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The regularized system of equations for one model of a viscoelastic medium with memory
along trajectories of the field of velocities is under consideration. The case of a changing
domain is studied. We investigate the weak solvability of an initial boundary value prob-
lem for this system.

1. Introduction

The purpose of the present paper is an extension of the result of [21] on the case of
a changing domain. Let Q; € R", 2 < n < 4 be a family of the bounded domains with
boundary I'y, Q = {(t,x): t € [0, T], x € O}, T = {(t,x) : t € [0, T], x € T';}. The follow-
ing initial boundary value problem is under consideration:

t —
p (v +vi0v/0xi) — Divj exp ( - %)%(v)(s,z(s; £,x))ds — uoDivEé(v)
0

= —grad p +po, divv=0, (t,x) e Q; J pdx=0, te][0,T];
Q

v(0,x) =°(x), xe€Qy, v(t,x) =v(t,x), (t,x)eTl.
(1.1)

Here v(t,x) = (v1,...,vy) is a velocity of the medium at location x at time ¢, p(t,x) is a
pressure, p, fo, {1, A are positive constants, Div means a divergence of a matrix, the matrix
€(v) has coefficients €;;(v)(t,x) = (1/2)(9v;(t,x)/0x; + 9v;(t,x)/0x;). In (1.1) and in the
sequel repeating indexes in products assume their summation. The function z(7;t,x) is
defined as a solution to the Cauchy problem (in the integral form)

z(1;t,%x) = x+J v(s,z(s;t,x))ds, 1€[0,T], (t,x) €Q. (1.2)

t
The substantiation of model (1.1) is given in [21]. One can find the details in [12, Chapter
4]. We assume that a domain Q C R"*! is defined as an evolution €, t = 0 of the volume
Q) along the field of velocities of some sufficiently smooth solenoidal vector field ¥(t,x)
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which is defined in some cylindrical domain Qo = {(t,x):t € [0,T], x € Qp}, so that
Q¢ C Qp. This means that Q; = Z(£;0,Qq), where Z(7;t,x) is a solution to the Cauchy
problem

#(13t,x) = x+ Jff/(s,é(s; t,x))ds, 1€[0,T], (£x) € Q. (1.3)
t

Thus, it is clear that the lateral surface I' of a domain Q and the trace of the function
¥(t,x) on I will be smooth enough, if 7(¢,x) is smooth enough. We will assume sufficient
smoothness of ¥(t,x), providing validity of embedding theorems for domains Q; used
below with the common for all ¢ constant.

Let us mention some works which concern the study of the Navier-Stokes equations
((1.1) for 3 = 0) in a time-dependent domain (see [2, 5, 8, 13] etc.), by this, different
methods are used and various results on existence and uniqueness of both strong and
weak solutions are obtained. In the present work, the existence of weak solutions to a reg-
ularized initial boundary value problem (1.1) in a domain with a time-dependent bound-
ary I'; is established. The approximation-topological methods suggested and advanced in
[3, 4] are used in the paper. It assumes replacement of the problem under consideration
by an operator equation, approximation of the equation in a weak sense and application
of the topological theory of a degree that allows to establish the existence of solutions on
the basis of a priori estimates and statements about passage to the limit. Note that in the
case of a not cylindrical domain (with respect to t) the necessary spaces of differentiable
functions cannot be regarded as spaces of functions of ¢ with values in some fixed func-
tional space. Consequently, the direct application of the method of [21] is not possible.
The history of the motion equation from (1.1) is given in details in [21]. On the basis of
the rheological relation of Jeffreys-Oldroyd type the existence theorem for weak solutions
in a domain with a constant boundary was proved. The purpose of the present paper is
to prove a similar result for a domain with changing boundary.

The article is organized as follows. We need a number of auxiliary results about func-
tional spaces for the formulation of the basic results. They are presented in Section 2.
We also need some results about the linear problem in a non-cylindrical domain which
are given in Section 3. By this the proofs of the part of the results (which require the
rather long proofs) are given in Section 8. In Section 4, the main results are formulated,
in Sections 5-7 the proofs of the main results are carried out. We will denote constants in
inequalities and chains of inequalities by the same M if their values are not important.

2. Auxiliary results

2.1. Functional spaces. Let us introduce necessary functional spaces. Denote norms in
L,(€)y) and Wé‘(Qt) by | - lo¢ and | - |k, accordingly. Denote by | - |lp @ norm in L,(Q)
orin L,(Qp) (Qo = [0,T] X Qy), depending on a context. We will denote by Dy, the set
of functions, which are smooth, solenoidal and finite on domain ;. We will designate
through H; and V; a completion of Dy, in the norms L,(€);) and Wi (Qy) accordingly.
We denote by V/* the conjugate space to V; and by | - |_;; the norm in V;*. We denote
by (v,h); an action of the functional v € V;* upon an element h € V;. Thus, the scalar
product (-,-); in H; generates (see, e.g., [7, Chapter 1, page 29]) the dense continuous
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embeddings V; C H; C V;* atevery t € [0, T]. It is clear that
[(w,v)e] < luliglvloy, ueVi,ve Ve 2.1)

Let D be the set of smooth vector functions on Q, solenoidal and finite on a domain
Q; for every t. It is easy to show that scalar functions ¢(t) = |v(t,x)[1,, y(t) = [v(t,x) |14,
g(t) = [ve(t,x)| -1,1, where v,(t,x) is a derivative with respect to t of function v(¢,x), are
determined and continuous on [0, T'] for every v € D.

We denote by E, E*, Ef, W, Wy, CH, EC, L, +(Q) the completion of D accordingly in

norms
T ) 1/2 T ) 172
= (| Ive0lide) e = (| e )
T
U
ol = Wl llvllyer ol = Il [llyrs Wvllen = max. [v()] o,
T ) 1/2
e = Ivle+ e vlo= (| Iv(e0)13,dr)
(2.2)
Let a sequence v"' € D, n = 1,2,... be fundamental on Q in the norm || - [[o : fOT [vi(t,x) —

v'”(t,x)l&tdt — 0, n,m — +oo. Then (see [19, page 224]) there exists a subsequence
v"(t,x) which is fundamental at a.e. t in the norm | - |;. Let v(£,x) € L,(€);) be the limit
of v"*(t,x). Solenoidality of functions from D implies v(t,x) € H; at a.e. t. It implies the
possibility to get the completion of D in the norm || - ||y as a subspace of usual functions
from L,(Q).

It is similarly shown that an element v € E is a function v(t,x) at a.e. t, v(t,x) € V,,
vz = fOT lv(t,x)|3,dt, and v € E* is a function v(t,x) € V/* at a.e. t, ||v[|}. = fOT lv(t,
x)lz,l,tdt. For v € Ef we have ata.e. t v(t,x) € V," and [|v|| g = IOT [v(t,x)|_1,dt.

LemMaA 2.1. Let v € E, h € E*. The scalar function {(v(t,x),h(t,x)); = y(t) is summable
and

JT (v(t,x),h(t,x)),dt = (v,h). (2.3)
0

Proof. Choose such a sequences v",h" C D that ||[v" —v||g — 0, |[[W" — hllg= — 0 and [v"(t,
x) —v(t,x)1r — 0, |h"(t,x) — h(t,x)|_1; — 0 at a.e. t. Then the sequence of continuous
functions y"(t) = (v"(t,x),h"(t,x)); converges to y(t) at a.e. t and, hence, y(t) is mea-
surable. As

T
| Twrlde <. < 29)

where M does not depend on n, then the Fatou’s theorem implies summability of y(¢).
From convergence v" — v in E, h" — h in E* and the equality y(t) = (v,h) (2.3) easily
follows. The lemma is proved. O
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The scalar product (v,h) = fOT(v(t,x),h(t,x))tdt in L, 5(Q) generates the continuous
embeddings E C L, ,(Q) C (E)*. Here (E)* is adjoint to E. Denote by (v,h) an action of
the functional v € (E)* upon h. It turns out that (E)* = E*. Really, E* is a subspace in
(E)*. If E* does not coincide with (E)*, we can find an element vy # 0 in E for which
(h,v) = 0 for all h € E*. Choosing elements / from the set D dense in E*, we get that
(h,vo) = (h,vy) = 0 for all h € D. This implies vy = 0. Therefore, E* = (E)* and the scalar
product (v,h) in L, ,(Q) generate the continuous embeddings E C L, ,(Q) C E*. Note
that [(v,h)| < |Ivllgllhllg-.

In the Banach spaces introduced above it is convenient for us to define equivalent
norms by the rule |[vllxr = [¥llF, ¥ = exp(—kt)v, k > 0. Here F is any Banach space of
functions defined on Q.

The space E* is continuously embedded in E;. Below (v,u) denotes an action of
a functional v € E* upon a function u € E. Besides, we need the set CG of functions
z(7;t,x) defined on [0, T] X Q which are continuous with respect to all variables and con-
tinuously differentiable with respect to x. Moreover, these functions are diffeomorphisms
of Q; on Q, with the determinants equal to 1. We will consider CG as a metric space with
the metrics p(z1,22) = |lz1 — 2z2|lcc where ||zllcg = max; max; [|z(7;t,x) |l cq,)-

We denote by Wzl’m(Q) the usual Sobolev spaces of functions f(f,x) on Q, having
generalized derivatives up to order [ with respect to t and up to order m with respect to x
which are square summable. || - ||}, stands for their norms.

2.2. Regularization operator. Problem (1.1) involves the integral which is calculated
along the trajectory z(7;t,x) of a particle x in the field of velocities v(t,x) whereby z(7;,x)
is a solution to the Cauchy problem (1.2). However, even strong solutions v(t,x) of prob-
lem (1.2), having a derivative with respect to ¢ and the second derivatives with respect to
X, square summable on Q, do not provide uniquely solvability of problem (1.1). As an exit
from this situation in [21] (following [9]) the regularization of the field of velocity with
the help of introduction of a linear bounded operator Ss; : H; — C'(Q;) N V; for § >0
such that Ss;(v) — v in H; at § — 0 and fixed t was offered. As far as the boundary I'; of a
domain Q) is concerned, it was assumed to be sufficiently smooth. In the construction of
this operator a smooth decomposition of the unit for (;, some homothety transforma-
tions in R” and the operator P; of orthogonal projection in L,(€);) on H; were used. Let
v(t,x) € Lp»(Q). We define on L, ,(Q) the operator Ss(v) = 7 where ¥(t,x) = Ss.r(v(t,x))
att > 0.

As the operator P; is constructed by means of solutions of the Dirichlet and Neumann
problems for Q; (see [18, page 20]) and (), in our case smoothly depends on t, from the
structure of the operator Ss; at fixed ¢ it follows that the operator §5 is a linear bounded
operator from L, ,(Q) in E N L,(0,T;C'), and 85(v) — v in E at § — 0. Here L,(0, T;C")
is a Banach space which is a completion of the set of smooth functions on Q in the norm
Wiy = (o 1962112 6, d6). Let now u(t,x) € Lyg(Q), v(t,x) = u(t,x) +9(1,%).
Let us define the regularization operator Sy : Ly ,(Q) — L2(0,T;C') N E by the formula
Ss(v) = §5(v - ) +v= §5(u) + 7. It is clear that Ss(v) — vin L, ,(Q) at § — 0.

Consider problem (1.2) for v(t,x) C L,(0, T;C"). The solvability of problem (1.2) for
the case of a cylindrical domain Q was established in [10] for v € L,(0, T;C!) vanishing
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on I In the same place, the estimate was obtained:

l21(536,%) - (5365 | g0 SM‘ LTHVl(s,x)—vz(s,x)||cl(os)ds . (@5)

where v1,v2 € L,(0,T;C1), t,7 € [0, T]. The same facts are fair and for the case of a non
cylindrical Q and for functions coinciding with ¥ on I'. The proofs are similar to ones
resulted in [10] with minor alterations. Inequality (2.5) is required to us in what follows
below. We replace (1.2) for (1.1) by the equation

T
z(1;t,x) = x+J Ssv(s,z(s;t,x))ds, 1,t€[0,T], x € Q. (2.6)
t

For every v(t,x) € E the function Ss(v) € L,(0,T;C'), and, hence, problem (2.6) is
uniquely solvable. we designate by Zs(v) the solution to problem (2.6). Note that S5(v)
coincides with # on I. In particular it means that all trajectories z(7;,x) of problems (2.6)
lay in Q.

3. Linear parabolic operator on noncylindrical domain

Consider a linear operator L : E* — E* defined on the set D(L) of smooth solenoidal
functions v(#,x) vanishing on I and at ¢ = 0 by the formula

T

(Lv,h) = Jo (ve — Av,h),dt. (3.1)

Here h(t,x) € E. Obviously, D(L) is dense in E*.
Let us show that the operator L admits a closure and study its properties. First we
establish auxiliary results. The following result is known (see [11, page 8]).

LemMA 3.1. Let F(t,x) be a smooth scalar function. Then

% L)[F(t,x)dx - th Fi(t,x)dx + LF(t,x)vn(t,x)dx. (3.2)

Here #,(t,x) is the projection of #(¢,x) on the direction of the external normal n(x) at
a point x € I'y.

CorOLLARY 3.2. IfF(t,x) = 0 for (t,x) € T then (d/dt) |q, F(t,x)dx = [o, Fi(t,x)dx.
LemMA 3.3. A function v € D(L) satisfies the inequality:

[[Vellge + sup [v(£,2)[o, +IVIlE < MILVI|g-. (3.3)

O<t<
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Proof. Integration by parts and use of Corollary 3.2 yields

Jt(Lv,v)sds = ,[t ((Vt(s,x),v(s,x))s - (Av(s,x),v(s,x))s)ds
0 0

t
= [ (G M0 o+ (v, 9u(s0), ) ds

tr1d
= L (5% | v(s,x)|§,s+ [v(s,x) |is)ds

(3.4)

1 t
= 5 | v(t,x) | é,t + »[O | V(5>x) |isds'

From this it follows that (Lv,v) = 1/2[v(T,x)[§ + VI3 As [(Lv,v)| < ILvg|lv]g
we get from (3.4) the inequality sup, [v(t,x) o + vl < M||Lv| g+. On the other hand,

T
ille: = sup | [ (ool
heE, ||hlg=1 0
T T (3.5)
<  sup (ve— Av,h),dt| +  sup (Av,h)dt
heE, ||h|lg=1 0 heE, ||h|lg=1 0

< [[ILvlig« + lIvllg

Thus, [|v¢llg+ < MI||Lv||g=. The last inequalities imply (3.3). The lemma is proved. O

LemMa 3.4. Letv € W. Then |v(t,x)lo, is absolutely continuous in t on [0, T], differentiable
ata.e.t € [0,T] and

%a v(t,x) |é’t = (vi(t,x),v(t,x)) (3.6)
[v(t,) |, < ellvil e + M@ IVlle, €0, € [0,T], (3.7)

Proof. Let v(t,x) be smooth. Then (3.6) follows from Corollary 3.2. Let us prove (3.7). It
follows from (3.6) and (2.1) thatforO0 <7< T

| v(t,x) | (2),t = | v(T,x) | (2),1 + ZJT |Vs(5>x) | 1,5 | v(s,X) | o,sds

(3.8)
< |V(T,x)|é,1+2||vt||E*HV”E
is valid. Supposing t > T/4 and integrating over 7 on [0, T/4], we have
5 T/4 5 ,
[v(t,x)[g, < 4/TJ0 |v(s,2) |0, ds+ 2|yl 111z < M2, ) + [vil [ IVI5).
(3.9)

The same inequality for t < 3T/4 is established by means of integration over 7 on
[3T/4,T]. Using inequality ||v||1,(q) < lIvllg and standard arguments we obtain from this
inequality (3.7).

The lemma is proved. O
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In the cylindrical case this fact is proved in [18, Lemma 1.2, page 209].
LemMa 3.5. The space W is embedded in EC and ||v|lgc < M|vllw.

The proof of the lemma follows from Lemma 3.4.

Let Wy = {v:v € W, v(0,x) = 0}. It is not hard to show that W), can be easily obtained
by means of the closure in the W-norm of the set of smooth on Q functions which are
solenoidal on Q) at every ¢ and vanish on 9Q; and Q. In fact, let v € Wy. By the defini-
tion of W there exists a sequence of functions v, smooth on Q and solenoidal at every ¢
such that [|v — v, llw — 0 by n — co. Let ¢, () be a smooth nondecreasing on [0, T] func-
tion such that ¢, (t) = 0 when ¢ € [0,T/n] and ¢,(f) = 1 when t € [2T/n]. The function
Uy (t,x) = @, (t)v,(t,x) vanishes at t = 0 and on 9dQ); at every t. Obviously, u, converges to
v by n — oo in the W-norm.

THEOREM 3.6. The operator L admits a closure L : E* — E* with D(L) = W, its range R(L)
is closed and L is invertible on R(L).

Proof. From (3.3) it follows that L admits a closure L. Its domain D(L) consists of those
v € E* for which there exists such a sequence v" € D(L) that v" — v and Lv" — u in E*.
Then by definition Lv = u. Let us show that D(L) € W,. Let v € D(L). Then there exists
such a sequence v" € D(L) that v" — v in E and Lv" — u in E*. Then by means of passing
to the limit we have from (3.3) for v" that v € W; and the inequality holds:

[[vellg+ +sup [v(£:x) [+ IVIE < M| Lv]| g+ (3.10)
t

Thus, D(L) € W,.

Let us show that D(L) 2 W,y. Let v € W, and v"* — v, v" € D, in the W-norm that v €
Wo. From (3.1) it follows that for h € E (Lv",h) = {(Lv,h) = fOT(Vv”(t,x),Vh(t,x))tdt+
(v, h) takes place. The passage to the limit gives the validity of (Lv,h) = (v;,h) +
fOT(Vv(t,x), Vh(t,x))dt for v € D(L). From the obtained above it follows that the right-
hand side part defines an element u € E* for any v € W. By this v € D(L) and Lv = u.
Thus, Wy < D(L) and consequently Wy = D(L).

From (3.10) it follows that R(L) is closed and L is invertible on R(L). The theorem is
proved. O

Remark 3.7. From (3.4) established for smooth v by means of the passage to the limit and
the differentiation with respect to ¢ it is easy to show that the scalar function (Lv,v), for
v € D(L) and a.e. t satisfies the relation

i 1d
(Lv,v)e = 5 [ v(6%) ot Vv o (3.11)

THEOREM 3.8. The range R(L) of the operator L is dense in E*.

We give the proof of this theorem in Section 8.
From Theorems 3.6 and 3.8 the next result follows.
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THEOREM 3.9. For every f € E* the equation Lv = f has a unique solution v and the esti-
mate holds:

(vl +sup | v(£,x) [ o, + 1VIIE < Ml fllp. (3.12)
t

Let k > 0. Everywhere below we set ¥ = exp(—kt)v. It is easy to sh9w that exp(—kt)L(v)
= L(¥) + k#. From here it follows that if L(v) = f then L(¥) + kv = f.

COROLLARY 3.10. For the solution v of the equation Lv = f by any k > 0 the estimate holds:
|[Vell g i + VI < MU f Il . (3.13)

To prove it is enough to make the change ¥ = exp(—kt)v and take advantage of
Theorem 3.6. From Corollary 3.10 and from Theorem 3.9 there follows the following the-
orem.

TuEOREM 3.11. For every f € E* the equation L(¥) + kv = f has a unique solution ¥ and
the estimate holds:

9] g +sup [9(6,%) | o, + 171lE + Kl #ll0 < M| f Il = (3.14)
t

4. Formulation of the main results

We are interested in the solvability of the regularized problem (1.1). By this we suppose
without loss of generality g = y; = p = 1, replace z(s;t,x) by Zs(v) and restrict ourselves
with the case v%(x) = 7(0,x), x € Qq, v'(t,x) = #(t,x), (t,x) € . Thus, we get the prob-
lem

t
Vi + Viov/oxx — Divé(v) — DivJ exp(s —t)€(v)(s,Zs(v)) (s;t,x)ds = =V p + D,
0

divv(t,x) =0, (t,x) € Q; J;) pt,x)dx=0, te[0,T]; (4.1)

v(0,x) = 7(0,x), x€ Qq, v(t,x) = v(t,x), (t,x)€eT.

One should mark that the case of smooth and satisfying accordance conditions func-
tions v%(x) and v!(t,x) in (1.1) can be reduced to the conditions in (4.1). Let ®(t,x) € V¥
ata.e. t. Let w(t, ) = w(t,z(£0, y)) for an arbitrary function w(t,x) defined on Q.

Definition 4.1. A function v(¢,x) = 9(t,x) + w(t,x),

w(t,x) € E, w e L (0,T; Wi (Qo)) (YW1 (0, T; W5 (Qo)) (4.2)



V. G. Zvyagin and V. P. Orlov 223

is called a weak solution of problem (4.1) if for any h(t,x) € D, h(T,x) = 0 the identity
holds:

T

T
—J (v(t,x),ht(t,x))tdt+J (vilt, )i (), 0h:(1,x)/3x;) dt

0 0

T
+Jo (€ (v(t,x)), € (h(t,x))) dt )

T , ot N
+JO (J exp(s — t)‘éij(v)(s,Zg(v)(s;t,x))ds,%ij(h(t,x))) dt

0 t

= (O(t,x),h(t,x)) — (7(0,x),h(0,x)),.

The following main result takes place.

THEOREM 4.2. Let ® = fi + fo, fi € Ef, f» € E*. Then the problem (4.1) has at least one
weak solution.

The proof of the theorem is organized as follows. Following [21], we need to consider
a family of approximating operator equations with a more weak nonlinearity. Alongside
with the operator L : Wy — E* introduced above we will consider the operators

Ki:V,— V}F, i=1,2,3, (K7 (w),h), = (wjwj,0hi/0x;),, w,h€E Vi
(Ktl(W),h>t = (W,'f/j,a]’l,’/axj')t, wh e Vy; (4.4)
(K2(w),h), = (7w},0hi/dx}),, w,he Vs

the functional
T
GEE :{g.h) = J (7i7;,0h/0x)) dt, heE; (4.5)
0
the functional
B } T
Ve E (V. h) =J (71— Avh)dt, heE; (4.6)
0

the operator A, : E — E*: (A:(v),h); = (€;;(v),€;j(h));, v,h € Vy; the operator C; : E X
CG - Vi

t

(Ci(v,2),h), = (J

exp(s — (v +7)(52(56:x)ds 8 (h) ) , v E, 2€CG.
0

t
(4.7)



224 On weak solutions of the equations of motion

The operators A; and C; naturally generate the operators A: E — E*, and C: EX CG —
E*:

(A(w),h) = JT (Afw),h) dt heE*, weE;
sl (4.8)

(C(v,2),h) = J (C/(v,2),h),dt, vEE, ze€CG, hek.
0

Alongside with the operators K| we will consider for & > 0 the operators K}, : V; — V*
and the operators K} : E — E* generated by them:

(k) = (T 2) | i, = (o, 2,
t t

1+elul?’ ox; 1+elul?’ ox;

uiuj  oh;
1+¢|ul?’ ox;

<Kt3,s(u))h>t = ( ) 5 u,h S Vt; (49)

T
(Ki(u),h) = L (Ki (u),h(t,x)),dt, u,h€EE.

Let Ke(v) = zle Ki(v). Let Zs(w) = Zs(# + w) for w € E. Consider for & > 0 the operator
equation

Lw —K.(w)+ C(w,Zs(w)) = fe. (4.10)

THEOREM 4.3. For any f. € E* (4.10) has at least one solution w, € W

Let us approximate a function f; € Ef by fi. — fi at e = 0, fi € L,,(Q). Let v¢ =
w* + 7, where w* is a solution to (4.10). Using the passage to the limit at ¢ — 0 we establish
that functions v* converge to the function v which is a weak solution to problem (4.1),
that is, we get the assertion of Theorem 4.2.

The proof of Theorem 4.3 is carried out in Section 6. The operator terms involved in
(4.10) are investigated in Section 5.

5. Investigation of properties of operators

To investigate the operator terms of (4.10) we need the additional properties of functional
spaces.

Let Z be a solution to the Cauchy problem (1.3) and u(t, y) = z2(£;0,¥), y € Qo. It is
clear that u maps Qp in Q, Qg = [0, T] X Qo and u(t,Qp) = Q. Let U(t,x) = 2(05t,x). The
maps u(t, y) and U(t,x) at fixed t are mutually inverse and

U(t,ult,y)) =y, ye€Qo u(t,U(t,x)) =x, x€ Q. (5.1)
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Moreover, solenoidality of 7 implies
[Uc(t,x)| = |uy(t,y)] = 1. (5.2)

Here Uy, u, are the Jacobs matrixes and |Uy|, |u, | are their determinants.
Let v(t,x) be a function smooth on Q. Define the operator Y as v = Yv, v(f,y) =
v(t,u(t,y)). It is clear that v(t,x) = ¥(t, U(t,x)). Using differentiation, we have

{/\t(t>y) = Vt(ﬁ”(ﬁ)’)) +Vx(t>”(ta)/))“t(t:}’) = Vt(tau(t)y)) +Vx(t:u(t,}’))v(ﬂu(t’)’));

(5.3)
i/\y(t:)/) = Vx(t)“(t:y))uy(t>y); (54)

vi(t,x) = Ve (8, U(t,x)) + 9, (£, U(t,x)) Ux(8,%); ve(t,x) = ¥, (£, U(t,x)) Ux(t, ).
(5.5)

From the smoothness of ¥(t,x) the smoothness of u(t,y), U(t,x) and their derivatives
follow.

Denote by W,iz_ '(Q), k = 1,2 a closure of the set of functions smooth both with respect
to t and with respect to x and finite on (), for all t in the norm

T 3 1/k T X 1/k
Whigsio = ([, M0 de) ([ Imeollogd) - 6o

Spaces W,i’z_l(Qo), k = 1,2 are defined on analogy. Let W,g”;”(Q), k=1,2,m=1,—-1bea
closure of the set of the same functions in the norm

T k 1/k
¥l ooy = (L ||v(t,x)||W2m(Ql)dt> . (5.7)

Spaces W,S;" (Qo) are defined similarly. Let F = YF where F is some space of functions

on Q.

LEmMA 5.1. Let v(t,x) be a smooth solenoidal on Q vector function, ¥(t,y) = v(t,u(t, y)).
Then

VllL, 00 = V1L () (5.8)

||‘A’t||w§;;1(Q0) = M<||Vf||E* + ||V||w§;<Q)>’ [lvell < M(||17t||w3’2*1<Q0) + ”‘A’”w;’;g(Qo))’
(5.9)

Bellwoy i < M(Ivillgs + Ilwas))s [eller < M(IBd e g + 191wasian)s

(5.10)
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Proof. Using the change of the variable x = u(t, y) and (5.5), we have

|vi(t,x)| _,, = sup '(vt(t,x),h(x))t‘

[l =1
= sup J vt(t,x)h(x)dx'
Ihle=11 2
= sup J vt(t,u(t,y))h(u(t,y))dy‘
[hle=1"1 Qo (5.11)
< sup j ﬂ(t,y)h(u(t,y))dy‘
Ihl=11 70
+ sup L) vy (t,y)uy (8 y) v (tult, y) h(u(t, y))dy
|hl1=1 0
=Ji+).
Further, using the smoothness of u(t, y), we have
. h(u(t, y) ‘
= LY)——F—— h (t,
. iy L)ovt( y)|h( u(t,y)) | () g
<M sup L} Ve(t, y) (dy| sup |[h(u(t,y)) ] <M|V|_
hlp=1" "% Il e=1
h(u(t,y))
< su (J byt ) (6 ) (tult, )7 h(u(t,
2= sup || |, Bty by ( y)| W) [ | ) 10
<M sup Lz Vy(t, y)uy Y, ) (t,ult, y)) (y)dy| sup |h(u(t,y)) |,
lhl0=1 Ihl1o=1
= M|ﬁy(ﬂ)’)u;l(t>)’)17(t>u(t>)’)) |—1,0'
(5.12)
By similar reasonings from the smoothness of u(t, y) and #(t,x) it follows that
|@(t,y)u;l(t,y)f/(t,u(t,y)) | 1o <M|(t,y)] W) (5.13)
Thus, we get
vt | <M1 |1+ 1969) i, )- (5.14)

From the last three inequalities the second inequality (5.9) follows. Other inequalities
(5.8)—(5.10) are proved in the same way more easily. Lemma 5.1 is proved. O

Let Y, be the restriction of the operator Y on the space of functions on ;. From the
density of the set of smooth functions in the spaces mentioned below and the proof of
Lemma 5.1 the next lemma follows.
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LemMA 5.2. The linear operator Y is bounded and boundedly invertible as an operator

Yt:Lz(Qt) —'LZ(Q()), YtWZI(Qt) b Wzl (Q()), Yt:WEI(Qt) —_— W{l(Qo)
(5.15)

The operator Y is bounded and boundedly invertible as an operator

Y:WHHQ — W (Qo), k=12, m=1,-1;

B B (5.16)
YW Q) — Wi ' (Qo), k=1,2.

In the cylindrical case the continuous embedding takes place W < C(0,T;Hy) ([6,
Theorem 1.17, page 177]). From this and Lemmas 5.1-5.2 the next fact follows.

LEmMA 5.3. For any v € W, the function v(t,y) is weakly continuous as a function with
values in L,(Qy).

Proof of Lemma 5.3. From the boundedness of the orthogonal projection operator P; :
W3 (Qy) — V; (see [18, page 24]) which is uniform with respect to ¢ thanks to the smooth-
ness of ¥(t,x) it follows that

||Pth||wzl(o,) < lhllwiq)> he Wy (). (5.17)

Letv € W and |[v" — v|lw, — 0,v" € D at n — . Using (5.17) and the obvious rela-
tion Pyvy = v} for v € D it is not difficult to show that

192wy < MIVEly- (5.18)

By means of the change of the variable x = u(t, y) from (5.18) and Lemma 5.2 it fol-
lows that the sequence v/ is fundamental in Wﬂ’{ '(Qp) or that is the same in L, (0, T;
W5 1(Qyp)). Since v" is fundamental in E then #" is fundamental in L, (0, T; W3 (Qo)) and
moreover in L, (0, T; W5 1(Qy)). Thus,

ve WH0,T; W51 (Qo)) NnLy(0, T; W) (Qo)). (5.19)
From this and [18, Lemmas III.1.1 and II1.1.4], the assertion of Lemma 5.3 follows.
Lemma 5.3 is proved. O

Remark 5.4. By means of the change of the variable y = U(t,x) from Lemma 5.3 it follows
that for v(t,x) € W, there exists a trace belonging to H; at all t € [0, T] and the inclusion
|V(t)x) |0,t S Loo [O) T]

Examine the operator terms of (4.10).

LEMMA 5.5. Let n < 4. Then the operators K, € >0, i = 1,2,3, are bounded and continuous
as operators K\ : E — E*, the operators K = K are bounded and continuous as operators
Ki:E — Ef, and the inequalities hold:

[IK!(v)||pe < Mi/e, €>0; ||K£i(v)||E?< <M |lvl|3, e=0. (5.20)
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Here M, depends on ||7||c(q). Besides, the operators Ki: W — E*, ¢ >0, i = 1,2,3 are com-
pletely continuous.

The proof of Lemma 5.5 for i = 3 is similar to the proof for the cylindrical case ([3,
Lemma 2.1 and Theorem 2.2]). For i = 1,2 the proof is easier because of the smoothness
of 7.

LEMMA 5.6. For any v € E, z € CG the inclusion C(v,z) € E* is valid and the map C:
E x CG — E* is continuous and bounded.

The proof repeats the proof of Lemma 2.2 in [21] for the cylindrical case which is fit
for the non cylindrical case as well.

LemMA 5.7. Themap Zs : Wy — CG is continuous and for every weakly converging sequence
{vi}, vi € Wi, vi — v, there exists a subsequence {v), } such that Zs(v;,) — Zs(vo) in the
space CG.

For the proof of Lemma 5.6 it is enough to repeat the proof of Lemma 3.2 in [21] and
take advantage of Lemma 5.6 and (2.5).

LemMA 5.8. For any z € CG and u,v € E the estimates hold:

IC(v,2) = C(,2) |y e < VM/Kllu = Vi s

(5.21)
IC, |l e < VMKVl e+ 17llke)-

Proof of estimates (5.21) repeats the proof of Lemma 2.4 of [21] with the change of Qg
by € in the calculations.

Let yx be a Kuratovsky’s noncompactness measure (see [1]) in E* with the norm | -
llk.ex. Let G(v) = C(v,Zs(v)).

TuEOREM 5.9. For sufficiently large k the map G : Wy — E* is L-condensing with respect
10 Yk.

The definition of the L-condensing map is given in [3].

The proof of theorem repeats the proof of Theorem 2.2 in [21] on the strength of
Lemmas 5.6-5.8 and the inequality |[u — vz < M| Lu — Lv|| g+, v,u € W, following
from (3.13).

6. Proof of Theorem 4.3

Introduce an auxiliary family of operator equations

3
Lv=AS Ki(v) =AC(v,Zs(V)) = for  fo € E*, A€ [0,1]. (6.1)

i=1

At A =1 (6.1) coincides with (4.10). Following [21], we will obtain a priori estimates of
solutions to this family.
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THEOREM 6.1. For any solution v € W, to problem (4.10) the estimates

Ilize < M(1+fllp: ) IIvillee < M(1+11£ll ) (6.2)
hold. Here M does not depend on A but depends on € and on ||9|l¢(q)-
Proof. Let v € Wy be a solution to (6.1). From (6.1) and (3.13) it follows that

3
Wlhosc < M(z Ko + 1000 Zo() | + ||ﬁ||k,E*). (63)

i=1

From Lemma 5.8 it follows that
NC(v, Zs W) I g < VMKVl + 19 llk.E).- (6.4)

Taking into account (5.20) and the last inequalities, we get

Ivllkze < M (e +VMAIVIE+ 17lke) + 1 fell g ) (65)

where M depends on || 7]l c(q).
As [[Vllxe < M[vllkec, we get from this

1vlle < M(e 4+ || fel g+ 17llie) (6.6)

for sufficiently large k. Now, taking into account the equivalence of the norms || - [lx,zc
and || - llgc, Il - llk,g+ and || - |g+, we come to the first estimate (6.2). The second estimate
(6.2) follows from the first estimate (6.2) and the boundedness in E of the maps A, K,
and C. Theorem 6.1 is proved. O

Let us go over to the proof of Theorem 4.3. On the strength of Theorem 5.9 and
Lemma 5.1 maps A(3}_, Ki — G) are L-condensing with respect to the Kuratovsky’s non-
compactness measure yx as maps from W x [0,T] in E*. Moreover, from a priori es-
timates (6.2) it follows that every equation from (6.1) at A € [0,1] has no solutions
on the boundary of the ball Bx C W of a sufficiently large radius R with the center
in zero. Hence, for every A € [0,1] the degree of a map degz(i - (Z;LK; - G),BR,]‘;)
(see [20]) is defined. As a degree of a map does not change by the change of A, then
deg,(L —AY? | K!+ G,Bg, f.) = deg,(L, B, f:). The map L is invertible, therefore the
equation Lv = fe has a unique solution vy € Wy and v, satisfies estimates (6.2). Then
vo € Bg and deg, (L, Bg, f) = 1. Therefore, deg,(L — Z?ZIKSi + G, Bg, f:) = 1. The differ-
ence from zero of a degree of a map implies the existence of solutions of the operator
equation (6.1) and consequently the existence of a solution of (4.10) ((6.1) at A = 1).
Theorem 4.3 is proved.

7. Proof of Theorem 4.2

Let us establish some auxiliary facts. Approximate f; € Ef by means of f, — fi ase — 0,
fie € Lyo(Q). Let f, € E*, fe = fi + fo. It is clear that f;, € E* and consequently f, €
E*.
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THEOREM 7.1. Any solution of problem (4.10) for € > 0 satisfies the estimate

Iwller = M(1+ | frellgs +11£lg) (7.1)
llwillge = MU+ fuellg: +11ll.), (7.2)
where M does not depend on € but depends on 7.
Here [|[wll gL = sup, [w(t,x)]o, + Wl E.
Proof. Let w be a solution to problem (4.10) for some ¢ > 0. Then L(w) — Ko(w) +
C(w,Zs(w)) = fie+ fo. Multiplying the equation by e, we get
L(w) +kw — Ko(w) + C(w, Zs (" W(1))) = f1 .+ f 2 (7.3)

where

w(t)=e"w(t), K.w)(t)=e K (w(t)), C(W,Zs("W(1))(t)=e C(w,Zs(w))(t),

fre®=etfie@®),  f(0)=e*hHt)
(7.4)

Operator kw is defined by the equality (kw,h) = k(w,h) for h € E.
Consider an action of the functionals in the left-hand side part of (7.3) upon the func-
tion w:
(W[5 +k[W(0) |5, + | V(1) |5, = (Ke(w(0),w(0),
= —(C(w, Zs (e"W(1))) (1), w(1)) , + (f 1 (0, w(1)), + (f, (1), w(D)),.

SR
SIS

(7.5)
It is known that (fﬁ (w(t)),w(t)): =0forallt € [0,T] (see [3]). Therefore, the integration
of both parts of the identity on [0,¢] yields

(1/2)|[w(t)|[7; +kIwl3 + w13

t t
—j (E(w,zs<ekfw<r>))<r>,w<r>)fdr+j (7, (0),7(1)) dr

(7.6)
+[ (@) d1+zj ()
Taking into account the smoothness of w, we have
w(t)),w(r)).dr <ZJ | (K. (w()),w(r)), | dr
(7.7)

< Ml J 395,20 0 17 3, 7

< M7l l[w (T, )|, (7, %) |-
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Then using the Cauchy inequality and estimate (5.21), we get the inequality

(W/2)|[w)[F; + kI3, ) + 19113
< VMKW 13+ M7l |90, ol 0)ll

VMKW gy + vl 1t + 117 e 111 + N DMZKI Pl 1
(7.8)

It easy to see that

172,50, 0 #(7,2) | < el [, )5 + Clen) [z, 0|1, &1 >0, .
7.9
91 el[w(z, )], < €2+C(€2)||W(T,x)||iz(@, & >0.

Taking k sufficiently large, &; and ¢, sufficiently small and using the last inequalities,
we obtain the estimate

11125 + K12, ) + 1113 < M(1+][F ol + [ FallE ), (7.10)

from which the required estimate (7.1) follows.

Let us prove estimate (7.2). Repeat the arguments of the proof of estimate (6.2). Let w
be a solution to problem (4.10) for some ¢ > 0. From (4.10) it follows that w; = —A(w) —
K.(w) — C(v,Zs(w)) + f. Consequently

[lwil g = M(IIAG) g + 1Ky +IICOZsD g+ fellgs + 1l (7.11)

Establish the estimate ||K¢(w)I|g; in the similar to [3] way. For n < 4 the inclusion V; C
L4(€) is uniformly continuous with respect to . Then we have by definition of K for
w € V; the inequality

|K2w) |y < H}?X”Wiwj/(l+5|W|2)||L2(Qt) = H}?XHWinHLZ(Q[) < MlIwliZ,q,)-

(7.12)

The expressions K/, i = 1,2 are estimated in the same manner. Thus, ||K.(w)|| B <
M ||W||%2(0,T;L4)' Here we denote the completion of the set of smooth on Q functions in
the norm ||wllL,0,7;L,) = (fOT lw(t,x) IIidt)l/2 by L,(0,T;Ly). In virtue of the mentioned
continuity of the inclusion V; C Ly the inclusion E C L,(0,T;L4) is continuous as well.
Then (|wllz,0,7;1,) < Mlv|lg and consequently || Ke(w)|lgr < Cllw||%. This estimate easily
proved inequality | A(w)|_1; < M|w|,, the boundedness of the map C on E and estimate
(7.1) admit to get the required estimate (7.2) from (7.11). The theorem is proved. O
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Let us go over to the proof of Theorem 4.2. Let v = w+ . It is easy to show that v is a
weak solution to problem (4.1) if and only if w satisfies the integral identity

T T
- I (w(t,x),ht(t,x))tdt+J (wilt,0)w; (t,x),0hi(1,x)/0x;) dt

0 0

T

T
+ Jo (wi(t,x)7j(t,x),0h;(t,x)/0x;) dt + L (7i(t,x)w;(t,x),0hi(t,x)/0x;) dt

T
+j0 (G (w) (1), 835 (1) (%)), dt

T, ot
+L (J exp(s—t)((‘%,-j(17+w)(s,Z(s(w)(s;t,x))ds,%,-j(h(t,x))) dt

0 t

_ IT (@(t,%), (1)) dt + (V +g,h) — (#(0,),h(0,5))
’ (7.13)

for h satisfying the conditions of Definition 4.1. Let f;, — fi in Ef ase — 0, fi. € L2,(Q).
Consider (4.10) by fi = fo1 + f» where fo = V+ g+ fo. It is clear that f, € E* at any & > 0.
In virtue of Theorem 4.3 there exists a solution w* to problem (4.10). It is not difficult to
show that w* satisfies the identity

- LT (We (8,50, h(£,)) e + (KD (wE), ) + (K2 (w), b + LT (K3, (u),h) dt

T
+J (&3 (w*) (6, %)ds, &35 (h) (%))t + (C(w", Zs (w?))) (7.14)

0
T ~

- L (fresh) dt + (foh) — (#(0,%),h(0,%)),

for h satisfying the conditions in Definition 4.1.

Let us show that there exists such a number sequence ¢, [ = 1,2,..., that w¥ = w
verges to w € E which satisfies identity (7.13).

Choose the sequence of positive numbers {¢;} converging to zero. As fi, — fi in Ef
by | — o then the sequence || fi |z is bounded. For each number ¢ the corresponding
problem (4.10) has at least one solution w' € Wj. In virtue of estimates (7.1) the sequence
{w!} is bounded in the norm || - ||g;. Then without loss of generality we will assume that
w! — w* weakly in E, w! — w* *-weakly in Ef. Moreover, w' — w* strongly in L,(Q).
In fact, since both || wf llg; and || w!||g are bounded in virtue of (7.1)-(7.2), then as in the

proof of Lemma 5.3 we can suppose that w! — w* strongly in L,(Q).
Show that

! con-

(C(W,Zs(Wh)) = C(w*,Zs(w*)),h) — 0, [— oo. (7.15)
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Using Lemma 5.7, without loss of generality we will assume that
Zs(w') — Zs(w*) in the norm of the space CG. (7.16)
Let h € E be an arbitrary function. Consider

(C(w!,Zs(w')) = C(w*,Zs(w¥)),h) = (C(W', Zs (W) = C(w*,Z5(w')), )

+(C(w*,Zs(W')) = C(w*,Zs (w*)), h).
(7.17)

The second term converges to zero by virtue of the assumption (7.16) and the continuity
of the map C with respect to z. By means of the change of the variable z = Zs(w')(s; 1, x)
(the inverse change looks like x = Zs(w')(£;s,2)) in the first term we get

(C(WhZs(w!)) = C(w*,Z5(w')), )

-, Jo, [} 5 0 (525 ) 51,9

(7.18)
— & (v¥) (s,Zs(W') (sst,%)) | ds €y (h) (¢, x)dx dt

T ct
- Jo Jo L) [%ij(Wl)(s’Z) _%’7(W*)(S’y)]%ij(h)(t>Z6(Wl)(t;S,y))dydsdt.

Under the assumption given above the first bracket converges to zero weakly in L,(Q).
The map (w, y) — €(w)(s,z(s;t, ¥)) from the space E X CG in the space L,([0,T] x [0, T],
L,(Qp)) is continuous. From this and (7.16) we get the strong L ([0, T] X [0, T], L,())
convergence of the second factor in the last integral. Then the whole expression converges
to zero as [ — co as well. This yields the proof of convergence (7.15).

The possibility of the passage to the limit for the terms with the exception of that ones
containing K/ follows from the facts given above. In [3], the convergence fOT(I%g (wh), ﬁ)td t
to fOT(I%3(w* ), h).dt was shown. The similar fact for I%si,, i = 1,2 is proved easier. Using the
inverse to x = u(t,x) change of variable, we get the convergence for the terms in (7.14)
containing K.

To finish the proof of the theorem we pass to the limit as [ — oo in (7.14). Taking into
account the convergences mentioned above and passing to the limit in (7.14) we get that
w* satisfies the identity (7.13).

Besides, from estimate (7.1), (7.2), and Lemma 5.1 it follows that [[#'[1,o,r;w!(q,))
and ||W]] W 0,T; W5 (Qp)) are bounded. Without loss of generality we can believe that wh
converges *-weakly to w in L,(0, T W3 (Q0)) ) W1 (0, T W5 1 (Qo)).

The theorem is proved.

8. Proof of Theorem 3.8

The basic moment here is the proof of the solvability of a corresponding linear Stokes
problem in a non cylindrical domain. For this purpose using the change of the variable
x =u(t,y) = Z(1;t,x), we reduce this problem to the corresponding problem in a cylin-
drical domain. By this the methods of [17] are essentially used.
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Let us show now that the range R(L) of the operator L is dense in E*. For this purpose
we establish the solvability in the class Wzl 2(Q) of the problem

vi—Av+Vp=g, V-v=0, (t,x) € Q, J ptx)dx=0, 0<t<T; (8.1)
Q
v(0,x) =0, x€Qp; v(t,x) =0, (t,x)el. (8.2)

Here V - v = divv. The pair of functions v € WZI’Z(Q), pE Wg’l (Q) is called a solution to
problem (8.1)-(8.2) if it satisfies a.e. (8.1) and conditions (8.2).
Using the change of the variable

t
x=u(ty), ulty)=y+ JO (s, y)dy, x = z(t,0, ) (8.3)
and (5.3)—(5.5) we reduce the problem (8.1)-(8.2) to the problem

GADG) - AP +Tp=5 VD=0, (Ly)eQy Jﬁ(t,y)dyzo;
Qo

v(0,y)=0, ye€Qo; v(t,y)=0, (ty) €T

(8.4)

Here D(V) = ¥,C, C(t, y) is a vector function with smooth coefficients which are ex-
pressed by means of the coefficients of the Jacobs matrix ¥, (¢, y) and

AV=Y(Av),  Vp=Y(Vp), V-9=Y(V-v),  Yv(t,x)=9(ty) =v(t,u(t,y)).

(8.5)
Rewrite (8.4) in the form
V- AV+VDp=f(ty),  V-V=p(ty); J b(t,y)dy = 0;
' p=rfty plt,y o Py (8:6)
v(0,y)=0;  ¥(ty) =0, (t,y) €Tl
Here
f=8-DO)+(A-L)+(V-V)p, p=(V-V)-7 (8.7)
Note that
[ pteyidy =0 (8.8)

In fact, using the Ostrogradsky formula and the inverse to (8.3) change of the variable
y = Ul(t,x) = 2(0,,x), we have

J p(t,y)dy = J V-vdy—| V-9dy= —J vn(f,y)dy+J V - v(t,x)dx = 0.
o Q o T o) (59)

Let us establish the solvability of problem (8.6). At first consider an auxiliary problem
with an arbitrary f € L,(Qo) and p(t, y) € L2(Qy), satisfying some additional conditions
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which we will impose below:
—Au+Vp=fty), V-ult,y)=plty), (Ly)E€ Qo

8.10
u(0,y) =0, yeQy, u(t,y) Ir=0, JQ p(t,x)dy = 0. ( )

Let us reduce the question of the solvability of problem (8.10) to the solvability of a
similar problem with p = 0. By this we assume the condition (8.8) is fulfilled. For this
purpose we will consider an auxiliary problem for ¢ € [0, T]

-AD=p(t,y), yeQy @lr,=0. (8.11)

If p(t,y) € L,(Qy) at a.e. t, then problem (8.11) is uniquely solvable (see [15]) and its
solution has the form ® = R™!p and

|q)(t’)’)|z,0<M|P(t’}’)|o,o (8.12)

is valid. From this it follows that [|® ||, < Mllpllo. Here R is a selfadjoint operator with
the domain WZZ,O(QO), positively defined in L,(€)), R™! is an operator inverse to R. It is
clear that

|RVulgy = (Ruu)y = —(Auu)o = (V- u,V -u)o = |ully,  ue Wip(Qo). (8.13)

In virtue of this we get the boundedness in L, () of the following operators and the
estimates

9
' LRy < Mluloo, ’R—qu < Mluloy,
9y; 0,0 i 100 (8.14)
R '
—Rl'—u| < Mlulg.
9y 9y; loo

Here the bar above means the closure of an operator.
Let u' = —V®, where ® is a solution to problem (8.11). Then u! € W5'(Qo) and
Vu! =p. Let ¥(t, y) be a solution to problem

AY=0, V,¥|,=V,Dlp. (8.15)

Here V,, is a normal derivative on I'y. As O(¢,y) € W3/2(Iy) at a.e. t and in virtue of
(8.8)

J V. ®(t,y)dy J AD(t,y)dy = — J p(t,y)dy =0, (8.16)

is valid then problem (8.15) is uniquely solvable in W3(Q) (see [15]).

Its solution has the form ¥ = N 'y, V®. Here N ! is a linear bounded operator acting
from W3'%(T,) into W3(Q) (see [17]), and yn is the operator of taking of the normal
component of a trace on the boundary of a function defined on Q. The operator y,
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is bounded as an operator from Wj(Qy) in Wzl/ 2(Ty). From here it follows that if ® €
W3?(Qo), then ¥ € W5 (Qp), and [1¥[lo2 < MIIDllo2.

Let now u?> = V¥ and u = u' + u? + v. It is clear that V - v =0, v |r,= (u' + u?) Ir,,
yn(u' +u?) = 0. The function v is a solution to the problem

- Av+Vp=w, V-

8.17

v(0,y) =0, v(t,y) lr= (u' +u?) Ir,, yn(V) =0 8.17)
Here w = f —u} —uf + Au' + Au?. If

u' € W,(Qp), (8.18)

then from the relation u?> = VN~!y,u! by virtue of the boundedness of operators N~!
and y, it follows that u? € Wzl’z(Qo) IIu 2 < Mllutll;, and, hence, w € L,(Qp). From
the continuity of the embedding W2 2(Qy) C W 3/ 43/ 2(So), So = [0, T] % T it follows that
(u'+ud)|r € W3/ 43/ %(So). Therefore (see [15]), the following theorem takes place.

THEOREM 8.1. Letu! € W21’2(Q0). Then problem (8.17) has a unique solution v, p and the
estimate holds:

Ivlliz+ 1pllon = M(Iwllo + |l + 2] [yaangs,) ) < M| ]| (8.19)

Let us find out the conditions under which on p condition (8.18) is fulfilled.

THEOREM 8.2. Let
R V2p e WH0,T;L,(Q)),  p € Ly(0,T; Wi (Qo)). (8.20)

Thenu! = VR 1p e W,2(Qo) and the estimate holds:

d
||u1||1,2<M<HaRV2p 0+||P||0,1>- (8.21)

Proof of Theorem 8.2. Supposing u' = VR™V2R"2p and using the boundedness of the
operator VR™2 in L,(€) and (8.20), we get

4
dt

d
VR~ 1/2R 1/2 _ VR—I/Z_
( p) I

R™"?p e Ly (Q),
(8.22)

d
< a -1
,o\M'dtR P

0,0

Similarly,

Au' = AVR'p = AVR ¥2(R"?p). (8.23)
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By virtue of the boundedness of the operator VVR™%?2 in L,(Q) and the conditions of
Theorem 8.2 we have the estimate

T 172
ol < MIRplly = ([ 1R pte, )

1/2

T (8.24)
<M( | lpten)1lgdt) = Mlplo.

From estimates (8.22) and (8.24) the statement of Theorem 8.2 follows. Theorem 8.2 is
proved. O

TuEOREM 8.3. Let a function p(t,y) € W' (Qo) satisfy the integral identity

t

t
(Pt 19y = | (B Vo st | (sydOody (825)
wherer,b € Ly(Qo) for an arbitrary function ¢ smooth and finite in Q. Then u' € WZI’Z(QO)
and the inequality holds:

u! ], + 1pllos < M(llrllo +11Bllo + llpllo ) (8.26)

Proof of Theorem 8.3. Let us show that under the conditions of Theorem 8.3 inclusions
(8.20) take place. As ¢ in (8.25) belongs to D(R) then from (8.25) it follows that

t t
(R"V?p,R2¢), = J (R’1/2Vb,R”2¢)0ds+I (R™2r,RV2¢) ds. (8.27)
0 0

As the set of functions R™2¢ is dense in L,(Q)) then from (8.27) it follows that R"2p €

W1(0,T;L>(Q)) and
%R‘l/zp =R 12Vb+ Ry, (8.28)
The first inclusion (8.20) is established. The second one follows from the inclusion p €
Wg’l(Qo). Thus, the conditions of Theorem 8.2 are fulfilled. Therefore, u!' € W21’2(Q).
Estimate (8.26) follows from (8.28) and p € WS’I(QO). Theorem 8.3 is proved. O

From Theorems 8.1 and 8.3, there follows the following theorem.

THEOREM 8.4. Let p satisfy the conditions of Theorem 8.3. Then problem (8.10) has a unique
solution and the inequality holds:

IWll2+ lipllos < MUl fllo+ [llo + [Irllo+ llpllo)- (8.29)

Establish the solvability of problem (8.6)-(8.7). We will construct the approximations
V", p", using the auxiliary iterative process

prtl _ Apntl Ly pntl = w'(t,y), J A"H(t, )dy =0,
¢ p 4 o f BV (8.30)

VTt =p"(t,y), ¥ € Qq; VL = 0.
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Here n=0,1,...,9° =0, p° = 0, and

w'(t,y) =g —D(P") — (A — A" +(V - V)p",

R (8.31)
pi(ty) =(V-=V)"

Show that for any n problem (8.30) is solvable. If V" € WZI’Z(QO), pre Wg’l(Qo) then
w" € L,(Qo), p" € Wg‘l (Qo). To take advantage of Theorem 8.3 it is enough to check the
fulfillment of condition (8.25).

Let

o5
al(t,y) = y(tOy) ﬁij<t,x>=a—;<t;o,x), bij(t,y) = Bij (1,2(80,)).

(8.32)
As
Z(1st,y) = y+J 7(s,z(s;t, ))ds, (8.33)
t
then
o o[ oz 3
aij(t,y) = &;j +J Erl (s,Z(s;O,y)af(s;O,y)>ds =& +aij(t, y),
Vi
t o, ozk
. — (s 5 8.34
bij(ty) =8 = | 5 (s2(s62(50,9))) 3 - (s6,2(1,0,y))ds (8.34)
o, ~
=08 — Oa:k (S’Z(();S)}’))aixi(oﬁa)/)dS:8ij+bij(ta)/)-
It is clear thatati # j bjj = —l;,-j. Using (8.5), we get
$9(t,9) = bi(t,9) 2 (1, ),
Y Jt Yy ay )/
Vhty) - {bji<t,y>7<t,y>} , (8.35)
Vi i=1
A d o N" o2k d avk
Av(t, Z{b,—[b,—]} Z{b'ib,‘—+b‘,’ }
V) Tay oy e~ U ayay ]ay; "oy
From (8.32) and (8.34) it follows that
Vo= b 31?’
(V=V)v=nb(t, y) (8.36)
i’
~ Y 0% 0 - oV
(A - A)V—b ibi——— ay o (bjl-i-b]]) ay1+bj, bl, )’l, (8.37)
A - ap
-V { } . 8.38
(V )p = ayj i=1 ( )
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From (8.36) it follows that

5 o/

4 l]a)’J
P‘/’)o_(l]ay; ):_<z> (1]¢)>

Denote Eij,k = (a/ayk)f?,j and (u),, = du/dyy. Differentiating with respect to ¢, we have

= (V-V)p" =
(8.39)

a(pn,qb) =—<dt17,n,(l5ij¢)yj)0—< (dig ¢)y1)0
= (8 (B9),, ), + (DO, (By#),,), + (&= )90, (Byg),,),

. (8.40)
- V-V i i
(V= 9)5") (By9),,), - (o0 (56 ) )
5
=>Z.
i=1
It is easy to see that
(Bij@),, = bijj$ +bijy,
d- (8.41)
d_bij — 7 (£,2(0; t)’)) (038, ).
t
From formulas (4.7), (8.41) it follows that
d
a(pnagb)() = (qn) V¢)0+ (rn)¢)0' (842)

Here the vector functions q" and r" are products of smooth functions. By this they
are expressed by means of ¥ multiplied by the derivatives up to the second order of
v" and the first order of p" with respect to the spatial variables and items which are
products of smooth functions and components of g. Therefore, g",r" € L,(Q). Besides,
Ja,p"(t,y)dy = 0. This equality can be checked in the way as in (8.9), using the
Ostrogradsky formula and taking into account that ¥"(¢, y) = 0 on I.

Thus, from Theorem 8.3 it follows that the consecutive approximations ¥", p" are

defined for all ».

Establish the convergence of 7", p. Let ¢+ = pm+l —pn, yntl = pntl — pn Then
n+1 A¢n+1+vpn+l _D(Sbn)_(A_A)(pn_'_(v_@)wn)

(8.43)
V¢n+l = V - v ¢n) (p(o’y) =0, ¢(t’y)|rn’ ¢n|ro =0.

It is easy to see that

D(¢") = ¢y e, cilty) = dz,(Otx) x = z(1,0,y). (8.44)
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Using Theorem 8.3, we get
||¢n+l||1,2 + ||‘//n+1||1,2 < M(||g”||0 + ||"n||0)' (8.45)

Here g" and r" are the functions from the formula

%(p"wb)o =€ V$)o+(29)o (8.46)

which arose in a way similar to (8.40) for p" = (V — @)gb”.

Let us consider g",z" € L,(Qy) in details. All terms involved in g” which are defined by
Z3 and Zs from formulas (4.7) contain derivatives up to the second order of ¢" and the
first derivatives of y” multiplied by b;; or b;;,;. Therefore, they are estimated by

19712+ Iyl = maxmax [Byl, by | < MT (19" 2+ ly"llor),  (847)

because both b; i and b; ;,j are integrals of smooth functions. The terms which are defined
by Z, and Z4, are estimated by

M”‘ano,y (8.48)
Using now the known estimate
lulloy <ellulliz+c(e)llullo, >0, (8.49)
forue WZI’Z(QO) and (8.45) and (8.47), we get that
l1g"[lo < ellg"ll1, + ()¢ Iy + lly" o, (8.50)

Taking into account that for u(t,x) € Wzl 2(Qy) with zero conditions on Iy and at f = 0
the inequality (see [14])

lu(t, ) |, <Mllullip, M+ M(1), 0<t<T, (8.51)
takes place and integrating with respect to ¢ on [0, T'], we get the estimate
lulloq < MT?|ull,». (8.52)
Choosing T small enough, we get the inequality
llg"llo < el » (8.53)

with small € > 0. The analogous estimate for z" takes place as well.
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Thus, using (8.45), (8.50), and (8.53), we have the following estimate:

||¢n+1||1,2 + ||V’n+1||o,1 < 5(H¢n||1,z + ||Wn||o,1) (8.54)

for some 0 < ¢ < 1. From this here the convergence of the approximations ¥” to v €
W(Qo), p" to p € W2'(Qo), follows. Moreover, the pair , p is the solution to the
problem (8.6)-(8.7), if T is small enough.
Let us establish the solvability of problem (8.6)-(8.7) on an arbitrary [0,T]. Let the
solvability on [0, Ty] be established at small T; > 0. Let v!(¢, y) be a solution on [0, To].
Consider the function v*(t) € Wzl’z(Ql), Qq = [Ty,2Ty] X Qo which is a solution to the
parabolic problem on [T,2To]:

vi—Avi=0, (ty)€Q, v(To,y) = (To,y), v(t,9) Ir,= 0. (8.55)

Consider problem (8.6)-(8.7) on [T,2Ty] in which the zero condition at ¢ = 0 is re-
placed by the condition v(To, y) = v'(To, ). Believing ¥ = v° + v2, we have that ¥° is a
solution to problem (8.6)-(8.7) on [Ty,2T,] with the zero boundary and initial condi-
tions and the right-hand side part g — vi + Av?. Its solvability is established in a similar
to the case [0, Ty] way, using the change ¢ = ¢’ + Ty. Supposing v = v> + v on [T,2Tj]
and v = ¥! on [0, Tp], we get the solution ¥(t, ¥) on [0,2T;]. To going on with this proce-
dure on the whole interval [0, T], we get the solvability of the problem on [0, T].

Thus, we have proved the following fact.

TueorEM 8.5. Let g € Ly(Qy). Then problem (8.4) has a unique solution and the estimate
holds:

9l1,2+ 1pllog < MlIgllo. (8.56)

By means of the change of the variable (8.3) from this theorem the following theorem
follows.

THEOREM 8.6. Let g € Ly(Q). Then problem (8.1)-(8.2) has a unique solution and the esti-
mate holds:

il + 1 pllo < Mligllo. (8.57)

The norms in the last inequality are taken for the domain Q.

Let us establish now the density of R(L) in E*. By virtue of the density of L, ,(Q) in E*
it is sufficiently to show that for any f € L, ,(Q) there exist such a sequence f" = Lv" that
[l f*—= fllg« = 0asn — +o0. Let f € L, ;(Q). By virtue of Theorem 8.6 the problem (8.1)-
(8.2) has a unique solution (v,p) and v € WZI’Z(Q). Let Q be a star domain with respect
to some point (t*,x*) € Q and o, be a homothety transformation with the coefficient
1 — ¢ of Q into itself with respect to (£*,x*), so that o.(t,x) = e(t*,x*) + (1 — €)(t,x).
We will assume that the functions f, v are defined on a domain Q; more wide with
respect to ¢ which is obtained as the evolution of ﬁo alongside the trajectories of the
field of velocities ¥ on an interval T} = T + 8, § > 0. As the values of the functions f, v
at t > T are not important for us we assume that v(¢,x) = 0 at t > T + /2. One can get
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it easily by the multiplying v by a suitable “cutting” function. Expand by means of zero
the function v outside Q; on R"*!, preserving the previous denotation for the expansion.
Let v¥(t,x) = v(0y(t,x)). Define the regularization v*? of the functions v” by the formula

VoY (t,x) = J e 'K (e (t—1),e  (x— )V (7, y)drdy
o (8.58)

= Ké(t—1,x — y)v'(7,y)drdy.
Rn+l

Here K(t,x) is an infinitely differentiable kernel of averaging with a support in the
unite ball of R™*1,

K(t,x)dtdx = 1. (8.59)
Rn+l

It is clear that at every f the support of v®?(¢,x) lays in Q; and the functions v (¢,x) and
v¥(t,x) are solenoidal if y > 0 and & > 0 are small enough. Besides, v € Wzl 1(Q) and ver
are infinitely differentiable.

Using differentiation and integration by parts, we have

0 0
9 ey - IRt — 1 — v
axiv (t,x) JRM axiK (t—1,x =y (1,y)drdy
= JRM a‘;j Ke(t —1,x = y)v'(1,y)drdy (8.60)

0
= Ké(t—1,x— y)=—vV(1,y)drdy.
ot (t—1,x y)aij (t,y)drdy

On analogy (here the condition v(x, T}) = 0 is used)

v (t,x) = Ks(t—r,x—y)ﬂ(r,y)drdy. (8.61)
Rn+l

It is easy to show that
[lv=v"llo, =0, [lvi=vllo,- = Oy). (8.62)
From the convergence of the averagings it follows that
[vi" = villp- = OCe),  [[v =[] = OCe). (8.63)
Lete, — 0asn — +oo, v =y Ly"Y = f"V Then for h € E

(Lv™,hy = (v} = Av™,h) = (v, h) + (Vv™, VR™Y). (8.64)
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Define f7 € E* by the formula (f7,h) = (v h) + (Vv?,Vh), h € E. Here (,) means
the scalar product in L,(Q). Then

™ = flge = sup | (v =i, h) +(Vv™ = v, h) |
llAlE=1 (8.65)
<||Vt _Vt||E*+||Vny_Vy||01
From the definition of v it follows that

(ve,h) +(Vv,Vh) = (f,h). (8.66)

Therefore,

||f_fy||1~:*gM(”Vt_VtHE*+||V_Vy||01> (8.67)
Using this inequality, we have

1f = 7" llge <UF = F2 Mg +U1F7 = 17"

(8.68)
< M(HVt V|l +lv - V][0 + Vi = v e + 11 = Vn’yHo,l)-

From (8.65), (8.67), and (8.68) it follows that choosing y > 0 small enough and # large
enough, it is possible to make || f — f?"||g+ small enough.

The density of R(L) in E* for the star domain Q is established.

Let now Q not be a star domain. As the lateral side of Q is smooth, by means of suffi-
ciently fine splitting 0 < f; < f, < - - - <ty = T it is possible to get the decomposition of
Q by the layers

Qi = {(tax) : (t,.X') € Q> te [ti)ti+1]}) i= 0)--->N - 1; (869)

so that both Q; and Qi = {(t,x) : (t,x) € Q, t € [t; — h,t;y1 + h]} are star domains for
sufficient small & > 0. Let Zfil @i(t) = 1 be the smooth decomposition of [0,T] so that
supp ¢;i(t) € [t — h,tis1 +h]. Let f € Dand f? = ¢;(t) f. Obviously, f € E* and suppf’
Qir- Since Qjy, is a star domain, then reasoning as above, we get that the equation Lu' = f
has a unique solution u' and

el + 'l < MI|f] . (8.70)

It follows from this that u = 3N | 1/ is a solution to the equation Lu = f for f € D and

lue [ + Nulle < MI|f Il (8.71)
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Let now f be an arbitrary element from E*. Since D is dense in E*, we can choose
a sequence f, which converges to f in E* by n — co. Taking into account the estimate
(8.71) for solutions u, to the equation Lu’ = f' and passing to the limit by n — oo we get
that the equation Lu = f has the solution for an arbitrary f € E*.

Theorem 3.8 is proved.

Remark 8.7. From Theorems 8.5-8.6 it follows that if v is a solution to the equation Lv = f
then there exists such a sequence v" € W21 2(Q) that f" = Lv" converges to f in E* and
the identity holds:

(Lv,h) = {(v;,h) +{(Vv,h), h€EE. (8.72)
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