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We consider the attractors for the two-dimensional nonautonomous Navier-Stokes equations in
some unbounded domain Q with nonhomogeneous boundary conditions. We apply the so-called
uniformly w-limit compact approach to nonhomogeneous Navier-Stokes equation as well as a
method to verify it. Assuming f € L2 ((0,T);L?(Q)), which is translation compact and ¢ €

loc
C;(]RJr ; H?2(R! x {£L})) asymptotically almost periodic, we establish the existence of the uniform

attractor in H'(Q).
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1. Introduction

We study the long-time behavior of a uniform flow past and infinitely long cylindrical obstacle.
We will assume that the flow is uniform in the direction x of the axis of the cylindrical obstacle
and the flow approaches U ey farther away from the obstacle. In this respect, we can consider
a two-dimensional flow and assume that the obstacles are a disk with radius r (more general
obstacle can be treated in exactly the same way). A further simplification is to observe that since
the flow is uniform at infinity, we may assume that the flow is in an infinitely long channel with
width 2L (L > r) and the obstacle is located at the center, while the flow at the boundary of
the channel is almost the uniform flow at infinity. More precisely, we assume that the flow is
governed by the following Navier-Stokes equations in Q = R! x (=L, L) \ B,(0)(L > r):

%—? -vAu+ (u-V)u+Vp=f,

divu =0,
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u=¢ onoQ={y==L},
u=0 on 08, =0B,,
u=Ugye, if x — +oo,
(1.1)

where f € L? ((0,T);L*(Q)) is translation compact and ¢ — U e, € C;(]RJH' H2(R! x {£L})) is

loc
called asymptotically almost periodic, that is, for any € > 0, there is a number [ = I(¢) such that

for each interval (a, @ + 1), & € R,, there exists a point T € (a, a + ) such that

u(p(s+7),0(s)) <e Vs >1 (1.2)

(the number 7 is called the e-period of the function ¢) (see [1]), where u is the metric in
Ch(R.; H2 (B! x [£L)).

The basic idea of our construction is motivated by the works of [2] where an attractor +#
in space L*(Q) to which all solutions approach as t — oo was shown. In this paper, we verify
the existence of uniform attractors in space H! by using a noncompactness measure method.

We assume that the following Poincaré inequality holds:

there exists A; > 0 such that MJ‘ $?dx < f [Vo[2dx, V¢ e Hj(Q). (1.3)
Q Q

Throughout this paper, we introduce the spaces
v={ue(@Q)4V-u=0in Q, u-n=0 on 0Q},
H = closure of v in L%(Q),
V = closure of v in H}(Q),
| -], the L*(Q) norm,
|| - ]|, the norm in V,
(+,+) the inner product in H or the dual product between V and V’,
((-,+)) the inner productin V.
Here V' is the dual of V = V;. The constants C(c) are considered in a generic sense, which is

independent of the physical parameters in the equations and may be different from line to line
and even in the same line.

2. Setting of the problem
The first simplification is to introduce the new variables

u=u-Uygey, p=0p-Ugey. (2.1)
Then i satisfies the equations

%—?—vAﬁ+(ﬁ~V)ﬁ+umaxﬁ+Vp=f,
divii =0,
u=0@ onoQ={y==L}, (22)
u=-Uye, on 0Ly =08,

u=0 if x — +oo.



Delin Wu

3

We observe that ¢ € C;(R+ ; H2(R! x {£L})) and is asymptotically almost periodic. Note that #
and ¢ decay nicely near infinity. However, the boundary condition is not homogeneous, and
thus we apply a modified Hopf’s technique (see [2-5]) to homogenize the boundary condition.

More specifically, we choose

|sma(s)| < ﬁ

- Ly s
-¢1(x, L; t)fo M <L_e> ds,

L+y s
(’ﬁl (x/ _L/ t)J‘ 711 <L_>dsl

and we define, fore < 1,

B =4
0,

192 — _uoo 2
0,

we then define

1,(0) =0,

v
|571,2(5)| < m,

£

ni € C*([0,1]), supp ;i C [O, %],

1
f m(s)ds=0, m(0)=1,
0

15,(0) =0,

L
for - L
or 5 <y<L,

L
for — I =
or <y<--,

otherwise,

for r < 4/x%2 +y% < 2r,

otherwise.

¢' = curl & = (8,8, -8,0"), i=1,2.

Observe that ¢! = ¢ at y = £L and ¢ = ~U.e, at dB,. If we set

then v satisfies

d
=i+vA<P—(4r'V>¢—Uwax<p+f

v=1uU-(,

=G(e,v,Uy,1,Lt)+ f=F,

ov B
ot
1
ot
divo =0,
v=0 ono0Q,
v(T) = U;.

where ¢ = ¢ + ¢,

— VAU + (v-V)vo+ (v-V)p+ (p-V)o+U0,v+ Vp

v
|571§(S)| < m,

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

It is easy to check that for fixed ¢, v, Uy, 1, and L, the right-hand side of (2.7) G € Cy(R;
L2(Q)) (see [2]) is asymptotically almost periodic.
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3. Abstract results

Let E be a Banach space, and let a two-parameter family of mappings {U(t,7)} = {U(t,T) |t >
T, T € R} acton E:

U(t,t):E—E, t>1, TER. (3.1)
Definition 3.1. A two-parameter family of mappings {U(t, T)} is said to be a process in E if

Ut s)U(s,t)=U(t,T), Vt>s>T1, TER,

3.2
U(r,t)=1d, TeR. (32)

A family of processes {U,(t,T)}, 0 € X, acting in E is said to be (E x %, E)-continous, if
forall fixed tand 7, t > 7, T € R, the mapping (u, o) — U (t, T)u is continuous from E x X into
E.

A curve u(s), s € R, is said to be a complete trajectory of the process {U (¢, T)} if
U(t, t)u(t) =u(t), Vt>t, TER. (3.3)

The kernel X of the process {U(t, )} consists of all bounded complete trajectories of the
process {U(t,T)}:

K = {u(-) | u(-) satisfies (3.3) and ||u(s)|| < M, for s € R}. (3.4)
The set
K(s) = {u(s) |u() e K} CE (3.5)

is said to be the kernel section at time t =s, s € R.
We consider the two projectors I'l; and I, from E x X onto E and X, respectively,

Ii(u,0) =u, Il(u,o0)=o0. (3.6)
Now we recall the basic results in [1].

Theorem 3.2. Let a family of processes {Us(t,T)}, 0 € Z, acting in the space E be uniformly
(w.r.t.oc € X) asymptotically compact and (E x X, E)-continuous. Also let X be a compact-metric
space and let {T(t)} be a continuous-invariant (T (t)Z = X) semigroup on X satisfying the translation
identity

Us(t+s,T7+5) =Ureos(t,T), YoeX t>1, TeR, s>0. (3.7)

Then the semigroup {S(t)} corresponding to the family of processes {Us(t,T)}, o € X, and acting on
E x 3,

S(t)(u,0) = (Us(t,0)u,T(t)o), t>0, (u,0) € ExZ, (3.8)

possesses the compact attractor o4 which is strictly invariant with respect to {S(t)} : S(t)A = A4 for
all t > 0. Moreover,
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() Ihie#A = H#1 = As is the uniform (w.rt. o € X) attractor of the family of processes
{Us(t,T)}, o€

(11) H2e4 = e42 = Z,’
(iii) the global attractor satisfies

o = |J£o(0) x (0); (3.9)

o€EX

(iv) the uniform attractor satisfies

Az = o1 = | JX,(0). (3.10)

[l

Here K (0) is the section at t = 0 of the kernel X of the process {U(t, T)} with symbol o € %.

For convenience, let B; = (J,csU,s; Uo (s, t) B, the closure Boftheset Band R, = {t € R |
t > 7}. Define the uniform (w.rt. o € X) w-limit set w5 (B) of B by wrs (B) = N, B; which
can be characterized with, analogously to that for semigroups, the following:

Y € wy,5(B) & there are sequences {x,} C B, {0,} CX, {t,} CR, (3.11)
such that t, — +o0, Uy, (t,, T)x, — ¥ (n — o0). .

We will characterize the existence of the uniform attractor for a family of processes sat-
isfying (3.7) in terms of the concept of measure of noncompactness that was put forward first
by Kuratowski.

Let B € B(E). The Kuratowski measure of noncompactness «(B) is defined by

x(B) =inf {6 >0 | B admits a finite covering by sets of diameter < &}. (3.12)

Definition 3.3. A family of processes {U(t,T)}, 0 € %, is said to be uniformly (w.r.t. 0 € %) w-
limit compact if for any 7 € R and B € B(E) the set B; is bounded for every t and lim;_,.,x(B)
=0.

We present now a method to verify the uniform (w.rt. ¢ € X) w-limit compactness (see
(6, 71).

Definition 3.4. A family of processes {U,(t,T)}, o € %, is said to satisfy uniformly (w.r.t. o € X)
condition (C) if for any fixed 7 € R, B € B(E), and € > 0, there exist ty = t(7,B,¢) > T and a
finite-dimensional subspace E; of E such that

(i) P(UpesUsi,Uos (t, T) B) is bounded;
@(ii) [(I = P)(UpesUpst,Uo(t, T)X)[| < €, VX €B,

where P : E — E; is a bounded projector.
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Therefore we have the following results.

Theorem 3.5. Let X be a compact metric space and let {T(t)} be a continuous invariant semigroup
T(t)X = X on X satisfying the translation identity (3.7). A family of processes {Uy(t,T)}, 0 € %,
acting in E is (ExX, E) (weakly) continuous and possesses the compact uniform (w.r.t.c € X) attractor
As satisfying

Az = wy,x(By) = wrs(Bo) = | £5(0), VTER, (3.13)

oeX
if it
(i) has a bounded uniformly (w.r.t.c € X) absorbing set By,
(ii) satisfies uniformly (w.r.t.c € X) condition (C).

Moreover, if E is a uniformly convex Banach space then the converse is trie.

4. The attractor of the nonhomogeneous Navier-Stokes equations

We say that v is a weak solution of (2.7) if

v,eH, ©velL®0,T;H)nL*0,T;V), (4.1)
%(v,w) +a(v,w) +b(v, g, w) + by, v,w) +b(v,v,w) + b(Uy ex,v,w) = (F,w) in V',

fort>0, Vwey,

v(T) = v,
(4.2)

in the distributional sense, where a(v, w) = (Av, w)y, . The well-posedness of (4.2) can be de-
rived using a standard Faedo-Galerkin approach. It can be viewed as a family of semiprocesses
on H with the symbol space X defined as

=5 x3 = g+ 7)) g X {FC+7)} 00 (4.3)

endowed with the product norm of the supremum norm on Cp,(R,; H*(Q)) (for ¢) and the
supremum norm of Cp(R,; L?(Q)) (for G) or the norm of Lfoc((O, T); L*(Q)) (for f). The symbol
space X is a compact space by our assumptions on ¢ and f, and the explicit construction of ¢

and F. For each v, € H and ¢ = (0!,0%) € X, t > 7, U,(t,T)v, is the solution in V' to

do

ot vAv + B(v,v) + B(v,0') + B(0',v) + B(Uy ey, v) = Po?, t>T,

(4.4)
U(T) =0,

where A : V — V' is the Stokes operator defined by

(Av,w) = (Vu,Vw), Yov,weV. (4.5)
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B(u,v) is a bilinear operator H) x H; — V' defined by
(B(u,v),w) =b(u,v,w), Yu,ve H&, Yw eV, (4.6)

and P is the Leray-Hopf projection from L*(€2) onto H.

We can also define on X the semigroup {T(s) },,, given by T(s)o(t) = (T(s)o)(t) = o(t +
s), Vt > 0, Vs > 0, Vo € X. Since the symbol space X is compact, the semigroup {T'(s)},, is
continuous and compact and in particular asymptotically compact. It is then obvious that this
family of semiprocesses satisfies the translation invariance property.

Now recall the following facts that can be found in [6].

Lemma 4.1. Assume that f(s) € L2(R;E) is translation compact, then for any € > 0, there exists
71 > 0 such that

t+n
supj £ ()]5ds < e. 4.7)
teR Jt

Since A™! is a continuous-compact operator in H, by the classical spectral theorem, there
exists a sequence {\;}?

j=1"

0<)L1§J\2§S)L]S, J\j—>+OO,aSj—>OO. (48)
Now we will write (4.4) in the operator form
atv = AO‘(t) (U), U|t:T =Ug, (49)

where 0(s) € X is the symbol of (4.9). Thus, if v, € H, then problem (4.9) has a unique solution
v(t) € C([0,T]; H)NL?([0,T]; V). This implies that the process {U,(t, 7)} given by the formula
U, (t, T)vr = v(t) is defined in H.

Let

Ko={vs(x,t) for t € R | vs(x,t) is the solution of (4.9) satisfying ||vs(-,1)||,; < My Vt € R}
(4.10)

be the so-called kernel of the process {U(t, T)}.

Proposition 4.2. The process {U(t, T)} : V — V associated with (4.9) possesses absorbing sets
B={veV]||v|<p} (4.11)

which absorb all bounded sets of V' in the norm of V.

Proof. Multiplying (4.4) by Av, we have
<%,Av> + (vAv, Av) + (B(v,v), Av)
+ (B(v, (pl + (pz),Av) + (B(q,r1 + (p2,v),Av) + (B(Uxex,v), Av)
(4.12)

0 1
= <a—q;,Av> +v(A(¢' +¢?), Av)

- (B(¢" + ¢, ¢' +¢7), Av) — (B(Unex, ¢ +¢%), Av) + (f, Av)
= (F/ AU)/
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that is,
1i||v||2 +v|Av]* + (B(v,v), Av)
24t T
+ (B(v, ¢ +¢?), Av) + (B(y' +¢2,0), Av) + (B(Uopex, v), Av) (4.13)
= (F, Av),
thus,
14101 + vlAvp < |(B(v,0), A0)| + | (B(o, ¢ + ¢2), Av)|
2dt = o ’ (4.14)
+|(B(¢" + ¢?,v), Av)| + |B(Unex, v), Av)| + | (F, Av)|.
We have to estimate each term in the right-hand side of (4.14).
First, we recall some inequalities [8]
|V 2[u]|?||0]|V/?|Av|'/?, Yu €V, ve D(A),
|B(u,v)| < C (4.15)
[u|"2| AulY? |||, Yu e D(A), veV.
By using Young’s inequality, we have
1/2 32 Y 2 C o
|(B(v,v), Av)| < Clo]"?||v|[| A0’ < 1otAvl” + Slollloll (4.16)

By (2.3)-(2.5) and Cauchy’s inequality, we have

v
+|
[2(1-e<y/L<1) L+y

1 1 °
|(B(o.g), 40)] < [ ol| vy 10d < ([ 2 et o)

: (” (L-y)Vy' ||L°°(1—s<y/L<1) +][(L+y) V¢! ||L°°(—1<y/L<—1+s)) |Av|
<since the support of ¢! is in {1—£< % < 1} U { -1< % <—1+£}>

< k|vv|((L£)2<”‘Plx”Lw(]Rlxl:tL]) + ”(Plxx”Lw(]Rlx[:tL])) + Le (|1 — uwlle(Rlx{:tL}))lAvl'
(4.17)

Thanks to Hardy’s inequality and (2.3)—(2.5), we have

| (B(v, qu),Av)| < fQ|v||V¢2||Av|

\/x2+y?
\/x2+y?—r r
LZ(BZr\Br) Lw(BZV\Br)

< 4r|Vol|Us| (|sm1(s)| o +4|s(11(s) + 11 (5)) | 1) |AD.

IN
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Using (2.3)—(2.5), provided we choose € small enough (see [2]), one can obtain

v
|(B(o,y"), Av)| < 25| Ao,

» (4.19)
|(B(v,¢?), Av)| < EIAUF'
Since F € L*(Q), we have
5|F7
LA Q) (4.20)
< < — -
|(F, Av)| < [Flr2)|Av| < 1O|AU| o
Putting (4.16)—(4.20) together, there exists a constant M > 0 such that
d, o 2 T2 2, €24
1217+ vhalloll” < C{ SIFF +cllol” + ool + M ). (4.21)

Similarly to [9, I 2.2], applying the uniform Gronwall’s lemma, we can obtain |[v|]> < p%. O

The main results in this section are as follows.

Theorem 4.3. If f € leoc((O,T);LZ(Q)) is translation compact, then the processes {Us(t, T)} corre-
sponding to problem (4.9) possess the compact uniform (w.r.t. T € R) attractor Ao in V which coincides

with the uniform (w.r.t. ¢ € X) attractor Us of the family of processes {Us(t, T)}, 0 € %,

Ay = As = wos(B) = | JKs(0), (4.22)

o€eX

where B is a uniformly (w.r.t.c € X) absorbing set in V and K is the kernel of the process {U(t, T)}.
Furthermore, the kernel X, is nonempty for all o € .

Proof. Using Proposition 4.2, the family of processes {U(t, T)}, 0 € X, corresponding to (4.9)
possesses the uniformly (w.r.t. o € X) absorbing set in V.

Now we prove the existence of the compact uniform (w.r.t. o € X) attractor in V by
applying the method established in Section 3, that is, we prove that the family of processes
{Us(t,T)}, 0 € %, corresponding to (4.9) satisfies uniformly (w.r.t. ¢ € X) condition (C).

As in the previous section, for fixed N, let H; be the subspace spanned by w;, ..., wn,
and H the orthogonal complement of H; in H. We write

v=v1+v;, viE€H;, v,€H, for any veH, (4.23)

where v(t) = v1(t) + vy (t) is a solution of (4.4).
Multiplying (4.4) by Av;(t), similarly to the proof of Proposition 4.2, we have

(Z—Z;,Aw) + (vAv, Avy) + (B(v,v), Avy)

+ (B(v, ¢ + ¢2), Avy) + (B(¢! + ¢2,0), Avy) + (B(Unes, v), Avs) (4.24)

= (F, sz),
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thus,
L ol 4 v] Ao < [(Bo,0), Av)| + | (B(o, 4 +¢7), Av)]
2 dt (4.25)
+|(B(¢' + ¢?,v), Ava) | + |B(Uwex, v), Avo) | + |(F, Avy)|.
To estimate (B(v, v), Av,), we recall some inequalities [10]
|Aw| )1/2
W|iwioz < Cllw||{ 1+1og ——— 4.26
from which we deduce that
[ulL=(@) |V,
|B(u,v)| < (4.27)
[ul|Vo|L=(),
and using (4.26)
Au 2 1/2
ol (1+1og {7 )
|B(u,v)| < c ! (4.28)

1/2
|A3/2,U|2>
ul|Av <1 +log ————
|u||Av] &\ A0

Expanding and using Young’s inequality, together with the first one of (4.28) and the second
one of (4.15), we have

|(B(v,v), Avy) | < |(B(v1,01 + v2), Avo) | + | (B(02, 01 + v2), Avy) |
< CD2||v ||| Ava| (J[os || + [[oal]) + Cloa| [ Avs |2 ([[o || + [[oall)  (4.29)

< —|A +—p"D+—p°, t>ty+1,
10' Z)2| Vp v3P 0

where we use

|Av:|* < L]l (4.30)
and set
D= (1 + logimﬂ). (4.31)
M

Next, similarly to (4.19), we have
|(B(v,¢), Av)| < 35 |Awa”,

(4.32)
|(B(v,4%), Avy) | < =] Ava|.
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Since G € Cy(R; L2(Q)) and f € L2 ((0,T); L*(X2)), one can obtain

loc

|(F, Av2)| < |(G, Av2) [ + [ (f, Av2)|

4.33)
v 2 5 2 (
< — — .
< 10|Av2| + 2v|f| +c
Combining with (4.29)-(4.33), there exists a constant M = M(p, v, D) > 0 such that
d 1 M
D ool + v o] < C<;|f|2+7>. (4.34)
By the uniform Gronwall’s lemma, it follows from (4.34) that
M t
”02”2 < ”'Uz(to i 1) ||26—v/\m+1(t—(t0+1)) + vS)L » + %jt 13_V)L'"+1(t_s)|f|2d5. (435)
m o+

Since f € L?(Q) is also translation compact, using [1, Lemmas 4.1 and 1I-1.3] by Chepyzhov
and Vishik, for any ¢, we have

CM €
2\ S 3’
o ml i i (4.36)
= e a9 f°ds < <.
v J‘t0+1 f 3
Using (4.8) and letting t; = to + 1+ (2/v A1) ln(3p2/ €), then t > t; implies
pre hma(t=(tat) < g (4.37)
Therefore, we deduce from (4.35) that
o2 <e, VE=t, (4.38)

which indicates that {U((t,7)}, f € X satisfying uniformly (w.r.t. f € X) condition (C) in V.
Applying Theorem 3.5, the proof is complete. O
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