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We investigate the monic complex-coefficient polynomial of degree n, f(z) := z" +a,-1z" 1+ - +ag
in the complex variable z and obtain a new annular bound for the zeros of f(z), which is sharper
than the previous results and has clear advantages in judging the Schur stability of difference
equations. In addition, examples are given to illustrate the theoretical result.

1. Introduction

It is well known that many discrete-time systems in engineering are described in terms of a
difference equation, and the characteristic equation for the difference equation plays a key
role in the study of the behaviors of the solutions, especially the stability of the solutions,
to the discrete-time systems. Since the characteristic equations for difference equations are
closely related to some complex polynomials, the estimates of the bound for the moduli of
various complex polynomial zeros have been investigated by many researchers (cf. e.g., [1-
8] and references therein). In the study on this issue, one of meaningful research ideas is to
indicate such a common property of a lot of polynomials by a few very special polynomials.
Using this idea, a good annular bound by estimating the largest nonnegative zeros of four
specific polynomials is given in [8] recently. As a continuation of this work and our paper
[4], in this paper we investigate further the location of the zeros of complex-coefficient
polynomials on the basis of such a research idea and establish a new annular bound theorem
(Theorem 3.1), which improves the previous corresponding result and has clear advantages
in judging the Schur stability of difference equations. Examples are given to illustrate the
advantages of the new result.
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2. Preliminaries

Throughout this paper, we let

f(z) =2"+ Ap12" N+ a0zt az + ag

witha; € C,ie {0, 1, 2,..., n—1},and

g(z) = (D)"f(2)f (- —2) = 22" + bop 22?2 4 by a2 4+ baZ? + .

Without losing the generality, we assume that ag #0, or, equivalently, by #0.
Basic notations are as follows.

R.: {xeR|x<0},
|z|: the modulus of a complex number z,
Z[f(z)]: the set of all zeros of f(z),
A[r,R]: {zeC|r<|z|< R} with0<r <R,

I: the smallest positive integer such that a; #0 in f(z),
k: the largest positive integer such that ax #0 in f(z),
g: the smallest positive integer such that by; #0 in g(z),
p: the largest positive integer such that by, #0 in g(z),

[m]: the integer part of a real number m.

In order to simplify the expressions in our study, we define specially that

2.1)

(2.2)

(2.3)

for any positive integers s, t (s < t), and sequence {y; € C: s < i < t}. This notation is logical

and useful in the note.
Moreover, we write

nel=1 21-1 2

aai| ; la
ci1(x) = x"+ D Japg|x +Za,l— Jaoai] i laol
i=n+1 i=21 i=l+1 |al| |al|

witha, =1and 1 <1< [n/2],

n—-k-1

e (x) = X" Z | @ik n|x - Z |@isk—n alak|x - Z |a1ak|x

i=k+1 i=n-k

(2.4)

(2.5)
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with [(n+1)/2]<k<n-1,

iy (x) 1= X212 +n§1|b I + i b bobai| 5 & |bobail 5 |bof? 2.6)
1 = 2i-2g 2i-2q — - .
i=n+1 l i=2q bayg i=g+1 |qu| |b2q|
with by, =land 1< g < [n/2],
n-1 ) p ) n-p-1 )
dz(x) = x4"_27" - Z |b2(i+p—n) |x21 - Z |b2(i+p—n) - b2ib2p|x21 - Z |b2ib2p|x21 (27)
i=p+1 i=n—p i=0
with [(n+1)/2]<p<n-1,
n-1 ) k )
i) ="+ Y lailx’ —|aol,  fa(x) = 2" = Dllailx,
i=l i=0
(2.8)

1’1*1 . P .
g1(x) 1= ™"+ D |boilx — b, ga(x) = 2" = D|bailx*.
i=q i=0

Remark 2.1. By Descartes’ rule of signs, it is easy to see that for each i € {1, 2}, the polynomial
ci(x)(di(x), fi(x), gi(x)) has a unique positive zero.

We denote by a;, f;, yi, and 6; the unique positive zero of ¢;(x), di(x), fi(x), and gi(x),
respectively.
3. Main Result
The following result is established in [8].
Theorem A (see [8]). Z[f(z)] C Alu, v], with :== max{y1, 61} and v := min{y», 62}.
Theorem 3.1. Let 1 <[, q<[n/2],and [((n+1)/2] <k, p <n-1. Then

@)

Z[f(z)] c Alr, R], (3.1)

where r := max{ay, f1} and R := min{ay, B>}
(ii)
Alr,R] C Alu,v], (3.2)

where u, v are constants as in Theorem A;

(iii) the annular bound of original polynomial f(z) can be further improved by iterative
procedure.
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Proof. Define

c(2) = f(2) (zl -@)

n-1 2

ao apa; a
n+l "+Za1 Z e Y
aj aj

i=l

n+l-1 n 2

TS - Y W2 (3.3)

il s 4 a

n+l-1 21-1
apa; ; apa; ; 4

+§allz+§a,zz—§ z—E—z——

a

i=n+1 i=21 iz Y i=l+1

21-1

2

n+l-1 aoa; i aoa; ‘10
+ EallZ‘FE aj_] — —ETZ—;,

1 1

i=n+1 i=21 i=l+1

c(z) = f(=) <z"_k - ak>

k-1 ) k )
— Zank + Zaizwnfk _ Zaiakzl
i=0 i=0

(3.4)

n—-k-1

F4 Z Givk-nZ + Z (@iskn — aiax)z' — Z aiaz,

i=k+1 i=n—k

d(z) = g(2) <z2q - ﬁ>
bag

one2 ! bobyi \ »; T bobyi 2 b
mreq 4 boioaz? + b —= )z* - —zt - —
2i-2 2i-2
Z t=2q Z i=2q b, _Z b, by,

i=n+1 i=2g q i=g+1 44 q

(3.5)
d(2) = g(2) (27 ~ byy)

n-1 n-p-1
4n o Z b2(1+p n)z Ly Z (b2(1+p -n) b21b2p)z Z bZinpZZII
i=p+1 i=n—p i=0

where a,, = by, = 1. Then it is not difficult to see that

Z[f(2)] € Z[c(2)] N Z[E(2)] N Z[d(2)] n Z|d(2)]. (3.6)

This implies that for every w € Z[f(z)] we have

c(w) =¢(w) = d(w) =d(w) =0, (3.7)
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that is,
n+l-1 21-1 2
apa ; apa; ; 4
o+ S+ 3= G )= 3 S - 20
i=n+1 i=21 i=l+1 a a
n-k-1
ki Z QisknW' + Z (Qivk—n —alak)w - Z aiarw' =0,
i=k+1 i=n—-k
n+q-1 bob 2q-1 bob b2
21n+2 0Y2i 2i 0Y2i o
WS by ? +Z<b212q b § b B,
i=n+1 i=2g 2q i=q+1 24 2q
n-1 n-p-1

n-2p _ 2 _
p-
4 + E bZ (i+ n)w iy E (bZ (i+p-n) — bZzpr)w E b21b2pw 0

i=p+1 i=n-p i=0

Hence, by (3.8), one has

n+l-1 2l-1
ap apa i aopa; i
LIPS AP B U ol M ol + 3, S o,
el i+l il a S lal
2 . n—-k-1
k< Z |k l20] + Z |aikn — aiag| o] + Z |a;ax||wl’,
i=k+1 i=n—k
bo ! boby; - by j
|b | S |w|2n+2q + Z |b21 2q||,u]| + Z b21 Zq b 1 |w|21 + Z %|W|21
| qu i=n+1 i=2q 2q i=q+1 | qu
o n-1 iy P Y n—p-1 2
[ < 3 |baisp-m [0+ D [Bagisp-n) = baibap|[w[* + D [baibap ][],
i=p+1 i=n-p i=0
which imply that

Z[f)] c(z€C: alz) 20, di(zl) 20, ex(lz]) <0, da(l=]) <0).

In addition, it follows from (2.4)—(2.7) that
c1(x) <0, Vxel0,a),
c(x) 20, Vx € [m,+o0),
di(x) <0, Vxel[0,p),

dl(x) >0, Vx € [ﬂ1,+00),

(3.8)

(3.9)

(3.10)
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c(x) <0, Vxe[0,az],
c(x) >0, Vx e (a,+0),
d(x) <0, Vx € [0,p],

dz(x) >0, Vxe (ﬂz, +OO).

(3.11)
Therefore, for each w € Z[ f(z)] we have
|lw| > ay, |w| > p1, |lw| < ay, |w| < o, (3.12)
which imply that (3.1) is hold. So (i) is proved.
Next we prove that (ii) holds. Actually, we have
n+l-1 21-1 2
ai| ; apail ; |a
Cl(Yl) n+l+Z|azl|Y1+Zall aopai l+z|01|{_@
i=n+1 i=21 i=l+1 |al| |al|
n-1 n+l-1 21-1 2
; ail| ; apail ; |a
= <|ao| —Z|ai|Y{>Y1 > laialy] +Z aiy - 2y > a0 Ily{ _ ol
i=l i=n+1 i=21 i=l+1 |au] |ai
n+l-1 n+l-1
; ai| ; apai| ;
oy~ S ety + Syl + e - 208y S sl
i=21 i=n+1 i=21 i=l+1 |a|
_aol (3.13)
T+ Z|az|Y1
|ai]
aopai

i Z |a0a1| 1_ Z lagail i
B

=Syl + X ai -
i=21 i=21 i=l+1 i=l+1
n
aopai aopai i
=3 (lai + |2 \ o= 2 )y
i=2l ! !

where a, =land 1 <1< [n/2].
On the other hand, since the polynomial equation c¢;(x) = 0 has a unique positive root
a1 and

ci(x) £0, Vxe€[0,a1],
(3.14)
c1(x) >0, Vxe (a;,+0),

we get a1 > y1 by combining(3.13) and (3.14).
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In addition, we have

n-1 ) k ) n-k-1 )
a(r) = Yzznik - Z |@it-nlys = Z |@ik-n — aialy, - Z |aiak|y,
i=k+1 Fa— i=0
k ok n-1 ) k - on—k-1 )
= Ylailyy™ ™ = D laikalys = D ik — wmiaklyy = D laiaxlyi
i=0 i=k+1 Fa— i=0
1 N . k - n=k-1 )
= D laik-nlys = D5 |@isknlys = D |@ivken = aiarly; — D laiakly;
i=n—k i=k+1 F— i=0
k ok o nkal . (3.15)
= |aklyy + Z |iske—nlys — Z |Qisk—n — aiax|y, — Z la;iak|y, — |aollak|
i=n—k i=n—k i=1
k ) n-k-1 ) k )
= lalyy + 3 (|@iskn| = @iskn — aiax)ys = > laiaklyl - <r; - ZlaiIY£> |ax]
i=n-k i=1 i=1
k .
= Z (|@isk—n| + |aiak| = |Qisk—n — aiax|)ys
i=n—-k
>0.
Since

c(x) <0, Vxel0,a),

(3.16)
c(x) >0, Vx € [ap, +o0),
we have ay < 1.
In the same way, we can obtain 1 > §; and f, < 6,; therefore,
Alr,R] C Alu,v]. (3.17)
Finally, we prove (iii). Set
cD(z) = c(z) = 2" + afir)l_lz"”_l ot al(ﬂzl“ + aél), (3.18)
with
(a1, n+l<i<n+l-1;
a - 28 di<i<n
M " (3.19)
a’ =4 . .
: _ i I+1<i<2l-1;
a
2
a
__0, i=0,
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and let [; be the smallest positive integer such that al(ll) 20incW(2). IfI+1 <] < [(n+1)/2],
in analogy to (3.3) and (2.4), we can define

(1
a
c@(z) = cV(z) <zll - %) (3.20)
a

L

and ciz) (x), respectively. It is not difficult to see that, the unique positive root of polynomial

@)
2

cf) (x), aiz) > . Similarly, we can define ¢, (x), d§2) (x), and d;z) (x), respectively. Moreover,

their respective positive roots aéz), ﬁiz), and ﬂéz) satisfy that
a) <ar, PP 2p, B <po. (3.21)
Consequently, new annular bound of f(z), namely, A[r®, R?] with
r® .= max{aiz),ﬂiz) }, R® .= min{aéz),ﬂéz) }, (3.22)
is better than (3.1). This procedure can be applied iteratively.
Py, P, dPw, 4P (3.23)

can be further transformed into

D), @, AV, 4V, (3.24)
respectively, and

D), P, dPw, 4P (3.25)
into

W), P, dYx),  dP (), (3.26)

until the last iteration brings no practical improvement. Obviously, when m increases,
r(m <:: max{agm),ﬂim) }), R(m™ <:: min{cxém), ;m) }) (3.27)
will approach the smallest and largest modulus of polynomial zero, respectively, where

cx§m) <resp. Lt;m)/ ﬂim)/ ém)> (3.28)
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denotes the unique positive root of
cim) (x) <resp. cém) (x), dﬁm) (x), dém) (x)>. (3.29)

This means that (iii) is true. O

Remark 3.2. (a) When ¢, (r) > 0, it follows from (3.14) and (3.15) that for every w € Z[f(z)],
|lw| < ay <r,thatis, Z[f(z)] C B(r), that s, f(z) is r-stable.

Similarly, we can draw the same conclusion when d,(r) > 0, and Z[f(z)] C Bc(r) when
c1(r) <0ordy(r) <0.

(b) By the similar arguments in the proof of (iii) of Theorem 3.1, the results in (a) can be
improved. This also provides an iterative algorithm to test the r-stability and Schur stability
of polynomials.

(c) The question “What happens to Theorem 3.1 whenn -1 >1,q > [n/2],and 1 < k,p <
[(n+1)/2]?” is worth considering further.

Example 3.3. Let

f(z) =22+ (1+])z* +2jz +1, (3.30)

where j = v/-1. By Theorem 3.1, we obtain

Z[f(2)] c A[0.389,1.647]. (3.31)

If we start the iterative procedure given in the proof of (iii) of Theorem 3.1, after five
iterations, we obtain

Z[f(2)] € A[0.390,1.644]. (3.32)

On the other hand, by Theorem A, one only can have

Z[f(z)] c A[0.387,1.938]. (3.33)

The following examples show the advantages of Theorems 3.1 over Theorem A in
analyzing the Schur stability of difference equations (discrete-time systems).

Example 3.4. Let the characteristic polynomial of a difference equation (discrete-time system)
be given by

e A G ) S [
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where j = v/-1. Then by Theorem 3.1, we get c>(1) = 7/16 > 0, which implies that all zeros
of f(z) lie in the open unit disk, that is, this system is Schur stable. However, by Theorem A,
one has

Z[f(2)] c A[0.638,1.175]. (3.35)

So Theorem A cannot guarantee the stability of such a system.

Example 3.5. Suppose the characteristic polynomial of a difference equation (discrete-time

system) is given by
1 3 11 1
_ .3 = . 2_ (2 _ . _ ]
f(z)y=2z"+ (2 +])z <4 ])z <—8 +4]>, (3.36)

where j = v-1. Then by Theorem 3.1, we have ¢; (1) = -9/16 < 0, which implies that all zeros
of f(z) are outside the open unit disk, namely, such a system is instable. By Theorem A, one
has

Z[f(2)] c A[0.824,1.517], (3.37)

which cannot determine the instability of this system.

Example 3.6. Consider the following characteristic polynomial of a difference equation
(discrete-time system):

f(z) =zt +228 + 222 + z+ V11 - 3. (3.38)
In this example,
AV =-6316, d’=0; ) =-7584, dP¥ =0.203. (3.39)

Consequently, such a difference equation (discrete-time system) is Schur stable.
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