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We consider the problem u'(¢) = H(u)(t) + Q(u)(t), u(a) = h(u), where H,Q : C([a,b];R)
— L([a,b];R) are, in general, nonlinear continuous operators, H € %Zf (g0-81> po> p1)> and
h:C([a,b];R) — R is a continuous functional. Efficient conditions sufficient for the solv-
ability and unique solvability of the problem considered are established.

1. Notation

The following notation is used throughout the paper:

N is the set of all natural numbers.

R is the set of all real numbers, R, = [0,+00[, [x]s = (1/2)(Ix] +x), [x]- = (1/2)(|x]| —
x).
C([a,b];R) is the Banach space of continuous functions u : [a,b] — R with the norm
INc =max{|u(t)|:t € [a,b]}.
C([a,b];R) is the set of absolutely continuous functions u : [a,b] — R.

L([a,b];R) is the Banach space of Lebesgue integrable functions p : [a,b] — R with the
norm [|pllz = J; | p(s)lds.

L([a,b];R+) = {p € L([a,b];R) : p(t) = 0 for t € [a,b]}.

My is the set of measurable functions 7 : [a,b] — [a,b].

Hap is the set of continuous operators F : C([a,b];R) — L([a,b];R) satisfying the
Caratheodory condition, that is, for each r > 0 there exists g, € L([a,b];R+) such that

[l

[F(v)(t)| < gq,(t) fort e [a,b], ve C([a,b;R), llvlc <. (1.1)

K([a,b] x A;B), where A = R?, B < R, is the set of functions f : [a,b] X A — B satisfy-
ing the Caratheodory conditions, that is, f(-,x) : [a,b] — B is a measurable function for
allx € A, f(t,-): A — B is a continuous function for almost all t € [a,b], and for each
r > 0 there exists g, € L([a,b]; Ry) such that

| f(t,x)| <q.(t) forteab],xEA, x| <7 (1.2)
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2. Statement of the problem

We consider the equation
u' (1) = H(u)(1) + Q(u)(1), (2.1)

where H € %Zf(go,gl,pg,pl) (see Definition 2.1) and Q € K. By a solution of (2.1) we

understand a function u € C ([a,b];R) satistying the equality (2.1) almost everywhere in
[a,b].

Definition 2.1. We will say that an operator H belongs to the set %:5 (g0-41> o> P1), where
£0,£1> P01 € L([a,b];Ry) and o, 5 € [0,1[, if H € 4 is such that, on the set C([a,b];R),
the inequalities

—mgo(t) — u(m,a)M' =gy (t) < H(v)(t) < Mpo(t) +u(M,f)m' Fp(t) fort € [a,b]
(2.2)

are fulfilled, where
M =max{[v(t)], : t € [a,b]}, m=max{[v(t)]_:t € [a,b]}, (2.3)

and the function y : Ry X [0,1[— R; is defined by

1 ifx=0, y=0,
yY) = 2.4
uxy) {x)’ otherwise. 24)

The class %Zf (g0-£1> o> p1) contains all the positively homogeneous operators H and,
in particular, those defined by the formula

H(u)(t) = pot)[u(ri(t) ], + pr(O[u(r2(0) 1 [u(z3(6)) ] F
— 20O [u(n ()] +aO[u0)]  [ulvs(1)],

where 7;,7; € Mgp (i=1,2,3), 0 # 0, f # 0.
The class of equations (2.1) contains various equations with “maxima” studied, for
example, in [3, 4, 33, 35, 36, 38, 41]. For example, the equations

(2.5)

u'(t) = p(t)max {u(s) : 11(¢) < s < 1 (8)} +qo(t), (2.6)
u'(t) = p(t)max{u(s) : 11(t) <s < 1 (8)}

+ f(tu(t),max{u(s) :v1(t) <s <n(t)}), 27

where P;CIO € L([a>b])R)) T, Vi € Mab (l = 1>2)) Tl(t) = T2(t)) 'V](t) = Vz(f) fort € [aab]:
and f € K([a,b] x R%;R), can be rewritten in form (2.1) with H € %% ([pl+, [p]-,[pl+»
(pl-).

Another type of (2.1) is an equation where H is a linear operator. In that case the
results presented coincide with those obtained in [5, 6]. Other conditions guarantee-
ing the solvability of (2.1), (2.8) with a linear operator H can be found, for example,
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in [10, 11, 13, 15]. Conditions for the solvability and unique solvability of other types of
boundary value problems for (2.1) with a linear operator H are established, for example,
in [8,12, 14, 16,17, 18, 19, 20, 21, 22, 23, 26, 27, 34, 39].

We will study the problem on the existence and uniqueness of a solution of (2.1) sat-
isfying the condition

u(a) = h(u), (2.8)

where h: C([a,b];R) — R is a continuous operator such that for each r > 0 there exists
M, € R, such that

|h(v)| <M, forve C([a,bl;R), [Ivllc <. (2.9)

There are many interesting results concerning the solvability of general boundary value
problems for functional differential equations (see, e.g., [1, 2, 7, 9, 24, 25, 28, 29, 30, 31,
32, 37, 40, 42] and the references therein). In spite of this, the general theory of bound-
ary value problems for functional differential equations is not still complete. Here, we try
to fill this gap in a certain way. More precisely, in Section 3, we establish unimprovable
efficient conditions sufficient for the solvability and unique solvability of problem (2.1),
(2.8). In Section 4, some auxiliary propositions are proved. Sections 5 and 6 are devoted
to the proof of the main results and the examples demonstrating their optimality, respec-
tively.

3. Main results

Throughout the paper, g € K([a,b] X Ry;R;) is a function nondecreasing in the second
argument and such that

.1
lim —
X—+00 X

qu(s,x)ds =0. (3.1
THEOREM 3.1. Let there exist ¢ € Ry such that, on the set C([a,b];R), the inequality

h(v)sgnv(a) <c (3.2)
is fulfilled and, on the set {v € C([a,b];R) : |v(a)| < ¢}, the inequality

lQw)(®) | <q(tIviic) fort € [a,b] (33)

is satisfied. If, moreover,

b b
Jgo(s)d5<1, J pols)ds <1, (3.4)
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and, for t € [a,b], the inequalities

M)(l—ﬁ)m—o& b _<M>1/(1-m . b
(1—f;g0(5)ds Jpl(s)ds 1— [/ go(s)ds <1 L po(s)ds, (3.5)

¢ (1-a) 1/(1-p) b
(Epts)  Twon (i) - flwon o
—J,Po - 0 t

hold, then problem (2.1), (2.8) has at least one solution.

Theorem 3.1 is unimprovable in the sense that neither of the strict inequalities in
(3.4)—(3.6) can be replaced by the nonstrict one (see Remark 6.1).

THEOREM 3.2. Let there exist ¢ € Ry such that, on the set C([a,b];R), inequality (3.2) is
fulfilled and, on the set {v € C([a,b];R) : |v(a)| < ¢}, the inequality

Q) (t)sgnv(t) < q(t,lIvlic) forte€ [a,b] (3.7)

is satisfied. If, moreover, (3.4) holds and

NN ,
(%) Jpl(s)ds<1—L pos)ds fortelabl,  (3.8)
i t

t (1*“)/(1*[;) b b

(W) J gi(s)ds < 1 — J a(s)ds fortelabl, (39
1= [, po(s)ds t t

then the problem (2.1), (2.8) has at least one solution.

Theorem 3.2 is unimprovable in the sense that neither of the strict inequalities in (3.4),
(3.8), and (3.9) can be replaced by the nonstrict one (see Remark 6.4).

THEOREM 3.3. Assume that the operators H,, z € {v € C([a,b];R) : v(a) = h(v)}, defined
by the formula

H.0O Y Hy+2)(t) —H@)(t) fort € [a,b] (3.10)

belong to the set ‘?f’f » (£0-81> Po> p1). Let, moreover, for all v and w from the set C([a,b];R),
the inequality

[h(v) — h(w)]sgn (v(a) —w(a)) <0 (3.11)
hold, and let
Q(v)=q* forveC([a,b;R), |v(a)| < |h(0)], (3.12)

where q* € L([a,b];R). If, moreover, condition (3.4) holds and for t € [a, ] the inequalities
(3.5) and (3.6) are fulfilled, then the problem (2.1), (2.8) has a unique solution.



Robert Hakl 267

TuEOREM 3.4. Let the operators H,, z € {v € C([a,b];R) : v(a) = h(v)}, defined by (3.10)

belong to the set %Zf(go,gl,po,pl). Assume also that, on the set C([a,b];R) the inequality
(3.11) is fulfilled, and, on the set {v € C([a,b];R) : [v(a)| < [h(0)|}, the inequality

[QW)() = Qw)()] sgn (v(t) —w(t)) <0 fort € [a,b] (3.13)

holds. If, moreover, inequalities (3.4), (3.8), and (3.9) are fulfilled, then problem (2.1), (2.8)
has a unique solution.

Remark 3.5. The inclusions H, € %Zf(go,gl,po,pl), where H, are defined by (3.10), are
fulfilled, for example, if H is a strongly bounded linear operator. In this case, the opti-
mality of obtained results was proved in [21] (see Remark 4.2 on page 97 and Remark
12.2 on page 243 therein). More precisely, Theorems 3.3 and 3.4 are unimprovable in the
sense that neither of the strict inequalities (3.4)—(3.6), (3.8), and (3.9) can be replaced by
the nonstrict one.

The following corollary gives conditions sufficient for the solvability of problem (2.7),
(2.8).

COROLLARY 3.6. Let there exist ¢ € Ry such that on the set C([a,b];R) the inequality (3.2)
is fulfilled and

| f(t,x,y)| <q(t,|x|) forte[ab], x,y €R (3.14)

If, moreover,

b
I [p(s)],ds<1, (3.15)

a

b b
J [p(s)]_ds < 1+zw/1—J [p(s)].ds, (3.16)

then problem (2.7), (2.8) has at least one solution.

COROLLARY 3.7. Let inequality (3.11) be fulfilled on the set C([a,b];R). If, moreover, (3.15)
and (3.16) hold, then problem (2.6), (2.8) has a unique solution.

Remark 3.8. Corollaries 3.6 and 3.7 are unimprovable in the sense that neither of the strict
inequalities (3.15) and (3.16) can be replaced by the nonstrict one. Indeed, if 7; = 7, and
Y1 = ¥, then (2.6) and (2.7) are differential equations with deviating arguments. In that
case, the optimality of obtained results was established in [21] (see Remark 4.2 on page
97 and Proposition 10.1 on page 190 therein).

COROLLARY 3.9. Let there exist ¢ € R, such that on the set C([a,b];R) the inequality (3.2)
is fulfilled and

f(t,x,y)sgnx < q(t,1x|) fort € [a,b], x,y ER (3.17)
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b b
| ) ds<2y/1- | [p(o)). s (3.18)

hold, then the problem (2.7), (2.8) has at least one solution.

If, moreover, (3.15) and

The following corollary gives conditions sufficient for the unique solvability of prob-
lem (2.7), (2.8).

CoROLLARY 3.10. Let inequality (3.11) be fulfilled on the set C([a,b];R) and, in addition,

[f (tx1,1) = f(tx2,2) sgn (x1 —x2) <0 fort € [a,b], x1,x2,y1,y2 €R. (3.19)

If, moreover, (3.15) and (3.18) hold, then the problem (2.7), (2.8) has a unique solution.

Remark 3.11. Corollaries 3.9 and 3.10 are unimprovable in the sense that neither of the
strict inequalities (3.15) and (3.18) can be replaced by the nonstrict one. Indeed, when
71 = 12 and v; = v, (2.7) is a differential equation with deviating arguments and, in this
case, the optimality of obtained results is proved in [21] (see Remark 12.2 on page 243
therein).

4. Auxiliary propositions

First we formulate a result from [25] in a suitable for us form.

LEmMA 4.1. Let there exist a number p >0 such that, for every § €]0,1[, an arbitrary func-
tion u € C([a,bl;R) satisfying

u' (1) = 8[H(u)(t) + Q(u)(t)] fort € [a,b], u(a) = Sh(u), (4.1)
admits the estimate
llullc < p. (4.2)

Then problem (2.1), (2.8) has at least one solution.

Definition 4.2. We will say that an operator H € J{,, belongs to the set AU, if there exists
a number r > 0 such that for any ¢* € L([a,b];R;), ¢ € Ry, and § €]0,1], every function
ue 6([a,b];R) satisfying the inequalities |u(a)| < ¢ and

|v/(t) = 0H(u)(t)| < q*(t) forte [a,b] (4.3)
admits the estimate
lullc < r(c+lg*ll,)- (4.4)

LEMMA 4.3. Let there exist ¢ € Ry such that inequalities (3.2) and (3.3) are fulfilled on the
sets C([a,b];R) and {v € C([a,b];R) : |v(a)| < c}, respectively. If, moreover, H € U, then
problem (2.1), (2.8) has at least one solution.
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Proof. Let r be the number appearing in Definition 4.2. According to (3.1), there exists
p > 2rc such that

b
1 J q(s,x)ds < 271r for x > p. (4.5)

a

Now assume that a function u € 5([a,b];R) satisfies (4.1) for some § €]0,1[. Then,
according to (3.2), u satisfies the inequality |u(a)| < c. By (3.3) we obtain that the in-
equality (4.3) is fulfilled with g*(¢) = q(t, llullc) for t € [a,b]. Hence, by the condition
H €9 and the definition of the number p, we get estimate (4.2).

Since p depends neither on u nor on 4§, it follows from Lemma 4.1 that problem (2.1),
(2.8) has at least one solution. O

Let h; € L([a,b];R,) (i = 1,2,3,4), &,B € [0,1[. For an arbitrary fixed ¢ € [a,b], con-
sider the systems of inequalities
t ot
m=< mJ hl(s)ds+y(m,&)M1’“J o (s)ds,
b _rb
m+M < MJ h3(s)ds+y(M,B)ml_ﬁJ hy(s)ds
t t

and

M= thhg(s)ds+ y(M,B)ml’BJtlu(s)ds,
p ¥ (4.7);
b b
Mim= mJ hl(s)dsw(m,a)Ml-EJ I (s)ds,
t t

where p: Ry X [0,1[— Ry is defined by (2.4). By a solution of system ((4.6)); (resp.,
((4.7)¢)¢), we understand a pair (M, m) € Ry X R, satistying ((4.6):); (resp., ((4.7)¢)¢).

Definition 4.4. Let h; € L([a,b];Ry) (i = 1,2,_3,4) and R,B € [0,1[. We will say that a 4-
tuple (h1,h2,h3,hy) belongs to the set A qp (o, B), if for every t € [a,b] the systems ((4.6)):
and ((4.7)¢) have only the trivial solution.

LEmMMA 4.5. Let H € %Zf(go,gl,po,pl). If

(gO)gl)pO)pl) € ﬂab(“:ﬁ); (48)
then H € 9.
Proof. Assume on the contrary that, for every n € N, there exist g € L([a,b];R), ¢, €
R., 8, €]0,1], and u, € C([a,b];R) such that
|un(a)| < cu, (4.9)
|u,(t) — 8,H (u,)(£)| < qf(t) fort e [a,b], (4.10)
||”n||c>”(cn+||qz:||L)- (4.11)
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Put
wn®) = 21 e [ab], neN.

[unll
Obviously,

[[Vallc=1 forneN,

v, (t) = ﬁH(uH)(t) +qu(t) forte [a,b],nEN,
nllc
where
def , é

qn(t) = v, (1)

_ n
||”n||c

By virtue of (4.9) and (4.12), we get

[va(a)| <

Note also that, in view of (4.10), (4.12), and (4.15), we have

S %

llq ||L
[l

llgnll, < forn € N.

Furthermore, for n € N, put

M, = max {[v,(t)], : t € [a,b]}, my, = max {[v,(t)]_:t € [a,b]}.

Evidently, M,, = 0, m, = 0 for n € N, and on account of (4.13), we have

M,+m,>1 forneN.

——H(u,)(t) fort€ [a,b], nEN.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

According to (4.18) and (4.19), for every n € N, the points s, t, € [a,b] can be chosen in

the following way:
(i) if M,, = 0, then let t,, = a and let s, € [a,b] be such that

Vn (Sn) = —My,
(ii) if m, = 0, then let s, = a and let t,, € [a, b] be such that

Vn(tn) = Mny

(4.20)

(4.21)

(iii) if M,, > 0 and m, > 0, then let s, t, € [a,b] be such that (4.20) and (4.21) are

satisfied.

By virtue of (4.13) and (4.18) we have that the sequences {M,}:%, and {m,}} > are
bounded. Obviously, also the sequences {s,}:% and {¢,};>, are bounded, and, more-

over, for every n € N we have either

a<s,<t,<b,

(4.22)
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or
a<t,<s,<b. (4.23)

Therefore, without loss of generality we can assume that there exist My, my € Ry and s,
ty € [a,b] such that

lim M, = M,, lim m, = my, lim s, = s, lim ¢, = ty, (4.24)
n—+co n—-+oo n—-+oo n—+oo
a<s,<t,<b formeN, (4.25)
or, instead of (4.25),
a<t,<s,<b forneN. (4.26)

Furthermore, on account of (4.19), we have
My+my = 1. (4.27)

Let (4.25) be fulfilled. Then the integration of (4.14) from a to s, and from s, to t,,
respectively, for every n € N yields

8)1 Sn Sn
(s2) = vala)+ WJ H () €8+ | .,

On
llallc s,

(4.28)

i) =) = T2 [ ) @+ [ a0t

From (4.28), in view of (4.11), (4.12), (4.16)—(4.18), the assumptions &, €]0,1] and H €
%Zf(go,gl,po,pl), and the choice of points s, and t,, for every n € N we get

<m, j 0(E)dE + () ML j g+

(4.29)
Mot <M, [ @ (Bym? [ puc@ras vt
Therefore, according to (2.4) and (4.24), from (4.29) as n — +oco we obtain
m0<moj g0(&)dE + p(mo,a) M~ J g
(4.30)

Mo+m0<M0J Po(&)dE +u(Mo, ) J pi(€

Consequently, the pair (My,my) is a solution of system ((4.6););, with h; = go, b, = g1,
hs = po, hy = pr, 0 =a, andﬁ = f3. However, inequality (4.27) contradicts inclusion (4.8).

If (4.26) is fulfilled, then it can be shown analogously that (My,my) is a solution of
inequalities ((4.7);)s, with iy = go, by = g1, h3 = po, ha = p1, 0 = «, andﬁ = f. Also in this
case the inequality (4.27) contradicts (4.8). O
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LEmMMA 4.6. Let condition (3.4) be satisfied and let for t € [a,b] the inequalities (3.5) and
(3.6) be fulfilled. Then the inclusion (4.8) holds.

Proof. Assume on the contrary that there exists t) € [a,b] such that either the system
((4.6)1)y, or the system ((4.7);)s, with hy = g, ho = g1, hs = po, ha = p1, @ =, and f =
has a nontrivial solution.

First suppose that (Mo, my) is a nontrivial solution of ((4.6);),. Put

Go(t):J g()ds, Gi() = f q(s)ds fort € [a,b],

; ’ (4.31)
Py(t) = I po(s)ds, Pi(t) = J pi(s)ds fort e [a,b].
t t
Then, according to the assumptions, (Mo, my) satisfies
moy < mOGQ(to) +‘M(H’IQ,(X)M&7“G1 (to), (4.32)
mo+ My < MoPo(to) +y(M0,[)’)m(l)7/3P1(to). (433)

If My = 0, then my >0, and from (4.32), in view of (3.4) and (4.31), we get a contradiction
mg < my. If my = 0, then My >0, and from (4.33), in view of (3.4) and (4.31), we get a
contradiction My < My. Therefore assume that

My >0, mg > 0. (4.34)
In this case, according to (2.4), we have
u(mo,@) =ms, (Mo, B) = M. (4.35)

Then from (4.32) and (4.33), in view of (3.4), (4.31), (4.34), and (4.35), we obtain

1/(1-a)
my G (to) )
0K — =< | ———F——~ , 4.36
M, ( 1—Go(t) (430
1-p
mo mo
0<1—P0(t()) < (MO) Pl(to)—Mo. (437)
If B = 0, then multiplying (4.36) by (4.37) we get
1/(1—-a)
Gl(to)
1 Po(to) < (1 —Go(f())) (Pl(t()) 1), (438)

which, in view of (4.31), contradicts (3.5) with t = fg.
Suppose that 8 # 0. Since the function x — x! A — x, defined on [0,+[, A € R,,
achieves the maximal value at the point x = (1 — )" AVF, from (4.37) we obtain

1—Po(ty) < (1= B) PP (1)) PPPy (1) — (1= PVB(P (1)) P, (4.39)
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The last inequality results in

_ B\
(1/3—/‘) (1= Po(ts))* < (1= PP (1o). (4.40)

On the other hand, according to (3.4) and (4.31), the inequalities (4.36) and (4.37)
1rnply 0< G](t()) < Gl(b), 0< Pl(t()) < Pl(a), and

Gi(a)
1 - Go(a)

Gi(b)

=% 160

>0,  (1-PPi(a)>0, (1—-P)Pi(b) =0. (4.41)

Therefore, since the functions Gy, G1, and P; are continuous, there exists ¢, €]a,b[ such
that

( Gi (1) )”“‘“):((1_/3)13 (1)) (4.42)
1—G0(t1) i ’ )

Using the last equality in (3.5) for t = f;, on account of (4.31), it yields

(1 =B)P (1) PPy (1) — (1= B)Py (1) P < 1= Py (11), (4.43)

whence we get

1-B\F p
(1-pp(n) < (“57) (1-Po(a))" (4.44)
Since the functions Py and P; are nonincreasing in [a, b], the last inequality implies
1-B\F g
(1= B)P1(8) < <T> (1-Po()’ forte [t,b]. (4.45)

According to (4.40) and (4.45) we have
to < ty. (4.46)

Furthermore, since the functions Gy and G, are nondecreasing in [a,b] and the function
P, is nonincreasing in [a, b], the equality (4.42), on account of (4.46), results in

(7@(%) )I/M < (1-pPi () (4.47)
1 - Go(t) - e '

However, since the function x — x! PA — x, defined on [0,+o[ with A > 0, is nonde-
creasing in [0, ((1 — )A)P], from (4.36) and (4.37), by virtue of (4.47), we obtain

1/(1-a)
Py(to) - (1 _ng;)to)) ,

which, on account of (4.31), contradicts (3.5) with t = fg.

(1-B)/(1-a)
Gi (1) ) (4.48)

1-Py(ty) < <1—Go(t0)
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In analogous way it can be shown that assuming (My, 1) to be a nontrivial solution
of ((4.7););, we obtain a contradiction to (3.6) with t = f. O

Definition 4.7. We will say that an operator H € K, belongs to the set V', if there exists
a number r > 0 such that for any ¢* € L([a,b];R;), ¢ € Ry, and § €]0,1], every function
ue 6([a,b];R) satisfying the inequalities |u(a)| < ¢ and

[t/ (£) = 8H (u)(t)]sgnu(t) < q*(t) fort € [a,b] (4.49)

admits the estimate (4.4).

LEMMA 4.8. Let there exist ¢ € Ry such that on the set C([a,b];R) the inequality (3.2) is sat-
isfied and on the set {v € C([a,b];R) : [v(a)| < ¢} the inequality (3.7) is fulfilled. If, more-
over, H € V', then the problem (2.1), (2.8) has at least one solution.

Proof. Let r be the number appearing in Definition 4.7. According to (3.1), there exists
p > 2rc such that

b
1 J q(s,x)ds < ZLr for x > p. (4.50)

a

Now assume that a function u € 6([a,b];R) satisfies (4.1) for some 6 €]0,1[. Then,
according to (3.2), u satisfies the inequality |u(a)| < c. By (3.7) we obtain that the in-
equality (4.49) is fulfilled with g*(¢) = q(t,llull¢) for t € [a,b]. Hence, by the condition
H €V and the definition of the number p we get the estimate (4.2).

Since p depends neither on u nor on &, it follows from Lemma 4.1 that the problem
(2.1), (2.8) has at least one solution. O

Let h; € L([a,b];R,) (i=1,2,3,4), &,B € [0,1[. For arbitrarily fixed t € [a,b] consider
the systems of inequalities

m< mJ’thl(s)ds+;,¢(m,&)M1_a Jthz(s)ds,
! “ (4.51),

b _rb

M sMJ h3(s)ds+‘u(M,ﬁ)ml’ﬁJ ha(s)ds
t t

and

M < thh3(s)ds+y(M,B)m1*B Jth4(s)ds,
N g (4.52);

b b

m=< mJ I (s)ds+ y(m,R)Ml_aJ o (s)ds,

where y: Ry X [0,1[— R, is defined by (2.4).
By a solution of the system ((4.51);), respectively, ((4.52););, we will understand a pair
(M, m) € Ry X Ry satisfying ((4.51)¢)s, respectively, ((4.52)¢);.
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Definition 4.9. Let h; € L([a,b];Ry) (i = 1,2,3,4) and R,B € [0,1[. We will say that a 4-

tuple (h1, hy,h3,hy) belongs to the set By, (, B), if for every ¢ € [a, b] the systems ((4.51););
and ((4.52);); have only the trivial solution.

LEMMA 4.10. LetH € %:f(go,gl,po,pl). If

(gO)gl)pO)pl) € %ab(a)ﬁ)) (453)

then H € V.
Proof. Assume on the contrary that for every n € N there exist ¢, € L([a,b];R), c» € Rs,
6, €]0,1],and u, € (NI([a,b];R) such that the inequalities (4.9),

[u, () — 8,H (u,) (t) ] sgnun(t) < q(t) forte [a,b] (4.54)

and (4.11) are fulfilled. Define the functions v, by (4.12). Obviously, the equalities (4.13)
and (4.14) are satisfied, where g, are defined by (4.15). By virtue of (4.9) and (4.12) we
have the inequality (4.16). Furthermore, on account of (4.12), (4.15), and (4.54), we have

g (t)
llenll

qn(t)sgnv,(t) < fort € [a,b], n € N. (4.55)
For n € N define numbers M,, and m, by (4.18). Evidently, M,, = 0, m, > 0 for n € N,
and on account of (4.13), the inequality (4.19) holds.
According to (4.18) and (4.19), for every n € N the points 0y, Sy, &1, tn € [a,b] can be
chosen in the following way:
(i) if M, = 0, thenlet ¢, = a, t, = a, s, € [a,b] be such that (4.20) is fulfilled, and let

_|a ifs,=a (4.56)
o= inf {t € [a,su[ :va(s) <O fors € |t,s,]} ifs, #a, '

(ii) if m, = 0, then let 0,, = a, s, = a, t, € [a,b] be such that (4.21) is fulfilled, and let

£ - a ift,=a (4.57)
" inf{t € [a,tu[ 1 va(s) >0 fors€ [t,t,]} ift, #a, '

(iii) if M,, > 0 and m, > 0, then let s, t, € [a,b] be such that (4.20) and (4.21) are
fulfilled, and let 0,, and &, be defined by (4.56) and (4.57), respectively.
Note that for every n € N the following holds:

if o, # sy, then v,,(s) <0 fors € |o,,5,], )
4.58
if &, # t,, then v,,(s) >0 fors € |&,,t,]. (
Furthermore, with respect to (4.16), we get
c c
Valon) | < —5—, (&) ] < —= for n € N. (4.59)
B P P PR
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By virtue of (4.13) and (4.18) we have that the sequences {M,};%, and {m,};= are
bounded. Obviously, also the sequences {s,}+%) and {t,};% are bounded and, more-
over, for every n € N we have either

a<o,<s, <& <t,<b, (4.60)
or

a<é <t,<0,<s,<b. (4.61)

Therefore, without loss of generality we can assume that there exist My, my € Ry and s,
to € [a,b] such that (4.24) is fulfilled, and either

a<o,<s, <& <t,<b formeN, (4.62)
or

a<é,<t,<0,<s,<b forneN. (4.63)
Furthermore, on account of (4.19) we have (4.27).

The integration of (4.14) from o, to s, and from ¢, to t,, respectively, by virtue of
(4.58), for every n € N yields

Vu(sn) = vu(0y) + m .

I H(u,) (f)dE+J gn(&) sgnv,(&)d¢.

H(un )(§)dE — J gn(&) sgnv,(§)dé,

(4.64)
Vi (tn) = v (&) +
[l n||c
From (4.64), in view of (4.11), (4.12), (4.18), (4.55), (4.59), the assumptions 8, €]0,1]

and H € %Zf(go,gl,po,pl), and the choice of points oy, su, &, and t,, for every n € N
we get

my < my, gofdf+y(mm )M}~ “J g(f)d€+—

On

. : (4.65)
M, <M, . P (&)d +u(M,,B)m ﬁj pO)dE+ .
Then, due to (2.4) and (4.24), from (4.65) as n — +o0 we obtain
m0<moj 20(&)dE + p(mo,a) My~ J g
(4.66)

My = [ po@1d (0o i [ (e
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if (4.62) holds, and

fo 1
MosMoj po(E)dE + (Mo, B)m) j pr(E)E,
’ ¢ (4.67)

b b
my < my L 0(&)dE + p(mo,a) My~ t g1(&)dé

if (4.63) is true. Consequently, the pair (My,my) is a solution of the system ((4.51)4)s,»
respectively, ((4.52)¢)s,, with by = go, ha = g1, hs = po, hs = p1, @ = a, and § = . However,
the inequality (4.27) contradicts the inclusion (4.53). O

LEMMA 4.11. Let the inequalities (3.4), (3.8), and (3.9) be fulfilled. Then the inclusion (4.53)
holds.

Proof. Assume on the contrary that there exists fy) € [a,b] such that either the system
((4.51);)y, or the system ((4.52)¢);, with hy = g, ho = g1, h3 = po, ha = p1, @ = a, and
f = f3 has a nontrivial solution.

First suppose that (Mo, my) is a nontrivial solution of ((4.51);),. Define functions Gy,

G, Py, and P; by (4.31). Then, according to the assumptions, (M, ) satisfies

mo < moGo(to) + p(mo,a) M§~“Gi (o), (4.68)
M, < Mop()(t()) +‘bl(M(),‘B)M(1)_ﬁP1 (l’()). (4.69)

If My = 0, then my >0, and from (4.68), in view of (3.4) and (4.31), we get a contradiction
moy < mg. If my = 0, then My >0, and from (4.69), in view of (3.4) and (4.31), we get
a contradiction My < My. Therefore assume that (4.34) holds. In this case, according to
(2.4), we have (4.35). Thus, on account of (3.4), (4.31), and (4.34), from (4.68) and (4.69)
we obtain

0<my *(1-Golto)) <Mj “Gi(to),

_ _ (4.70)
0<My P (1= Py(to)) < my PPy (to).
Now the inequalities (4.70) result in
My P (1= Po(ts)) (1= Go(t5)) P17
(4.71)

< (my(1=Go(10)))" PPy (1) = My PGy (1) " VP (1),

However, on account of (4.31) and (4.34), the last inequality contradicts (3.8).
In analogous way it can be shown that assuming (M, ) to be a nontrivial solution
of ((4.52););, we obtain a contradiction to (3.9). O

5. Proofs

Theorem 3.1 follows from Lemmas 4.3, 4.5, and 4.6. Theorem 3.2 follows from Lemmas
4.8,4.10,and 4.11.
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Proof of Theorem 3.3. From the conditions (3.11) and (3.12) it follows that the condi-
tions (3.2) and (3.3) are satisfied with ¢ = [h(0)| and g = |¢™|, and so the assumptions of
Theorem 3.1 are fulfilled. Therefore, the problem (2.1), (2.8) has at least one solution. It
remains to show that the problem (2.1), (2.8) has no more than one solution.

Let u,v € 6([a,b];R) be solutions of (2.1), (2.8). Then, in view of (2.8) and (3.11),
we have

|u(a)| = h(u)sgnu(a) < [n(0)|,  [v(a)| =h(v)sgnv(a) < [h(0)]. (5.1)
Put
w(t) = u(t) —v(t) fort € [a,b]. (5.2)
Then, in view of (2.8), (3.11), and (5.2), we obtain
w(a)| = | u(a) - v(@)] = [h(u) - h(v)] sgn (u(a) - v(a)) <0 (5.3)
and, with respect to (3.10), (3.12), and (5.1)—(5.3), w is a solution of the problem
w'(t) = Hy(w)(1), w(a)=0. (5.4)

Moreover, on account of the inequalities (3.4)—(3.6), and Lemma 4.6, we have the inclu-

sion (4.8). Therefore, according to the assumption H, € %Zf (g0-£1> o> P1), Lemma 4.5,
and Definition 4.2, w = 0, that is, u = v. O

Proof of Theorem 3.4. From the conditions (3.11) and (3.13) it follows that the conditions
(3.2) and (3.7) are satisfied with ¢ = |h(0)| and g = |Q(0)|. Consequently, the assump-
tions of Theorem 3.2 are fulfilled. Therefore, the problem (2.1), (2.8) has at least one
solution. It remains to show that the problem (2.1), (2.8) has no more than one solution.

Let u,v € 6([a,b];R) be solutions of (2.1), (2.8). Then, in view of (2.8) and (3.11), the
inequalities (5.1) are fulfilled. Define w by (5.2). Then, on account of (2.8), (3.11), and
(5.2), (5.3) holds, and, according to (3.10) and (5.1)—(5.3), w is a solution of the problem

w'(t) = Hy(w)(t) + Qu(w)(t), w(a)=0, (5.5)
where
Qv(w)(t) = Qlw+v)(1) —Q(v)(¢) fort € [a,b]. (5.6)
Furthermore, by virtue of (3.13), (5.1), (5.2), and (5.6),
Qu(w)(t)sgnw(t) = [Qu)() = QW)(1)] sgn (u(t) —v(t)) <0 fort € [a,b], (5.7)

and, with respect to the inequalities (3.4), (3.8), (3.9), and Lemma 4.11, we have the inclu-

sion (4.53). Therefore, according to the assumption H, € %Zf (80815 po> p1), Lemma 4.10,
and Definition 4.7, w = 0, that is, u = v. O
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Proof of Corollary 3.6. To prove the corollary it is sufficient to show that the assumptions
of Theorem 3.1 are fulfilled.
Define operators H and Q by the equalities

H)® Y p(t)max{v(s): 1i(t) <s < (1)} fort € [a,b], (5.8)

QW)Y F(tv(t),max {v(s) 11 (t) <s <0 (t)}) fort€ [ab], (5.9)

and puta =0, =0,
g = [pl+ po = [pls g =[pl-, pi=[pl-. (5.10)

Then H € %Zf(go,gl,po,pl), the condition (3.14) yields (3.3), and (3.15) implies (3.4). It
remains to verify that for ¢ € [a,b] the inequalities (3.5) and (3.6) hold.

According to (5.10) and since « = 0 and f3 = 0, the inequalities (3.5) and (3.6) are
equivalent. Assume on the contrary that there exists ¢, € [a,b] such that

Jt [p(s)]_ds(J: [p(s)]_ds— 1) > (1 - f [p(s)]+ds> (1 - f [p(s)Lds). (5.11)
Now, since

AB < i(A +B), (5.12)

we get

j“’ [p(s)],ds(jb [p(s)] _ds—1) < i([b [p(s)]_ds— 1)2, (5.13)

a to

and, according to (3.15),

(1 - Jto [p(s)]+d5> (1 - Jb [p(s)]+ds> . Jb [p(s)].ds > 0. (5.14)

a to a

Thus, in view of (5.13) and (5.14), (5.11) yields fah[p(s)],ds >1and

b b 2
0<1- [ tpo)ds= ([ 1p0) ds-1), (5.15)
which contradicts (3.16). (]

Proof of Corollary 3.7. To prove the corollary it is sufficient to show that the assumptions
of Theorem 3.3 are fulfilled.
Define operator H by (5.8) and functions g,g1, po, p1 by (5.10). Puta = 0, f = 0, and

QW) () € qo(t) fort € [a,b], v € C([a,b];R). (5.16)
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Then obviously, the condition (3.12) with g* = qo is fulfilled, and (3.15) implies (3.4).
Moreover, by the same arguments as in the proof of Corollary 3.6 one can show that, on
account of (3.16), for t € [a,b] the inequalities (3.5) and (3.6) are satisfied.

It remains to show that for every z € {v € C([a,b];R) : v(a) = h(v)} the operator H,

defined by (3.10) belongs to the set %Zf (g0-£1> o> p1)- Denote for almost all ¢t € [a,b] by
I(t) the segment [7,(t), 72(¢)]. Then obviously,

H(u)(t) = [p(t)], (max {u(s) +z(s) :s € I(t)} —max {z(s) : s € I(t)})
—[p(®)]_(max{u(s)+z(s):s€1(t)} —max{z(s):s € I(t)})
<[p®)], max{u(s):s€I(t)}

~[pO]_(min{ - 2(s) s € IO} - min{ - u(s) —2(s) s IO )
< [p®], max u(s) :s € 10} — [p(0)]_min u(s) :s € 1(1)}
< M[p(t)], +mp(t)] fort € [a,bl, ue C(lablR),
where
M=max{[u(t)],:t€[a,b]}, m=max{[u(t)]_:t< [ab]}. (5.18)
Analogously we can show that
Ho(u)(t) = —m[p(8)], - M[p(t)]_ forte [a,b], ue C(la,b];R). (5.19)
Consequently, H, € % (g0,g1> pos p1). O

Proof of Corollary 3.9. To prove the corollary it is sufficient to show that the assumptions
of Theorem 3.2 are fulfilled.

Define operators H and Q by the equalities (5.8) and (5.9), respectively, and functions
£0-81> Po> p1 by (5.10). Put = 0 and § = 0. Then H € %Zf(go,gl,po,pl), the condition
(3.17) implies the condition (3.7), and (3.15) yields (3.4). Furthermore, according to
(5.12), we have

o

(Jb [P(s)]_ds)z for t € [a,b], (5.20)

a

J: [p(S)]_dSLb [p(s)] ds <

and, with respect to (3.15), for t € [a,b]

(1 - JI [p(s)]+ds> (1 - Jb [p(s)]+ds) . Jb [p(s)],ds > 0. (5.21)

a t a

Thus, by virtue of (3.18), the inequalities (5.20) and (5.21) imply that the inequalities
(3.8) and (3.9) are fulfilled. O

Proof of Corollary 3.10. To prove the corollary it is sufficient to show that the assumptions
of Theorem 3.4 are fulfilled.

Define operators H and Q by the equalities (5.8) and (5.9), respectively, and functions
£0,£1> o> p1 by (5.10). Puta =0and f =0. Then H € %Zf(go,gl,po,pl) and the inequal-
ities (3.15) and (3.19) yield (3.4) and (3.13). Moreover, by the same arguments as in the
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proof of Corollary 3.9 one can show that, on account of (3.15) and (3.18), the inequalities
(3.8) and (3.9) hold. Furthermore, in a similar manner as in the proof of Corollary 3.7 it
can be shown that for every z € {v € C([a,b];R) : v(a) = h(v)} the operator H, defined

by (3.10) belongs to the set %Zf(go,gl,po,pl). O

6. Examples

Remark 6.1. In Example 6.2, assuming the first inequality in (3.4) is not satisfied, there

is an operator H € K, constructed in such a way that H € %Zf (g0-g1> po> P1), but the
problem

u'(t)=Hu)(t) +w(t), wula)=0, (6.1)

for a suitable w € L([a,b];R), has no solution. Furthermore, in Example 6.3 there is an

operator H € J{,, given such that H € %Z{f (g0-£1> o> P1), the condition (3.4) is fulfilled,
and the problem (6.1), with a suitable w € L([a,b];R), has no solution, assuming the
inequality (3.5) is violated for some ¢ € [a,b].

Examples verifying the optimality of the second inequality in (3.4) and the inequality
(3.6) can be constructed analogously to Examples 6.2 and 6.3, respectively.

Example 6.2. Let o, € [0,1[, 0,41, Po> P1 € L([a,b]; R+ ), and let gy be such that

b
J go(s)ds = 1. (6.2)

Choose tg €]a,b] and w € L([a,b];R) such that

to to
g(s)ds = 1, J w(s)ds <0, 6.3)

a

and for v € C([a,b];R) put

HW)(1) = ~go(D[v(te) ] — g (Op([v(D)]_,a) [v(@)]} "

i (6.4)
+po(O[v(@)], + pr (O ([v(D)],. ) [v(a)]" F forteab].
Then, obviously, H € %Zf (g0-81> po> P1)-
Now we will show that the problem (6.1) has no solution. Suppose on the contrary that
there exists a solution u of (6.1). Then the integration of (6.1) from a to £y, on account of
(6.3), yields

to to
u(ty) = f[u(to)]fj gg(s)ds+J w(s)ds < 0. (6.5)

a
However, the last equality, with respect to (6.3), results in
to

0= u(ty) (1 - :)go(s)ds) _ J (s)ds < 0, 6.6)

a

a contradiction.
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Example 6.3. Let o, € [0,1[, and let go,g1, po, p1 € L([a,b];R) be such that the con-

dition (3.4) is fulfilled, while the inequality (3.5) is violated for some ¢ € [a,b]. Define
functions Gy, Gi, Py, and P; by (4.31). Then, since G;(a) = 0 and P;(b) = 0, we have

( Gila) )“M“”Pl(a)_( Gi(a) )”““)<1_ Pt
) b

1- Go(a 1- Go(ﬂ) (6 7)
(1-p)/(1-a) 1/(1-a) :
Gi(b) Gi1(b)
(T@(b)) Pl(b)— (m) <1—P0(b).

Consequently, since we assume that (3.5) is violated for some ¢ € [a,b], there exists t; €
]a, b[ such that

Gi(to) (1-B)/(1-a) Gi(to) 1/(170c)_
()> m(m)—()) C-Rok). (68)

l—Go(to 1_GO(tO
Define
~go(O)[v(t)]_ — g (Bu([v(to)] @) [v(B)],”
wf | TP v(@], + piOp([v)], B [v(a)]" " for t € [a,to],
H) () L (69)
—goO[v(a)]_ —gi(Ou([v(D)]_,a) [v(a)],
VD], + prOu([vB)]B) v ()] fort e [t0,b]
Then, obviously, H € %Zf (g0-81> o> P1)-
Furthermore, with respect to (3.4), (4.31), and (6.8), we have
Gi(to) #0. (6.10)
Put
_ 1/(1-a) _ B/(1-a)
f(z):z<1+(c0—1)(zzl> —CO(%) ) forze]l,+oof,  (6.11)
where
B/(1-a)
C():P](t()) <%) . (612)
It can be easily verified that
ydéfsup{f(z):ze]1,+00[}<-|—00. (6.13)

Choose w € L([a,b];R) such that

to b
J w(s)ds = —(1-Go(to)), J w(s)ds > max{y,1}. (6.14)

a to
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We will show that the problem (6.1) has no solution. Suppose on the contrary that
there exists a solution u of (6.1). Then the integration of (6.1) from a to #;, and from £, to
b, respectively, on account of (4.31), (6.9), and (6.14), yields

u(ty) = —Go(to) [u(to)]_ — Gy (l‘o)M([”(fo)]J“)[”(b)]}:a - (1-Go(t)),  (6.15)

u(b) = u(ty) +Po(to) [u(b)], +Pi(to)u([u(b)],,p) [u(to)]l_fﬁ + wa(s)ds. (6.16)

Hence u(fy) < 0. Assuming u(b) < 0, according to (6.13) and (6.14), from (6.15) and
(6.16) we obtain u(ty) = —1 and

b
u(b) > L w(s)ds—1>0, (6.17)

a contradiction. Therefore u(b) > 0. For short put
x=[u(to)]_,  y=[ubd)],. (6.18)

According to above-mentioned we have x > 0, y > 0, and the equalities (6.15) and (6.16)
can be rewritten as follows

X(I—Go(to)) :Gl(to)x”‘yl""+1—Go(to), (6.19)

b
y(1—=Py(to)) = Py (to) yPx'F - x+J w(s)ds. (6.20)

0

From (6.19), in view of (6.10), we get x > 1 and

xel VA=) (1 Gy (1) 1/(1-a)

Using the last equality in (6.20) we obtain

S\ (1 Go() ) b
+x—x<xx ) (—Gl(ié)0)> Pl(to)zJ'tOw(s)ds,

(6.22)

whence, in view of (6.8), the fact that x > 1, and the definition of the function f, we get

b
Flo) = j w(s)ds, (6.23)

which, on account of (6.13), contradicts (6.14).



284  On a BVP for nonlinear FDE

Remark 6.4. The case when the first inequality in (3.4) is not satisfied is discussed in
Example 6.2. In Example 6.5 below, there are given operators H,Q € K, such that H €
%Zf(go,gl,po,pl), Q satisfies the inequalities (3.7) and (3.13) for v € C([a, b]; R), the con-
dition (3.4) is fulfilled, and the problem

u'(t) = Hw)(t) + Q(u)(t), u(a) =0 (6.24)

has no solution, assuming the inequality (3.8) is violated.
Examples verifying the optimality of the second inequality in (3.4), respectively, the
inequality (3.9), can be constructed analogously to Examples 6.2 and 6.5, respectively.

Example 6.5. Let o, € [0,1[, and let go,g1, po, p1 € L([a,b];R+) be such that the condi-
tion (3.4) is fulfilled, while the inequality (3.8) is violated. Define functions Gy, G1, P,
and P; by (4.31). Then, since G;(a) = 0 and P;(b) = 0, we have

(1-p)/(1-a) (1-B)/(1-a)
(Gl(“)a)) Py(a) < 1— Py(a), (Gl(b)> Py(b) < 1— Py(b).

1 — Gl 1 —Go(b)
(6.25)
Consequently, there exists ty €]a, b[ such that
(1-p)/(1-a)
Gi () >
—_— Pi(ty) =1—Py(ty). 6.26
(o (1) = 1= Py (1) (6.26

Hence, in view of (3.4), we have (6.10). Choose t; €]fy,b[. Define an operator ¢ :
L([a,b];R) — L([a,b];R) by

p(1) fort € [a,to[,

o(p)(t) 10 - for t € [to,11], (6.27)
P(b tO (t_tl)+t0> fort e ]tl,b].
—H

Then

b b
J @(go)(s)ds < 1, J @(po)(s)ds<1,

a a

. (1-B)/(1-a)
0 d b b
G e IR KLU RTSEE

@(po)(t) =0, o(p1)(t) =0 fort € [to,t1].

(6.28)

Therefore, without loss of generality, we can assume that

po(t) =0, pi(£)=0 forte [to,t1]. (6.29)
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Define operators H and Q by (6.9) and

w (1) fort € [a,to[,
QW) ¥ =31 forte [to,h], (6.30)
wy(t) fort € |t,b],

where wi, w, € L([a,b];R) are such that

to b
J 01(8)ds = — (1 - Go ko)), J 0y (s)ds = —— (6.31)
a t 2(t —to

Obviously, H € % (go,gl,po,pl) and Q satisfies (3.7) with
gt Ivlic) = o ()] + [wa(t)|  fort € [a,b], (6.32)

and (3.13), as well.

We will show that the problem (6.24) has no solution. Suppose on the contrary that
there exists a solution u of (6.24). Then the integration of (6.24) from a to t,, in view
of (4.31) and (6.30), yileds (6.15), whence we get u(t;) < 0. Further, on account of (6.9),
(6.29), and (6.30), we have

u(to)

u = ST+ 202 (00) (t— 1)

fort € [to,t1]. (6.33)

Finally, the integration of (6.24) from #; to b, with respect to (4.31) and (6.30), results in

u(b) = u(tr) + Po(to) [u(®)], + Py () p([u(b)] . ) [ue(to) | F + . (6.34)
2(t —to)

From (6.34), according to u(t;) < 0 and (6.33), we get

u(to)

u(b) =
\/1+2u2 t() tl—t() \/2 l’l—to

(6.35)

For short define numbers x and y by (6.18). According to above-mentioned we have x > 0,
y >0, and the equalities (6.15) and (6.34), using (6.33), can be rewritten as follows

x(1=Go(to)) = Gi(to)x*y' *+1 - Go(to), (6.36)

y(1="Po(to)) = — a !

—_—+ P (to)yﬁxlfﬁ + (6.37)
1+2x2(l’1—t()) 2(t1_t0)
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From (6.36), in view of (6.10), we get x > 1 and (6.21). Using (6.21) in (6.37), by virtue
of (6.26), we obtain

x— 1\ (1 - Go(to) ptze x A0
x( ) — Pi(to) | 1- (7)
X Gl(t()) x—1

] . (6.38)
\/Z(tl—l’o) \/1+2X2(t1—t0).
However, since x > 1, we have
x— 1\ Y079 112Gy (to) A X \(1-A1-0)
"( . ) G (o) Pi(to) 1_<x—1) <0
(6.39)

1 X

\/Z(tl - to) - \/1+2x2(t1 - l’o)

> 0.

The last two inequalities contradict (6.38).
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