), (2.29)

and this gives, together with (2.26) and (2.27), the conclusion (2.20). O

We continue in this section with a statement which justifies why phases are sometimes
called zero-counting sequences. We formulate the statement for a first phase, for a second
phase the statement is similar.

Theorem 2.7. Let ¢ be the first phase of (S) determined by the basis (3;),(%). Then, (3) has a
generalized zero in (k, k + 1) if and only if ¢ skips over an odd multiple of ar /2 between k and k + 1.

Proof. Suppose that (7;) has a generalized zero in (k,k + 1), that is, xxxxabx < 0. By
Lemma 2.5 xj = hick, Yk = hisk, where ( £) is a solution of trigonometric (T) with wgi > 0
(Lemma 2.2). Suppose that w > 0, that is, Ag € (0,) (for w < 0 the proof is analogical).
Then, (£ ) has a generalized zero in (k, k + 1) which means that ¢, and cx+1 have different
sign. Since ci = cos &k, Ck+1 = COs ¢k+1, Where ¢ is a sequence with A, = Ay (compare (2.25)),
&k and ¢k lay in different intervals whose endpoints form odd multiples of o /2. Conversely,
if ¢ skips an odd multiple of or /2 between k and k + 1, ¢ does also, and reasoning in the same
way as above, we see that ( ;) has a generalized zero in (k, k + 1). O
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Remark 2.8. A slightly modified statement we have in the case when () has a zero at k+1, that
is, xx #0 and xx4+1 = 0. More precisely, by the definition of the first phase .1 = (2m+1)(or/2)
for some integer m, and, if ¢ is increasing, then g € (2m —1)(or/2), 2m + 1) (or /2)).

We illustrate the above statements concerning properties of the first phase by the
following example.

Example 2.9. Consider the Fibonacci recurrence relation
Xk+2 = Xk+1 + Xk, k E€EZ, (2.30)
that is,

A((—l)kAxk> + (1) x50 = 0, (2.31)

which can be viewed as symplectic system (S) with the matrix

1t
Sy = o o ) (2.32)

that is, the entry corresponding to by changes its sign. A basis (}), (%) of (S) corresponding
to (2.31) has the first components given by

k k
X = <¥> - <1 +2\/~E’> ) (2.33)

with the positive Casoratian w = v/5. By Definition 2.1, Agy € [0, 7r) and

k
Arctan< L+ \/5> + gn', k even,

1-/5
gk = ) (234)
Arctan 1++5 + k+ 1.71', k odd.
1-+5 2

Notice that every jump of the value ¢ over an odd multiple of or/2 corresponds to a
generalized zero of x in (k, k + 1). A corresponding trigonometric system (T) to symplectic
system (S) has by Lemma 2.5 two linearly independent solutions ( &) and ({), where the
sequences ¢ and s are given by (2.13). Since by (2.24) & = ¢k + mor for some m € Z, the first
components of a basis of (T) can be (up to the sign) uniquely determined by

Ck = COS (k, Sk = sin gy. (2.35)

It means that the components x, respectively, i of solutions of (S) have generalized zeros in
(k, k + 1] if and only if components c, respectively, s of solutions of (T) have a generalized
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zero in (k, k + 1]. By (2.21), together with (2.24), we express the first components of the basis
of (S) as

Xx = hy cos gy, Yk = hy sin @y, (2.36)

By Lemma 2.2, we choose the sign of the sequence h in such a way that

...,h0>0,h1>0,h2<0,h3<0,h4>0,..., (237)

so the term wqyx (i-e., bxhihi+) is positive. Such a choice of the sign of the members of (hy)
must agree with the sign of sequences (xx) and (yx). In fact, then by (2.36), yx is positive for
any k and xi is positive for every even and negative for every odd integer k.

Next, we describe the behavior of the phase ¢ and corresponding trigonometric
sequences ¢ and s in case when w < 0. Consider (2.31), that is, the corresponding symplectic
system with the basis (};), (¥) having the first components

k k
T = <1 *f) - <1 ‘2*/5> , (2.38)

with the negative Casoratian w = —/5. By Definition 2.1,

k
1-
Arctan< \/5> - EJT, k even,

1++5 2
Wi = . (2.39)
Arctan 1-+5 - k- 1.71', k odd.
1++/5 2

The first components of a basis of the trigonometric system (T) corresponding to (S) is of the
form

Ck = COS (g, Sk = sin (. (2.40)

Choosing the sign of the sequence h as follows

eo.,hg>0,h1 >0,hh <0,h3<0,hy >0,..., (2.41)

we get x positive for any k and yx positive for every even and negative for every odd
integer k.
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3. Reciprocal System

A reciprocal system to (S) is the symplectic system

T %
<_" 1> -5 <_k>, kez, ")
Uk+1 Uk

where

sr=osot= (T Lo (0, 3.1)
k b ap 10

related to (S) by the substitution (%) = 2(3). From definition of the symplectic system (S)
and its reciprocal system (S”), it follows that if (};) is a solution of (S), then ( %) is a solution
of its reciprocal system (S").

Definition 3.1. By the second phase of the basis (), (¥) of system (S), we understand any first
phase of the basis (%), (%) of its reciprocal system (S"), that is, any real-valued sequence
0 = (gx), k € Z, such that

arctan Gk if ux#0,
Ok = Uy - (3.2)
odd multiple of 5 if up =0,

with Ak € [0, ) if w > 0 and Agx € (-, 0] if w < 0.

The proofs of the next statement and of its corollary are the same as those of Lemma 2.2
and Theorem 2.6, respectively.

Lemma 3.2. Let (3;) and (¥) form a basis of (S) with the Casoratian w, that is, (%) and (5,) isa
basis of (S") with the Casoratian w = w = —uryi + xxvk. Then, there exist sequences h and g, hy #0
for k € 7, such that the transformation

T he 0\ /5,
_ )=l w Jl_. ) (3.3)
Ui 8k = Ck

hy

transforms system (S”) into the trigonometric system

-0
Cks1 —qx Pr/ \Ck
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which is symplectic with the sequences p, q given by

_  dihk -8y _ Crtw
= — =

p q - - — 7 (3.4)
g g hihysa

hk+1

where

XkUk + Yk Ok

=12 + 02 7, =
k= U + U, 8k = =
by

(3.5)

Moreover, transformation (3.3) preserves oscillatory properties of (S"), and the sequence (hy), k € Z,
can be chosen in such a way that wq, > 0 and if cx #0 in such a way that wgq, > 0.

Corollary 3.3. Let (3) and (¥) form a basis of (S) with the Casoratian w; that is, (%) and ()
form the basis of (S") with the same Casoratian w. Let (k) be the second phase of the basis (3;), (¥)
of (S). Ifck #0, k € Z, then

UkUk+1 + Ok Ok+1

Arccot if w>0,
—wck
A0 = Uklks1 + VKD (36)
Arccot——E T K _ 2w < 0.
—wck

If cx =0, then Ag, = 0.

In the next statement, we use the relationship between the first phase ¢ and the second
phase ¢ of the basis (}), (¥) of symplectic system (S) and the fact that the behavior of the
first and second phases of system (S) plays the crucial role in counting generalized zeros of
solutions of symplectic system (S) and of its reciprocal system (S).

Theorem 3.4. If system (S) with the sequences by # 0 and cy # 0 which do not change their sign has a
solution with two consecutive generalized zeros in (I - 1,11, and let (m—1,m], 1 <m, |, m € Z, then
its reciprocal system (S") is either conjugate in [I — 1, m] with a solution having a generalized zero in
(I-1,1] or (m—1,m), or there exists a solution of (S") with exactly one generalized zero in [I, m].

Proof. Let (}) be the solution of (S) having consecutive generalized zeros in (I - 1,1] and
(m—1,m] and (¥) be a solution which together with () form the basis of the solution space
of (S). Denote by ¢ and ¢ the first and second phase of this basis. Then, by Lemma 2.5,

w
Xk = hy cos @i, Uk = gk COS (P — e sin i,
k
w (3.7)
Yk = hy sin gy, Uk = gk Sin ¢ + e COS bk,
k

and by Lemma 3.2,

Uk = hy cos Ok, Ok = hg sin Qk- (3.8)
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Hence,

— w
hy cos Qx = gk cos i — 7. SNk
k

(3.9)

T . . w
hy sin Qx = gk sin ¢ + 7. COS k-
k

Multiplying the first equation by —sin ¢, the second one by cos ¢k, and adding the resulting

equations, we obtain

w
o

By sin ok — i) = e (3.10)

Since we assume that the sequences b,c are of constant sign, the last part of Lemma 2.2
together with the second formulas in (2.3), (3.4) imply that h and h have constant sign as
well and by (3.10) the same holds for the sequence sin(Qx — ). Suppose, to be specific, that
sin(gx — ¢x) < 0 (if this sequence is positive, the proof is similar) then there exists an odd
integer n such that

niwr < Qk — ¢k < (n+ 1) (3.11)

Recall that by Definition 2.1, the first phase ¢ and the second phase ¢ are defined as
the monotone sequences on Z. In addition, by Lemma 3.2, the Casoratian w of (S) equals to
the Casoratian w of (S"), and thus, again by Definition 2.1, both phases ¢ and ¢ of (S) are
either nondecreasing or nonincreasing. Moreover, if w = w#0, by #0 and ¢k #0, k € Z, then
by Theorem 2.6 and Corollary 3.3, Ay #0 and Ak #0 for k € Z.

Suppose that the first phase ¢ of the basis (}), () of (S) given by Definition 2.1 is
increasing; that is, for every integer k, we have Agy € (0,r). If we suppose a decreasing
sequence ¢, the proof is analogous. Since the phases are determined up to mod s, without
loss of generality, we may suppose that n = -1 in (3.11), that is,

0 < ¢x — ok < . (3.12)

Moreover, we can also suppose that g1 € (-or/2,r/2). Since x has consecutive generalized
zerosin (I - 1,1] and (m -1, m], we have

g 3o ar 3ar . 3o 5ar
@ € [5,7>, (F]E(E'T)' j=1+1,....m-1, ¢,€ [7,7) (3.13)

that is, g skips or /2 between I — 1 and ! and 3or /2 between m — 1 and m and stays in the strip
(or /2,37 /2) between | and m. Formula (3.12) admits the following behavior of the sequence
0 (to draw a picture may help to visualize the situation).
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(i) @1 < -7 /2,01 € [~ /2,7 /2), there exists r, | < r < m, such that

a o . a 3o . 3o Sor
Qi€<—5,5>, i=l+1,...,r-1, g€ [5,7) j=1,....m-1, om€ [7,7>
(3.14)

(ii) The sequence @ has the same behavior as in (i) up to m, where ¢, < 37 /2.
(iii) We have @1 € [-or/2,x/2), ¢ € (= /2,5r/2) and for k > | the sequence ¢ behaves
as in (i).

(iv) We have

e[—z f) € ™ 37 i € T 37 i=1+1 m—1 > —
Ql*l 2/2 7 Ql 2/ 2 4 Q] 2/ 2 7 ]_ 7y 4 Qm_ 2 .
(v) Finally,

(3.16)

The cases (i)—(iv) correspond to conjugacy of (S”), while the last case corresponds to the
existence of a solution with exactly one generalized zeroin [I, m —1]. O

4. A Conjugacy Criterion

In this section, we establish a conjugacy criterion for system (S) by means of the first phase ¢
and the associated Riccati equation.

The conjugacy of (S) in [M, N] means that there exists a solution of (S) with at least two
generalized zeros in (M -1, N+1], that s, there exists a solution () and two intervals (I-1,1],
(m,m + 1], where M <1 < m < N, such that x;-1 #0 and either x;x;-1b;-1 < 0 or x; = 0, and
xXm #0 and either X, X410y < 0 Or X141 = 0. Conversely, we say that system (S) is disconjugate
in [M, N] if every solution of (S) has at most one generalized zeroin (M -1, N + 1].

Theorem A (see [9, Chapter 3]). If (i), xi #0, is a solution of (S) on the interval [0, N +1], then
the sequence wy = uy/xy is a solution of the Riccati difference equation

Ck + dkwk

4.1
ay + bkwk' ( )

Wik+1 =

defined for k € [0, N]. Also, if (};) has no generalized zero in the interval [0, N + 1] and by > 0, then
ax + bxwyi > 0 for k € [0, N].
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Theorem B (see [9, Theorem 5.30], see also [13]). Suppose that system (S) possesses a solution
with no generalized zero in [M, N +1]. Then, every nontrivial solution (3;) of this system has at most
one generalized zero in this interval.

In this section, as usual, we put 3,7, () = 0if m > n and Hﬁzk(-) =1lifk>1L

Theorem 4.1. Let the sequence by in (S) be positive. Suppose that there exist positive real numbers
61 and 6, such that

N ar
ZArccotedk > 1 (4.2)
k=0
0 a
Z Arccot By > —, (4.3)
k=M+1 4
where M < =1 and N > 1 are arbitrary fixed integers,
2 k-1 k-1 j-1 2
Jk:ﬁ 1+bk 61+ZF]' 1+b]'<61+ZF,'>],
1Yk j=0 i=0 L i=0
(4.4)
’ -1 a [ 1 2
Bk:ﬁ 1+bk 62+ZF]' H 1+b]' 62+2Fi ,
2k j=k j=k+1 | i=j
Foo =l diml (4.5)

brs1 bx

Then, system (S) is conjugate in [M, N1].

Proof. In the first part of the proof, we show that the solution () of (S) given by the condition
xo=1, x1 =1 (4.6)

has a generalized zero in (0, N + 1]. Let (¥) be another linearly independent solution of (S)
given by the condition

Yo = 1, Y1 = 1+ 61170. (47)

Since Xk4+1 = axXk + bruk and yr+1 = akyk + bvk for every integer k, this holds especially for
k =0, and hence

1 1
U = b—o(x1 - apxp) = b_o(l - ap),
(4.8)
1 1
Do = b—o(yl — aoyo) = b—o(l — [10) +61.
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The Casoratian w satisfies

w = Xo0o — YoUp = 61 > 0. (49)

Suppose, by contradiction, that () has no generalized zero in (0, N + 1], that is, due
to the fact that xo = 1 and b > 0, we have x; > 0 forevery k =1,2,..., N. Then, by Theorem
B, we get

Vi > Xk, (4.10)

for k =1,...,N + 1, because otherwise the solution (};) — (%) has generalized zeros at k = 0
and in the interval (m, m + 1], m being the integer where (4.10) is violated.
Let ¢ be the first phase of solutions (}) and (¥ ), that is, by Definition 2.1,

@i = arctan %, Ay € [0, ). (4.11)
k
By Theorem 2.6, we have
41t +
Agy = Arccotw, (4.12)
O1by
taking account that ¢ = v /4 and using (4.10), we getfork=1,...,N +1
k-1 XXt + Uil
iXj+1 T YjYj+1 y]y]+1
¢ = ]ZOA(;;] + o = %ArccotT i ZArccot &b, + Z. (4.13)
Let wy = vk /yk. Then, from the first equation in (S)
1 Yk+1 )
Wk = — —ax ), 4.14
T by ( Yk g (4.14)
and w is a solution of the Riccati equation (4.1). Denote wy = wi + (ax — 1) /bk. Then,
ibk L= Ak+1 -1 ck+dk(17)k—(ak—1)/bk)
" bis1 ay + by (wx — (ax —1)/bx)
_ Qg1 — 1 + bkck + bkdkﬁ)k - akdk + dk
bk+1 bk(bkﬁ)k + 1)
(4.15)
_ Ok+1 — 1 + -1+ dk(l + bkﬁJk) - kaZJk + bkﬁJk
bk+1 bk (kaIJk + 1)
a1 -1 di -1 Wy

bra by 1+ by
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Further denote Fi = (aix+1—1) /bis1+(di—1) /bi. Then, since 1+bi @i = brwi+ax = Yi1/yx > 0,

by?
Aty = Fo— ——k_ < F,, (4.16)
1+ bkwk
which means that
k-1 k-1
Wi < W+ D ,Fj =61+ ) F. (4.17)
=0 =0
Hence, (4.14) implies
k-1 k-1
vk = yo] [(wib; +a;) = [T (b5 +1), (4.18)
j=0 j=0

and using (4.17),

77.
,_.

1
Yi < [1 +b; <51 + ]ZF >] (4.19)

j i=0

Iy
(=}

Now,

2]/k]/k+1 2 Kl - k -
61bk 6_1:0‘[ 1+b] 61+ZF1' H ].+b] 61+ZF1'

i=0 j=0 i=0
5 k-1 k-1 j-1 z (4.20)
= — ].+bk 61+ZF H1+b] 61+ZF1'
O1bk j=0 j=0 i=0
= H.

Let k = N + 11in (4.13). Then, together with assumption (4.2),

¢N+1 > ZArccot A +
k=0

VPIH

.ﬂ'
> 7. (4.21)

On the other hand, since () has no generalized zero in (0, N + 1], it follows that ¢ < /2
for every k = 0,...,N + 1, a contradiction with (4.21). It means that the solution (};) has a
generalized zero in (0, N + 1].

In the second part of the proof, we show that the solution (};) of (S) given by condition
(4.6) has also a generalized zero in (M-1,0]. Since S = ( 4 %), we have xi = dixks1—bitirn
and Uy = —CkXk41 + AxUk+1, in particular,

b

X1 = d_1XQ -b_ 1Uy = d_l - b—(l - [10) (422)
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Let <g> be another linearly independent solution of (S) given by the condition
_ _ b,
yO = 1, y—l = 62b,1 + d,l - b_o(l - (10), (423)
with the corresponding second component vy expressed by
— 1 - — 1
o = o (daYy-74) = b—o(l - ag) — 6. (4.24)

The Casoratian w of (), <g> satisfies
w = XOE(] - youo = —52 <0. (4.25)

Suppose, by contradiction, that the solution () has no generalized zero in the interval (M -1,
0], thatis, xx > 0 for k = M, ...,0. Then, by Theorem B (using the same argument as in the
first part of the proof)

Yi > Xk, (4.26)

for every k = M,...,-1. Let i be the first phase of (},) and <Z> with the Casoratian w < 0.
By Definition 2.1,

¢, = arctan %, Ay, € (-m,0], (4.27)
k
and by Theorem 2.6
1+ Yy
Ay = Arccot A T ki _ (4.28)
14

Taking into account that ¢, = /4, (4.26), and that the function Arccot(-) — /2 is odd, we
getforeveryk =M,..., -1

< < XinXj+YiaY;, x
¢+ ¢, ]zzk ¥, sz[ rccot —62b]- > 2
(4.29)
-1 Xi 1x+_ __ -1 2_ _.
= —ZArccotﬁ]—lerly] < _ZArccotM
=k 62bi i=k 62bi
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Hence,

-1 2y.y.
— f jJj+1
$i> 5 +j§:kArccot762bj . (4.30)

Let us estimate the term (2y,,,/,)/bx by means of the Riccati equation. Let wi = v/
Y, Then, v, = diky,,; — bkUk41, that is,
Y

= =dx — i+, (4.31)
Yin

and from the backward Riccati equation for w (which follows from (4.1)),

R

Wy = (4.32)

di — bWy

Put @y = Wi — (dx-1 — 1)/bi-1. Then, substituting into (4.32), we have (no index mean the
index k here and also in later computations)

D+ di-1-1  —c+a(Wrn +(d-1)/b)  atyy + (-cb+ad—-a)/b

biir  d-b(Wga+(d-1)/b) 1 - bWy
_ /b4 @/ (bda =1) _ @ 1/b= e + Bien 433)
1 - bW b 1 - bW
_a- 1 Wi+

b 1 barn

and hence,

-~ ag—-1 drg1-1 by,

Wy — Wiy = — — + =, (4.34)

k ke bi br-1 1 — brWi1

Since,

- _ -1 _

1= bt = 1-b(Thon - dT> - d-bBya
(4.35)
c+t+dw ad-cb 1 Y

—d-b -

= = >0,
a+tbw a+bw a+bw Yy,

we have —AwW— > Fx_;, where Fy is given by (4.5). Summing the last inequality from k + 1 to
-1, we obtain

-1
~Wk+1 + Wo < Z Fja (4.36)
j=k+1
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and this means that

-1
1 — bt <1+ by (—wo + > F]-_1>. (4.37)

j=k+1

From (4.31),

dp -1
bx

Yy
Yin

=dy — by <771k+1 + > =1 - bW, (4.38)

hence i, = (1 — bxWk41)Y,,, that is, from (4.37),
-1 -1 -1
Y=o [A-bjwj) <[|1+b;( @0+ D Fia )| (4.39)
j=k j=k i=j+1
Finally,

~ — d,l—l 1—(10 d,l—l
_ _ - _ — =-5 —F_ 4.4
Wy = Wy b 6y + ™ b 6, —F_4, (4.40)

this implies

j=k i=j

Substituting from (4.30),

2
-1 -1 -1 -1
Ty > % + ZArccot£ Labe| 2+ D F )| [T |1+b( 62+ DF )|, (442)
= 20k =k j=k+1 i=j

and hence

-1

Jr
M A tBe + — >
q;M>k=ZM rcco k+4_

e

(4.43)

On the other hand, since we suppose that () has no generalized zero in (M - 1,0], it holds
@\ < r/2,acontradiction with (4.43).

Summarizing, we have proved that the solution () has at least one generalized zero
in (M -1,0] and one generalized zero in (0, N + 1]. The proof is complete. O
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Remark 4.2. The conjugacy criterion for the Sturm-Liouville equation
A(riAxg) + gexks1 =0, 16>0, (4.44)

formulated in [1, Theorem 2] is the corollary of the above criterion for ar = 1, by = 1/r%,
¢k = —qk and di = 1 — gx /. Theorem 4.1 also extends the results proved in [1, 2, 12, 14].

5. Systems with Prescribed Oscillatory Properties

In this concluding section, we present a method of constructing a symplectic system (S)
whose recessive solution has the prescribed number of generalized zeros in Z.

Theorem 5.1. Suppose that (¥),(Y) € R?, k € Z, are sequences such that the Casoratian w =
det(;f 4¥) =1 forany k € Z. Then, these sequences form a normalized basis of symplectic system (S)

k Uk

with

Ak = Xk+10k — Yk+1Uk,

br = XK1Yk + Y1 Xk,

(5.1)
Ck = Uk+10k — Ok+1Uk,
di = U1 Yk + U1 Xk
Moreover, if b #0 for k € Z,
. Xk
Iim —= =0
k—1>r£oo yk / (52)

and (3) has (m — 1) generalized zeros in Z, then the first phase determined by (3), (¥) satisfies

Xk Xks1 +
lim ¢ — lim ¢y = Z A1rcc0tkk+1b—ykyk+1 = ma. (5.3)
k= k= -0 keZ, b #0 k

Proof. Let (3) and (¥ ) be sequences with the Casoratian equal to 1, and let a,b, ¢, and d be
given by (5.1). Then, by the Cramer rule, we obtain
Xk+1 = AkXk + brug,
Ukl = CkXk + dill,
(5.4)
Yk+1 = AkYx + brok,
Uk+1 = CkYk + divk,

so (%) and (¥) are solutions of (S) with a,b,c,d given by (5.1). It is easy to verify that
axdy — brcr = 1 holds for any integer k; that is, system (S) is symplectic. Now, suppose that
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assumptions of the second part of the theorem are satisfied. Then, (S) is nonoscillatory in Z
and (3) is its recessive solution both in oo and —oo. Since

A (&) _ Ayexr — Axryx _ Yk Xk — Xka1Yk

Xk XkXk+1 Xk Xk+1
(5.5)
 (akyk + brok) xk — (arxe + b))y by

= >0,
Xk Xk+1 Xk Xk+1

for large and small k, the limits limy_.oyx/xx exist and by (5.2) limy_ o yi/xx =
oo limg . o, Yk /X = —o0. It follows, by the definition of the first phase, that limits limy _, o, i >
limyg —, o gsxc also exist and equal to odd multiples of s /2. This, coupled with the fact that (3;)
has exactly m — 1 generalized zeros in Z; that is, ¢ equals (m — 1) times an odd multiple of
ar /2 or skips over this multiple, gives (5.3). O

We finish the paper with an example illustrating the previous theorem.

Example 5.2. Consider a pair of two-dimensional sequences (};), () with

1\ n-1
2 (k+3/2)

(5.6)
1\® n
ne(ke3) oG

wheren > 1 and (k + a)(") = (k+a)--- (k+a—-n+1). By a direct computation, one can verify
that xx vk — yxux = 1 and that (5.1) read

ar =1,
by = <k+g><k+%)2‘-‘<k—n+;)2<k—n+g),
-n(n-1) (5.7)

Ck = 7
(k+5/2)(k+3/2)%* - (k-n+7/2)*(k—=n+5/2)

4 _ (k+5/2)(k+3/2) ~n(n-1)
k= (k+5/2)(k +3/2)

Obviously, limy —, .s Xk / Yk = 0, so the assumptions of the previous theorem are satisfied, and

since
3\? 1\* 7\* 5\ 2
Xka+1bk=<k+§> <k+§> ~-<k—n+§> (k—n+§> >0, (5.8)
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for k € 7Z, the solution ( ;) has no generalized zero in Z. Consequently, (5.3) reads (as can be
again verified by a direct computation)

1
ZArccot [kz +(@-2n)k+n®—4n+ Zg = JT. (5.9)
keZ

By a similar method, one can find the explicit formula for the sum of various infinite series
involving the function Arccot.
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