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The recent theory and applications of difference operator A introduced in (M. Maria Susai Manuel
et al,, 2012) are enriched and extended with a useful tool A;"[k{”e¥]| n)e ,; for finding the
values of various series of discrete gamma functions in number theory. lllustrative examples show
the effectiveness of the obtained results in finding the values of various gamma series.

1. Introduction

The fractional calculus involving gamma function is a generalization of differential calculus,
allowing to define derivatives of real or complex order [1, 2]. It is a mathematical subject that
has proved to be very useful in applied fields such as economics, engineering, and physics
[3-7]. In 1989, Miller and Ross introduced the discrete analogue of the Riemann-Liouville
fractional derivative and proved some properties of the fractional difference operator [8].
In the general fractional h-difference Riemann-Liouville operator mentioned in [9, 10], the
presence of the h parameter is particularly interesting from the numerical point of view,
because when h tends to zero the solutions of the fractional difference equations can be seen
as approximations to the solutions of corresponding Riemann-Liouville fractional differential
equation [9, 11]. On the other hand, fractional h sum of order m > 1 ((A,™ f)(t) Definition 2.8
of [9]) is very useful to derive many interesting results in a different way in number theory
such as the sum of the mth partial sums on nth powers of arithmetic, arithmetic-geometric
progressions, and products of n consecutive terms of arithmetic progression using A,"u(k)
[12].

We observed that no results in number theory using definition 2.8 of [9] had been
derived. In this paper, we use Definition 2.8 of [9] in a different way and define discrete
gamma factorial function to obtain summation formulas of certain series on gamma function
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and gamma factorial function in number theory by getting closed and summation form of
Agmu(k)lll(cm_l) osj7 (here we replace f(t) by u(k), h by €, and v by m on the notations used in
[9D)-

2. Preliminaries

Before stating and proving our results, we present some notations, basic definitions, and
preliminary results which will be useful for further subsequent discussions. Let £ > 0, k €
[0,0),j = k—[k/€]€ where [k/¢] denotes the integer part of k/€, N¢(j) = {j, €+j,2¢+7,...}

and Ni(j) = N(j). Throughout this paper, ¢; is a constant for all k € Ng(j) and for
k

k
any positive integer m, we denote AE"‘u(k)Hl((m_l)eﬂ. = Azl(. .. Agl(Azlu(k)|;()|g+,' o )|( nesi
m—1)0+j

k
where A;lu(k)lf =uy(k) = A;lu(k)—Aglu(j), A;l(Aglu(k)l;c)uﬂ_ =uy(k) = A;lul(k)—A;1u1(€+

), and so on.

Definition 2.1 (see [13]). For a real valued function u(k), the generalized difference operator
A, and its inverse are, respectively, defined as

Apu(k) = u(k +€) —u(k), kel[0,0), €c(0,0), (2.1)

if Apv(k) =u(k), then v(k)= Aglu(k) +¢j. (2.2)

Definition 2.2 (see [10]). For k,n € (0, o), the ¢-factorial function is defined by

w _ g L(k/€+1)
ke =¢ T'(k/€+1-n)’ 23)
where T is the Buler gamma function and k" = k(.
Remark 2.3. When n € N(1), (2.3), and its A, difference become
n-1
K =TTtk-te), Akl = o)k, (2.4)
t=0
Lemma 2.4 (see [13]). Let S}’s be the Stirling numbers of second kind. Then,
k=S sren k(). (2.5)

r=1
Theorem 2.5 (see [13]). Let u(k), k € [0, 0o) be real valued function. Then for k € [€,00),

o [k/e]
A;lu(k)|j = > uk-ro). (2.6)
r=1



Advances in Numerical Analysis 3

Lemma 2.6. Let v(k) and w(k) be two real valued functions. Then,
A o(k)w(k)] = v(k) A w(k) - A, [A;lw(k + Z)Agv(k)]. (2.7)

Proof. From (2.1), we find
Ae[o(k)z(k)] = z(k + €) Ago(k) + (k) Apz(k). (2.8)
Applying (2.2) in (2.8), we obtain
A, o (k) Agz (k)] = v(k)z(k) - A, [z(k + €) Agv(K)]. (2.9)

The proof follows by taking w(k) = Ayz(k) in (2.9). O

3. Main Results

In this section, we use the following notations: L,1 = {1,2,...,m — 1},0(L,,-1) = {¢},
¢ is an empty set, 1(Lm—1) = {{1}/ {Z}II{m - 1}}/ 2(Lm—1) = {{1/2}/{1/3}//{11m -
1},{2,3},...,{2m -1},...,{m - 2,m - 1}}. In general, t(L,,-1) = set of all subsets of size
t from the set L,, 1 such that if {my,my,..., m;} € t(Ly-1), then m; < my < -+ < my,
(m=1)(Lyo) = ({1,2,...,m=1}}, p(Lm1) = Ui H(Lor), power set of L1, 377" f(£) =0
form <1,and [Ti,f(i) = 1fort < 1.

Lemma 3.1 (see [13]). Let k € [€,00). Then,

- (3.1)

Lemma 3.2 (see [13]). Let n be any nonnegative integer. Then,

(n+1) .(n+1)
k|t o ke Je (32)
e | T P )

In particular, when € =1,k = (r —-1) e N={1,2,3,...}, j = 0, then (3.2) becomes

r—1 B (r _ 1)(n+1)

0 (n+1) (33)

A7Tk™

Remark 3.3. For any constant ¢, since 1 = kéo) ,by (3.2) and linearity of A},

k X k(l) +(1)
1S A1 O] ¢ Je
Ajle| = eakg |]__c[w il (3.4)
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Lemma 3.4. Let n € N(0) and r € N(3). Then,

(T _ 1)(11+1)

r-1
1|7 2 oy —3)m 4 ... ) _
Ak . r-2)"+@r-3)"+---+() D)

Proof. The proof follows by taking € = 1, u(k) = k™ in (2.6) and (3.2).

Theorem 3.5. Let m be a positive integer, € € (0, 0), and k € [m¥, o). Then,
[k/€] m—1)
_ k T -1)
u(k) ||(m—1)€+j ;1 “m-1) u(k —re).
Proof. Taking A" on (2.6), and applying (2.6) for A,'u(k — r¢), we get

Ay <A;1u(k)';{>

From the notation given this section and ordering the terms u(k — r¢), we find

k [k/€] [k/e1[(k-re)/ €]

O+j r=1 r=1 s=1

[k/2] ( _1)(1)

Au(k) “ Z

——u(k-ro).

Again, taking A;l on (3.8), by (2.6) for A;lu(k —rf), we arrive

[k/¢] (1) _ 2D (1 (€]
A, u(k)|2€+1_ 3 [(r 2) (7‘ 1?) ey 1) ]u(k o),
r=3 :

which yields by (3.5),

[k/e] r-1)® 1)

20+j _g

APu(k )| u(k - ).

Now, (3.6) will be obtained by continuing this process and using (3.5).

= > Atulk-re) = > > u(k-ré-se).

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Theorem 3.6. Let m € N(2), € € (0,00), and k € [m€, o). Then,

m-1
_ k _ k t
Aem”(k)ll(m-l)e+j = Aem”(k)l(m—1>e+j + > =1)
t=1 {11110} € (L 1)
(m—my)
_ A Y
X (Aemlu((ml - 1)€ +])>—(m — mt)!ém—mt

R k
y li[ ((m; = 1)€ + j)mm=)
i=2 (m; — mj_q)1@mi—mia

(m=1)¢+j

Proof. Applying the limit j to k on A,'u(k), we write

AL u(k) f = A u(k) - A u(j),

(3.11)

(3.12)

where Azlu(j) is constant and A;lu(k) is a function of k. Taking Azl on (3.12), by (3.4) and

applying the limit £ + j to k, we obtain

k
1)

-2 ko ko
A, u(k)||g+j - A u(k)|€+j Au() =L,

kﬂ
110

O+j
which can be expressed as

(2-my)

A-2u(k)||k = APuR)|C (DA (- 1) 4 )t
¢ o+j ¢ o+j ¢ ! J (2 — my)1g2m

7

O+j
where t =1 and {m; = m; = 1} € 1(L1) and is same as

DN T ] L DR .

Aézu(k)||€+] = Aezu(k) - Aézu(e + ]) + Q_T;@Z%Ae u((ml - 1)3 + ])
(D' (@+i)y ™

2 my)lezm

A;mlu((ml -1)¢+j),

where all the terms except Agzu(k), kéz_m‘) are constants.

(3.13)

(3.14)

(3.15)
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Again taking A,' on (3.15), by (3.2) and (3.4), we arrive

k k k(l) ¢
-3 _ A-3 _
A u(k)“2€+j = A u(k)|2€ A (@) g 11¢
20+j
(3 m)
+ (—1)1A;m1u((m1 1)€ + ]) W (316)
20+j
(1) (é (2 my)
e =
20+j
which is the same as
k —my .
APu)|,. = u(k)|2e +Z S (DA u(m-1)e+j)
] T (=), (=2 e1(Ly)
{mi=1m=2}€2(Ly)
(3.17)
k(3 m) (( i — 1)€+])(m1 mi-1)
(3 my)13m (my; — my_q)1€mmin !
20+j
where i = 2. In the same way, we find
wwll,, = sl 033 )
A u(k) _ Sru(k) + (1) A u((my —1)8 +
‘ = A (e,
{my,m;}€2(Ls)
{mq,ma,m;}€3(L3) (3.18)
k(4 my) ﬁ ((ml _1)€+])(mx mi_1)
(4 my) 14 L b (my = my_y)€mimmia !
30+j
which can be expressed as the following;:
k
AFum| u(k)| +Z Z (1) A" u((my —1)€ + )
3"*’ ) et(Ls)
(3.19)

k
k(4 my) 3 ((ml _ 1)€ " j)émi—mi,l)
(4 mt)'€4 my 1—2[ (mi - m,’_1)!€mi_mi*1

i=

30+j

The proof completes by continuing this process. O
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Theorem 3.7 (partial summation formula). Let m € N(2). Then,

[k/2] ( 1)(m 1) K m-1
> —1u(k ré) = A" u(k)| mnes; > (1)
r=m (m—-1)! t=1 {my,....;m; ) €t(Lyp-1)
(m—my)
—mq . 74
x (A" u((m - 1)€+J))W (3.20)
i — 1 e + (mi—m;_1)
« H ((m; = 1) ]) .
w2 (mim e (m=1)2+j
m=1)0+j
Proof. The proof follows by equating (3.6) and (3.11). O
Corollary 3.8. Let m € N(2), € € (0, 00), and k € [mé, ). Then,
k/e m-
[Z] (r-1"" (k - g)(n)
= (m - 1)letk-re)
_ "Z”(_l)r_l nD | (m+r-2) Vet g +m21
= (T _ 1)! (e_g _ 1)r+m—1 e(k+(r 1)¢) = o mTetLot)

. 1- _
((my+r=2) Vet (m = 1)e+ J) ) g
(e_g _ 1)r+m1—1 (m — mt)!gm—m,e((m1—1)€+j+(r—1)é)

x (1)

<J1
5 (mi — 11’[1'_1)!6"1"_””*1

i=

t  (mi-mi 1) F
(mi=1)€ + )" ]

(m=-1)2+j
(3.21)

Proof. Taking v(k) = "), w(k) = e, u(k) = v(k)w(k) in (2.7), by (2.4), (3.1), and (3.2), we
get

-k —k+¢
1 _ € af e (n-1)
u(k) = k" 5 = & <e_e_1(n€)k€ > (3.22)

By (3.1) and applying (2.7) for k" Ve *, k" Pek, ... k{Ve*, we arrive

n+l o1 k("+1_r)

-1 - 1 n' (r-1) ¢
Al u(k) = Z( 1) 1)'(7'— 1) (e 1y 0t (3.23)




8 Advances in Numerical Analysis

Taking A" on and applying (3.23) for (m — 1) times, we arrive

n+1 1 n(r—l) (m +r— 2) (7—1)gr—1 kén+1—r)

A"u(k) = ) (-1) . (3:24)
‘ g;‘ (r=1!  (ge_q)rmt  elk-D0)
The proof follows by taking u(k) = kén) % in Theorem 3.7. -

The following example illustrates Corollary 3.8.

Example 3.9. Consider the case when m = 4 and n = 2. In this case, L3 = {1,2,3}, 1(L3) =
{{1}1 {2}/ {3} }/ 2(L3) = {{1/2}/ {1/3}/ {2/3} }/ 3(L3) = {{1/2/3}} and (321) becomes

[k/€] (r - 1)(3) (k - re)?)
— (3110

3 1 2(r-1) 2+ r)(T—l)gr—l kél+r)

= —1 X
rz=1:( ) (r-n! (et - 1)r+3e(k+<r—1)e)

3 _2\(r-D) pr-1
+Z Z (—l)t (ml +r 2)
t=1 {m

''''' my }€t(Ls) (e—g _ 1)’”*"1171

((ml _ 1)e + ].)21+T)ké4—mt) (mi _ 1)e + j)(gmi—mi,l)

=
(4 — mt)!g4—mte((m1—1)€+j+(r—1)€) 11:2[ (mi - mi_l)!gmi—mm

30+j
(3.25)

The double summation expression of (3.25) will be obtained by adding the sums corresponds
to1l (L3 ) :

(r-1 et ks (et kg

. e . (1+r)L
(e—é—l)’e(j+(r—1)€> (])f 31¢3 " (e—€—1)r+1e(€+j+(r—1)€)( *1)e 21¢2
(3.26)
(r+ 1)(r—1)er—1 ( . (1”)£
(e-¢-1) 2 20+j+(r-1)0) ¢ e
corresponds to 2(L3):
_ 2 NG 1) pre
(=D ke (€D, =) Ve
(et 1) v Ve 12T g (e 1) etrone) J /e
(3.27)
) -\ (2) 1) pre ) ()
y kL(ze"'])e n (T)( 1)€ ! ( -)(1+r)kL(2e+]>€
¢ 20 (6471)”16(&#(#1)2) De = 20027
and to 3(L3):
r-1) pr— © - (1) -\ (1)
(T—l)( 1)e 1 . (1+r)kL(€+])é (2€+])Z (328)

() errna Ve g Ty ¢
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Corollary 3.10. Let € € (0,00) and k € [¢,0). Then,
7] (k - rg)(en) n+l _p(r-1) pr-1 ké"”*f)

k(") —k” — —
¢ [ ¢ j ; ek—r0) S (1-e¢) elkrr-10) j

(3.29)

Proof. Since k{”e™* = 0as k — coand 0 = 0if r#0 and 0)” = 1 if = 0, the upper limit of
(3.23) for k — oo will be zero and lower hmlt for j =0, gives (3.29). O

4. Discrete Gamma—Factorial Function

First we derive infinite series formula using A}', which induces the definition of discrete
gamma factorial function.

Theorem 4.1. Let k € [0, 00) and limy_, o A, u(k) = 0. Then,

Aglu(k)|:’ - iu(k L 1) (4.1)
r=0

Proof. From (2.6), and expressing its terms in reverse order, we find

Azlu(k) + A, u(k| =u(j)+u(@+j)+---+uk—&)+ulk) +u(k+&)+---+u(wo),

(4.2)

which is the same as
A u(k) | Zu(] +10). (4.3)
Now (4.1) follows by given condition A,'u(e0) = 0 and then replacing j by k. O

Definition 4.2. For n € (-0, 00) — {0} and k € [0, o), the discrete k-gamma factorial function
is defined as

WTo((n)) = €A [kg"‘”e-k]:’ =Y (k+re) Ve k), (4.4)
r=0

and the discrete k-gamma function is defined as

WTo(n) = €4; [k"l -k] eZ(k+r€) 1g-(ksre) (4.5)
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In particular, when k = 0, (4.4) and (4.5) becomes

To((n)) = €A} [kf;“”e-k]k_o =X (rof e, (4.6)
- r=1

To(n) = €A} [k"‘le‘k]:o =2y (roy" e (4.7)
- r=1

which can be called as the discrete gamma factorial function and the discrete gamma function,
respectively.

Theorem 4.3. Let £ € (0,00) and n € N. Then,

n (1) prc(n=1) ,—(k+re) o
n)" ek, e
WLe((n+1)=¢ Z( ) R =e> (k+ ro)We o), (4.8)
=0 (1 - efe)r r=0
Proof. The proof follows by taking j = k, k = oo in (3.29) and multiplying it by £. O

Theorem 4.4. Let € € (0,00) and n € N(1). Then,

ge—é en+1e—n€
Fe((n+1)) = 1_—e_gnfe((n)) ="!m' (4.9)
Proof. From (2.7), (3.1), and (4.6), we get
-k —(k+¢) *
— (n) € -1 € (n-1)
Te((n+1)) = Z{ke e A, {e‘é = (nf)k, }}k_o. (4.10)

Since ké")e‘k = 0for k = 0 and k = oo, (4.10) gives first part of (4.9) by (4.6). Now second part
of (4.9) will be obtained by applying first part of (4.9) again and again and using the identity
Te((1) = €/(1-e). O
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Theorem 4.5. Let ST be as given in (2.5) and n € N(1). Then,

ke k| = Sisrerrag ke, (4.11)
r=1
which gives
- n pn—r ee_g = n pn—r
To(n+1) = D S To((r+1)) = WZS,(Z rTe((r)). (4.12)
r=1 - r=1

Proof. The proof of (4.11) follows by (2.5) and linearity of Azl. Now, (4.12) will be obtained
by taking m = 1in (4.11) and using (4.6), (4.7), and (4.9). O

Theorem 4.6. Let € € (0,00) and n € N(1). Then,

lime(m) = imTe((n) = (= 1)! = T(n), (4.13)

Proof. As ¢ — 0, all the terms except the last term of (4.12) will be zero. Also, since
limg_,,€e~¢/(1-e*) =1, by (4.9), we arrive

lmTe(n) = lim (n = DTe((n +1)) = limTe((n). (4.14)

Now, (4.13) follows by replacing n by n — 1 and taking limit ¢ — 0 on (4.9). O

Theorem 4.7. Let k € [€,0) and j = k — [k/Z€]€. Then,

EEp )i e

r=1

Proof . From (2.1) and (2.2), we have

k k_/k
AgT(Z + 1> = zl”<? + 1), (4.16)

which yields

A [§r<§+1>r =r<%+1>. (4.17)
]

Now, the proof follows from (2.6) and (4.17). O
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Theorem 4.8. Let k € [¢,0) and j =k — [k/Z€]€. Then,

K4 (k) -7 1 1 1

r=1

Proof. From (2.1) and (2.2), we find

A [ 1 o (k/?)
UT(k/e)+1)| ~  (k/@) + D)L ((k/&) + 1)’
which yields by (2.2),
(k/€) k 1 1

AL

DI P Sy r((j/€)+1) T((k/&)+1)

¢ [((k/€) + DI ((k/€) +1)
Now, the proof follows from (2.6) and (4.20).
Corollary 4.9. Let k € [¢,00) and j =k — [k/€]€. Then,

e (k/O)+r 1 ~ 1
%(k/€)+r+1 T((k/€)+r+1) T((k/€)+1)

Proof. The proof follows from (4.1) and (4.20).

Corollary 4.10. (i) When k =0,

(ii)) When k =1 and ¢ = 0.5,

(iii) When k =né, n € N(1),

0

n+r 1 _ 1 1
n+l+r Tn+1+r) Tm+1) n!

r=0
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