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1. Introduction

In this paper, we discuss the existence and uniqueness of solution to the boundary value prob-
lem

(p(x)) +Aq(t) f(x) =0, te(0,1), >0,

1.1
x(0) =x(1) =0, (-

where ¢(s) = |s|P™2s, p > 1, and f may be singular at x = 0.

By a solution x to (1.1) we mean a function x € C'[0,1], ¢(x') € AC[0,1] such that
x satisfies (1.1) and the boundary condition; here AC[0,1] denotes the space of absolutely
continuous functions defined on [0, 1].

It is of interest to note here that the existence of positive solutions to problem (1.1) has
been studied in great detail in the literature, see [1-10]. However, there are few works on the
uniqueness of solutions for boundary problems to the singular one-dimension p-Laplacian.
In this paper, we present a new existence and uniqueness theory by using mixed monotone
method which has been used in [11, 12].
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2 Boundary Value Problems
2. Preliminaries

Let E = C[0,1], with the norm ||u|| = maxe[o,7|u(t)], so E is a Banach space. Also, we define
P={ueE:uis concave on [0,1] and u(0) = u(1) = 0}. (2.1)
One may readily verify that P is a cone in E. e € P, with |le]| < 1,e # 6. Define
Q. ={x € P|x # 0, there exist constants m, M > 0 such that me < x < Me}. (2.2)

Now we give a definition (see [13]).

Definition 2.1. Assume A : Q. x Q. — Q.. A is said to be mixed monotone if A(x, y) is nonde-
creasing in x and nonincreasing in y, that is, if x; < x5 (x1, X2 € Q,) implies A(x1,y) < A(x2,y)
forany y € Q., and y1 < y2 (11,2 € Q.) implies A(x, y1) > A(x, y) for any x € Q.. x* € Q. is
said to be a fixed point of A if A(x*, x*) = x*.

Theorem 2.2 (see [11]). Suppose that A : Q. x Q, — Q. is a mixed monotone operator and there
exists a constant B, 0 < f < 1 such that

A<tx, %y) >tPA(x,y), VYx,y€Q., 0<t<l. (2.3)

Then A has a unique fixed point x* € Q.. Moreover, for any (xo,Yo) € Qe X Q.,

Xn = A(Xn1,Yn-1),  Yn=AWYn-1,X01), n=12,..., (2.4)

satisfy
X, — x5, Yn — X7, (2.5)

where
ln =" | =0(1=7"),  |lyu—x"[| =0(1-1"), (2.6)

0 <r <1, risa constant from (xo, Yo).

Theorem 2.3 (see [11, 13]). Suppose that A : Q. x Q. — Q. is a mixed monotone operator and there
exists a constant p € (0,1) such that (2.3) holds. If x is a unique solution of equation

A(x,x) =x (A >0) (2.7)

in Qe, then ||x} - xj‘\oll —0,L =N I[fO< B <1/2, then 0 < Ay < Ay implies Xy 2 X, X F X,
and

).1—1>I£o”x“| =0, }1_%3 xi|| = +oo. (2.8)
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3. Existence and uniqueness
In this section, we discuss the singular one-dimension p-Laplacian
(@(x)) +4q(hf(x) =0, te (1),
x(0) =x(1) =0.
Throughout this section we assume that
f(x) = g(x) + h(x),
where

g:[0,400) — [0, +o0) is continuous and nondecreasing;

h:(0,4+00) — (0,+00) is continuous and nonincreasing .
Theorem 3.1. Suppose that there exists a € (0,p — 1) such that
g(tx) > t"g(x),
h(t'x) > t*h(x),

forany t € (0,1) and x > 0, and q € C((0,1), (0, 00)) satisfies

1
f 1 -t)"q(t)dt < +0, O<a<p-1.
0

Then (3.1) has a unique positive solution x} (t).

And moreover, 0 < Ay < Ay implies that xIl < xL, x}l # xf\z. Ifa/(p-1) € (0,1/2), then

lim
A—0*

=0, lim ||x}|| = +oo.

*
X
4 A—+00

Lemma 3.2. Let u, v be solutions to

(p(u)) + Mgt (1 -t =0, te(0,1), A>0, gt)t*(1-£)"* e L (0,1),

u(0) =u(l) =0,

(¢(2)) +Ag(t)t* (1 -1)* =0, te (0,1), L >0, gt)t*(1-t)* € L1(0,1),

v(0) =ov(1) =0,

then there exist positive constants C,,, C,, such that

tA - B)flull <ut) <Cut(1-t),  tA-bvl <ov(E) < Cot(1-1).

(3.1)

(3.2)

(3.3)

(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Proof. Because q(t)t*(1 —t)™"q(t)t*(1 - t)* > 0, then u, v is concave and positive on (0,1). As

u,v € C'[0,1], thus

limﬂ =1/(0), limM =-u'(1), limﬂ =7'(0), lim$t)t = -

50t 11—t =0t =11 —

(3.10)



Let

C, = sup
SN TG )

then0< C,, C, < oo, and

u(t) < Cut(l-t),
Since u, v is concave, then

u(t) 2 t(1—t)[ull,
So we have

E1 - B)lull < u(t) < Ct(1 - 1),

Lemma 3.3 (see [7]). Ifu,v € C'[0,1] satisfies

Boundary Value Problems

o(t) < Cpt(1-1).

ov(t) > t(1 - t)]v].

H(1 - B)loll < (t) < Cot(1-1).

~(9()) 2=($()), ae.te[01],

u(0) > v(0),

then u(t) > v(t) forall t € [0,1].

u(l) >2o(1),

Proof of Theorem 3.1. Since (3.5) holds, let t'x = y, one has

h(y) > t*h(ty).

Then

h(ty) < tllxh(y), vte (0,1), y>0.

Let y = 1. The above inequality is

h(t) < tlahu), Vi € (0,1).

From (3.5), (3.17), and (3.18), one has

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

h(tx) > £ (x), h<%> > t*h(1), h(tx) < tlah(x), h(t) < tluh(n, te (0,1), x> 0.

Similarly, from (3.4), one has

g(tx) >t"g(x), g)>t"g(1), te(0,1), x>0.

(3.19)

(3.20)
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Lett=1/x, x > 1, one has
g(x) <x"g(1), x2>1. (3.21)
Let e(t) = (1 — t), and we define
Q. = {x eC[o,1] | %t(l - <x(t) < Mt1-t), te[0,1] }, (3.22)
where M > 1 is chosen such that
M > max{CP VP (g(1) + h(1)) P, o)/ P10 (g(1) + R(1)) TV PTV). (3.23)
For any fixed x, y € Q.,consider the following boundary value problem:

P(w' 1) +Aq(t) [g(x(®)) + h(y())] =0, te(0,1), L1 >0;

w(0) = w(l) = 0. 529
By (3.18)-(3.21), for x, y € Q,, we can obtain
g(x(h) < g(Mt1-1) < g(M) < M’g(1), te(0,1),
h(y(t)) < h(%t(l - t)) <Y1 - t)‘“h(%) (3.25)
< M**(1-8)""h(1), te(0,1).
So,
g(x() +h(y(t) < M*[g(1) + (1 -1)"h(1)] (326)

<SMUH1-4)""(g(1) +h(1)), te(0,1),

then Ag(t)[g(x(t))+h(y(t))] € L'(0,1). It follows from [7] that, for each fixed x, y € Q,, problem
(3.22) has a solution w € C'[0,1], and (3.24) is equivalent to

t 1
w(t) = Al/(p‘l)f ¢! <T + j q(r)[g(x(r)) + h(y(r))]dr) ds, 0<t<1, (3.27)
0 s

where T = ¢(w'(1)) is a solution of the equation

j: ¢! <T + Jj q(r)[g(x(r)) + h(y(r))]dr> ds =0. (3.28)

For any x,y € Q., we define

t
0

1
A(x,y)(t) = w(t) = A/ PD f ¢! <T + I q(r)[g(x(r)) + h(y(r))]dr> ds, (3.29)

then A(x,y)(t) is concave on (0,1), for any (x,v) € Q. x Q., q(t)[g(x(t) + h(y(t)))] € L}(0,1).
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First, we show for any (x,y) € Q., A(x,y) € Q..
Letx,y € Q,, from (3.19) and (3.20), we have

1

5(x(0) 2 g(3710-0) 2107 (37) 250 - 0" g1,

h(y(t))2h(Mt(1—t))2h(M)=h< 1 )> Ly, te)

/M)~ M*
Thus, we have

1
M=

g(x(®) +h(y(®) > — [g(M)E*(1 - + h(1)].

So, we can obtain

() g(x(1) +h(y(t)) < M*[g(1) + (1 - £)*h(1)]

< M1 - (g(1) + h(1)), te(0,1),

(xx) g(x(t)) + h(y(t)) > % [¢Mt*"(1-1)" + h(1)]

> Mt%(1 - £)%(g(1) + h(1)), te (0,1).

So
~[p@)]' < qt)M (1 - H™(g(1) + h(1)),
that s,
~[p(w)] < -M*(g(1) + h(1)) [p(u)] "
Similarly,
~[$(@)] > q(t)yM (1 - 1) (g(1) + (1)),
that is,
~[p(@")]' = -M(g(1) + k(1)) [$(2)] -
By Lemma 3.3,

w(t) < MY P (g(1) + k(1)) " Pu(t)

< Cu(g(W) + V)TV MO - 1) < ME(1 - 1),
w(t) > M/ (g(1) + h(1) o ()

> [Jol M/ (g(1) + h(D) /" V1 - 1) 2 %tu "y

So, the operator A is well defined.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Next, for any I € (0,1), one has

gt [g(Ix®) + h(I'y(t))] > 1"q(t) [g(x (1)) + h(y(t))]. (3.38)

Then by Lemma 3.3 we have

A(lx, IP'y) (8) > 10D Ax, y) (1) <0 <p= ;%1 < 1>. (3.39)

So the conditions of Theorems 2.2 and 2.3 hold. Therefore, there exists a unique x} € Q.
such that A, (x*,x*) = x]. It is easy to check that x} is a unique positive solution of (3.1)
for given A > 0. Moreover, Theorem 2.3 means that if 0 < 1; < A, then lel ) < xL(t),
x;l (t) # x}z(t) andif a/(p -1) € (0,1/2), then

AanO} xi|| =0, Alil}r[lo”x;j” = +oo. (3.40)

This completes the proof. O

Example 3.4. Consider the following singular p-Laplace boundary value problem:

(¢(x’))' +Ag(t) (ux+x7b) =0, te(0,1);

(3.41)
x(0) =x(1) =0,
where \,a,b>0, u>0, g€ C(0,1), g>0, t€ (0,1),and
1
j g1 -t)"dt <400, 0<a=max{ab}<p-1. (3.42)
0

Applying Theorem 3.1, we can find that (3.41) has a unique positive solution x}(t). In
addition, 0 < \; < A, implies x} < x}z, x}l # x}z. Ifa/(p-1) €(0,1/2), then

M
}Lr& xi|| =0, Alier”xI” = +o0. (3.43)
To see that, we put
a a -b
p= P g(x) = ux?, h(x) =x7". (3.44)
Thus 0 < f <1and
g(tx) =t%g(x) > t°g(x), h(tx) = t°h(x) > t°h(x), (3.45)

for any t € (0,1) and x > 0, thus all conditions in Theorem 3.1 are satisfied.
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