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We investigate the existence of positive solutions of singular problem (-1)"x®"1 = f(t,x,...,
x@m), x(0) = 0, x®D(0) = x?D(T) =0,1 < i < m. Here, m > 1 and the Carathéodory function
f(t, xo,...,X2,) may be singular in all its space variables xy, ..., X2,. The results are proved by

regularization and sequential techniques. In limit processes, the Vitali convergence theorem is
used.

1. Introduction

Let T be a positive constant, | = [0,T] and R- = (-0,0), R, = (0,00), Ry = R\{0}. We consider
the singular complementary Lidstone boundary value problem

(=1)mx@m+D) () = f(t,x(t),...,x<2m> (t)), m>1, (1.1)

x(0)=0, x@D0O)=xPV(T)=0, 1<i<m, (1.2)
where f satisfies the local Carathéodory function on J x ® (f € Car(J x D)) with

R2 xRy x R xRy x Ry x---x R, xRy if m=2k-1,

D=9 k-1 ) (1.3)
R xRy xR xRy xRy x--- xR xRy if m=2k.

~
4k+1
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The function f(t, xo, ..., X2n) is positive and may be singular at the value zero of all its space
variables xg, ..., Xom.

Leti € {0,1,...,2m}. We say that f is singular at the value zero of its space variable x; if
fora.e.t € Jand all xj, 0 < j <2m, j#isuch that (xo,...,xi,..., X2m) € D, the relation

lim f(t,xo,...,%i,..., X2om) = 0 (1.4)
x;i—0

holds.

A function x € AC?™(]) (i.e., x has absolutely continuous 2mth derivative on J) is
a positive solution of problem (1.1), (1.2) if x(t) > 0 for t € (0,T], x satisfies the boundary
conditions (1.2) and (1.1) holds a.e. on J.

The regular complementary Lidstone problem

(-1)"x@mD (4) = h(t,x(t),...,x(q) (t)>, m>1, qfixed, 0<g<2m,
(1.5)
x(0)=ap, x®VO0)=a;, xPV(1)=p, 1<i<m

was discussed in [1]. Here, h : [0,1] x R9"! — R is continuous at least in the interior of the
domain of interest. Existence and uniqueness criteria for problem (1.5) are proved by the
complementary Lidstone interpolating polynomial of degree 2m. No contributions exist, as
far as we know, concerning the existence of positive solutions of singular complementary
Lidstone problems.

We observe that differential equations in complementary Lidstone problems as well as
derivatives in boundary conditions are odd orders, in contrast to the Lidstone problem

(-1)"x@m) () = p(t,x(t), . ..,x(r)(t)>, m>1, rfixed, 0<r<2m-1, 16
x®0)=a;, x®1)=b;, 1<i<m-1,

where the differential equation and derivatives in the boundary conditions are even orders.
For a; = b; = 0 (1 <i < m-1), regular Lidstone problems were discussed in [2-9], while
singular ones in [10-15].

The aim of this paper is to give the conditions on the function f in (1.1) which gua-
rantee that the singular problem (1.1), (1.2) has a solution. The existence results are proved
by regularization and sequential techniques, and in limit processes, the Vitali convergence
theorem [16, 17] is applied.

Throughout the paper, x|l = max{|x(t)| : t € J} and ||x[lcx = Sp_o x®|leo, 7 > 1
stands for the norm in C°(J) and C"(J), respectively. L!(J) denotes the set of functions
(Lebesgue) integrable on | and meas M the Lebesgue measure of M C J.

We work with the following conditions on the function f in (1.1).

(H1) f € Car(J x D) and there exists a € (0, o) such that
a< f(t,xo,..., Xom), (1.7)

for a.e.t € J and each (xg,...,x2m) € D.
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(H») For a.e.t € J and for all (xo, ..., X2n) € 9, the inequality

2m 2m
f(t/xol---/xzm)§h<t12|xi|> + > w;i(|x]) (1.8)
j=0 j=0

is fulfilled, where h € Car(J x [0,00)) is positive and nondecreasing in the second
variable, w;j : R, — R, is nonincreasing, 0 < j < 2m,

T T2m+1 _
—— if T#1,
limsup~ [ h(t,Kv)dt<1, K=4 T-1 "17
v U0 2m+1 i T=1,
1 1 1.9
fo wy; <sz>ds < o0, fo wrjs1(s)ds< oo if0<j<m-1, (19)

1
J. wWom(s)ds < co.

0

The paper is organized as follows. In Section 2, we construct a sequence of auxiliary
regular differential equations associated with (1.1). Section 3 is devoted to the study of
auxiliary regular complementary Lidstone problems. We show that the solvability of these
problems is reduced to the existence of a fixed point of an operator <. The existence of a fixed
point of < is proved by a fixed point theorem of cone compression type according to Guo-
Krasnosel’skii [18, 19]. The properties of solutions to auxiliary problems are also investigated
here. In Section 4, applying the results of Section 3, the existence of a positive solution of the
singular problem (1.1), (1.2) is proved.

2. Regularization

Let m be from (1.1). For n € N, define yn, ¢, Tum € C°(R), R, C R, and ®, C Rl by
the formulas

1 1
u foru>-—, —— foru>-—,
) =4 T pw=4 " "
— foru<-—, u foru<-—,
n n n
xn ifm=2k-1, ( 1] [1 > (2.1)
Tn,m = ]Rn = -0, —— U —,00 |,
@, if m=2k, n n

%nz]Rzx]Rnx]Rx]Rnx]Rx---x]Rx]R,i,
2mal
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Let f € Car(J x 9®). Chose n € N and put

*
fn (t/ X0, X1,X2,X3, X4y, X2m-1, me)

= f(t, xn(x0), Xn(x1), X2, Qu(x3), X4, - ., Tum(X2m=1), Xom )

(2.2)

for (¢, x0, X1, X2, X3, X4, . .., Xom-1, Xom) € | x D,. Now, define an auxiliary function f, by means

of the following recurrence formulas:

fn,(](t/x()/xl/' . -/me) = f;(t/ xO/ xl/' . -/x2m) fOI‘ (t/ xO/ xl/' . -/x2m) E ] X 91’1/

fn,i(t/ xO/ xl/ ... /me)

. 1
fn,i—l(t/ xO/ xl/‘ . -/me) 1f |x2i| 2 —

n
n 1 1
= Y fn,ifl t/x()/"'/xzifl/ =, X2i+1, -+ -, X2m x2i+_
=42 n n

1 1 . 1
~fnic1 £ X0, - .., X201, ==, X2i41, -+, Xom ) | X2i — = if x| < =,
n n n

\

for1<i<m,and

fn(t/ xO/ xl/‘ . -/me) = fn,m(t/ xO/ xl/‘ . -/me) fOI‘ (t/xO/xll‘ . -/me) € ] X ]Rzm+1'

Then, under condition (Hy), f, € Car(J x R?"*1) and

a< fu(t,xo,x1,...,%0,) forae.te ] and all(xg,x1,..., Xom) € R¥m+L

Condition (H>) gives

j=0

2m 2m
Fult, x0,x1, ..., %0m) < h<t,2m+1 +Z|x]-|> +Z(w]-(|x]-|) +wj(1)),
=0

for a.e. t € J and all (xq, x1,..., %) € ]Ri%m”,

2m 2m 1
fu(t,x0,x1,...,%X0m) < h t,2m+1+Z|x]-| +Zw7<ﬁ>,
=0 =0

for a.e. t € J and all (xo,x1,..., Xom) € RZ™HL,

We investigate the regular differential equation

(-1)"x@m D (4 = f, (t, x(t), ..., x@m (t)>.

If a function x € AC?"(]) satisfies (2.8) for a.e. t € J, then x is called a solution of (2.8).

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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3. Auxiliary Regular Problems

Let j € N and denote by Gj(t, s) the Green function of the problem
@) =0, x®0)=x*(T)=0, 0<i<j-1.
Then,

E(t—T) for 0<s<t<T,

Gl(tls) = ¢

T(S—T) for0<t<s<T.
By [2, 3, 20], the Green function G; can be expressed as

T
G;(t,s) =f Gi(t, 7)Gja (7, s)dr, j>1,
0

and it is known that (see, e.g., [3, 20])

(-1)/Gj(t,s) >0 for (t,5) € (0,T) x (0,T), j > 1.

Lemma 3.1 (see [10, Lemmas 2.1 and 2.3]). For (t,s) € J x ] and j € N, the inequalities

. T2i-3
(1)/G;(t,5) < —s(T =),

. T27-75
(-1)Gj(t,s) > Wts(T -t)(T - s)

hold.

Lety € L1(J) and let u € AC*"~1(J) be a solution of the differential equation
(=)™ u®™ () = y(t),

satisfying the Lidstone boundary conditions

u®0)=u®(T)=0, 0<i<m-1.

It follows from the definition of the Green function G; that

T
(-1 u® (1) = (-<1)™7 fo Gm-j(t,s)y(s)ds forte], 0<j<m-1.

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)



6 Boundary Value Problems

It is easy to check that x € AC?"(J) is a solution of problem (2.8), (1.2) if and only if x(0) = 0,
and its derivative x’ is a solution of a problem involving the functional differential equation

0

(=1)"u®™(t) = f, <t, ft u(s)ds,u(t), .. .,u<2m-1>(t)> (3.10)

and the Lidstone boundary conditions (3.8). From (3.9) (for j = 0), we see that u € AC*"~1(J)
is a solution of problem (3.10), (3.8) exactly if it is a solution of the equation

T s
u(t) = (-1)" fo Gm(t, s) fu <s, fo u(t)dr, u(s),. ..,u<2m*1>(s))ds, (3.11)

in the set C*™"1(J). Consequently, x is a solution of problem (2.8), (1.2) if and only if it is a
solution of the equation

x(t) = (1) ﬂ <LT Gon(s, 7 fa (7, x<7‘, .. .,x(zm)(7)>>d7> ds, (3.12)

in the set C*™(J). It means that x is a solution of problem (2.8), (1.2) if x is a fixed point of the
operator # : C?™(J) — C?"(J) defined as

t /(T
() (t) = (—1)mf f Gm(s, ) fn<T,x<T,...,x(2m) (’T)))dT ds. (3.13)
o\Jo
We prove the existence of a fixed point of # by the following fixed point result of cone

compression type according to Guo-Krasnosel’skii (see, e.g., [18, 19]).

Lemma 3.2. Let X be a Banach space, and let P C X be a cone in X. Let £1,€ be bounded open
balls of X centered at the origin with Qi C Q. Suppose that F : PN (\Q1) — P is completely
continuous operator such that

[Fx|| > ||x|| for x € PN oLy, [Fx|| < |lx|]|  for x € PN oLy (3.14)

holds. Then, § has a fixed point in P N (ﬁz \ Q).
We are now in the position to prove that problem (2.8), (1.2) has a solution.
Lemma 3.3. Let (H,) and (H,) hold. Then, problem (2.8), (1.2) has a solution.

Proof. Let the operator & : C>™(J) — C*"(]) be given in (3.13), and let

P= {xesz(]):x(t)ZOforte]}. (3.15)

Then, P is a cone in C>"(J) and since (-1)"Gn(t,s) > 0 for (t,s) € (0,T) x (0,T) by (3.4) and
fn satisfies (2.5), we see that # : C>"(J) — P. The fact that < is a completely continuous
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operator follows from f, € Car(J x R>™*1), from Lebesgue dominated convergence theorem,
and from the Arzela-Ascoli theorem.
Choose x € P and put y(t) = (Hx)(t) fort € J. Then, (cf. (2.5))

(~1)"y @D gy = §, <t,x(t),...,x(2m)(t)> >a>0 forae te]. (3.16)

Since y(0) = 0 and y®1(0) = y*(T) = 0 for 1 <i < m, the equality y/)(¢;) = 0 holds with
some ¢; € J for 0 < j < 2m. We now use the equality y®™ (¢,,) = 0 and have

t
|y®maﬂ= f Y@ (5)ds| > alt — &| for te€ J. (3.17)
&om
Hence, ||y ||, > aT/2, and so
HJﬂkm>%§. (3.18)

Next, we deduce from the relation

T

t
(2m)
J‘gm fn<s,x(s),...,x (s))ds

and from (2.7) that

T 2m
|y(2m) (i‘)| < f h(s,2m+1+ ||x||can)ds + TZ ay(%) forteJ. (3.20)
0 j=0
Therefore,
T
v, < [ s 2m e 1+ hxtcapds +, 21)
© Jo

where V = TZ?Z}) wj(1/n). Since y (&) =0 for 0 < j <2m, we have

[ || <>y 0<j<om. (3.22)
The last inequality together with (3.21) gives
T
Iyllean < K [Jye] < I<< f (s, 2m + 1+ |[x]|can)ds + V>, (323)
© 0

where K is from (H>). Since x € P is arbitrary, relations (3.18) and (3.21) imply that for all
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x € P, inequalities (3.18) and

T
[|Hx|| cam < K(J. h(s,2m+ 1+ ||x||cam)ds + V>
0

hold. By (H>), there exists C > 0 such that

g

T
f h(s,2m+l+KU)ds+V> <1 Vo> %,
0

and therefore,

T
K<f h(s,2m+1+v)ds+V> <v Yv>C.
0

Let

aTl

a-{xecmime <3} @={xecmmiixe <c).

Then, it follows from (3.18), (3.24), and (3.26) that

[|Hx|| com > ||X||com  fOr x € PN 0Ly, | #x]|com < ||X]|c2m  fOr X € P N 0L,

The conclusion now follows from Lemma 3.2 (for X = C?"(]) and F = H#).

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

O

The properties of solutions to problem (2.8), (1.2) are collected in the following lemma.

Lemma 3.4. Let (H) and (H) be satisfied. Let x,, be a solution of problem (2.8), (1.2). Then, for all

n € N, the following assertions hold:

i) (—1)jx,<12j+1) () >0forte(0,T),0<j<m-1,and (—1)mx,(12m+1)(t) >aforaete],

2j+2)

(ii) x, is increasing on J, and for 0 < j <m -1, (—1)jx£l is decreasing on J, and there is a

unique &, € (0,T) such that x,(qzj 2 (&jn) =0,

(iii) there exists a positive constant A such that

|x;(12m) (t)| > Alt = ém-1,nl,

|02 At -gn)* fO<j<m-2,

V|2 AT -1 fo<j<m-1,

xn(t) > AP,

forte],

(iv) the sequence {x,} is bounded in C*™(J).

(3.29)



Boundary Value Problems

Proof. Let us choose an arbitrary n € N. By (2.5),
)" (4) = £, <t, xn(t),...,xilzm)(t)> >a forae. te],

and it follows from the definition of the Green function G; that the equality

T

()i (1) = (—1>m‘jf

0

Goney(t, ) f (5, %a(5), ., %™ (5) ) ds

(3.30)

(3.31)

holds fort € J and 0 < j < m — 1. Now, using (1.2), (3.4), (3.30), and (3.31), we see that

assertion (i) is true. Hence, (-1)/x,; (2j+2) 4

is decreasing on ] for 0 < j < m—1 and x, is increasing

on this interval. Due to x(ZI 1)(0) = nZH) (T) = 0for1 <i < m,thereexists aunique ¢;, € (0,T)

such that u(z] ) (&jn) = 0for 0 < j <m— 1. Consequently, assertion (ii) holds.
Next, in view of (2.5), (3.6), and (3.31),

T2(m=-j)-54

30m]1

2;+1)

(t)| 7Y f s(T - 5)ds

TZ(mfj) 2

Since

. t .
Xt = f 2 (s)ds

jn

and, by [13, Lemma 6.2],

t T )
f s(T - s)ds| > 3 (t=¢&in)",
jon
we have
2;+2) )-8 2 .
(t)|_m( é]'/n) fOI'te], OS]SWI—Z
Furthermore,

fn <s, xn(8), .-, X7 (S))ds

> a|t - gmfl,n|/ te ]/

ém—l,n

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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and (cf. (3.32) for j = 0)

2m-2

t . T a t
xn(t) = J.O xn(s)ds > W J.O S(T - S)dS
(3.37)
T2m72a ) T2m71a
=—— 3T -2t) > ———+ forte],
36 30m 1 ( )2 35 ggmat fortel

since x;, > 0 on (0, T) by assertion (ii). Let

T2m—1
A=a-minq1, A, Ay, ——— ¢, 3.38
a-min A2 (3.38)

where

TZ(m—j)—Z
Aj=min{ ——:0<j<m-14,
6 - 30m-i-1
(3.39)
T2(m=j)-3
Ay = min{ : i }

36 - 30mi2 0

Then estimate (3.29) follows from relations (3.32)—(3.37).
It remains to prove the boundedness of the sequence {x,} in C*"(J). We use estimate
(3.29), the properties of w; given in (H;), and the inequality

%t for0<t< %,
tT-t)> (3.40)

T
E(T—t) f0r5<t<T
and have

T
x" (s)| )ds < f W2 (Al = &m-1,])ds
0

1 Aém—l,n A(T_émfl,n)
=3 f woy(s)ds + f wWom(s)ds
0

0
2 AT
<2 fo wam(s)ds,

o

foZ) (s) |>ds < LT wWaj+2 (A(s - ,g]./n>2>ds

T
f w2j+2<
0

VA(T4in)

B (e
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\/—f W22\ S 2)ds for0<j<m-2,

T
e (g )|>ds<f Wi (As(T - 5))ds

/2 ATs g AT(T -5
<I (A)z]'+1<T>dS+J. w2j+1<%>ds
0 T/2

T
f W2j+1 <
0

4 (AT/4
< AT wjs1(s)ds for0<j<m-1,
0
T T VAT
1
wo(|lxn,(s)Nds < | wo( As? ds:—f wo(s*)ds.
[ antatoas < [ wo(as?)ds = —= [ ()
(3.41)
In particular,
T AT
fo w2m< X2 (s)|>ds < %J. wym (s)ds,
T 2
f wszrz( ]+)(s)| ds<\/_f wajs2( s >ds for0<j<m-2,
’ (3.42)
T AT?/4
w ()] )ds < — wyis1(s)ds for0<j<m-1,
[ @ (| )ds < 27 j j

IOT wo(jxn(s)|)ds < —— IIT w0<s >ds

for all n € N. Now, from the above estimates, from (2.6) and from x;(12m) (ém-14) = 0 for some
Em-1,n € (0,T), which is proved in (ii), we get

t

_ (ZM)

= me fn (s, Xy (8),..., (s)>

< J.OT fn (s, xn(s),. . ., x2m (s)>ds

h<s,2m+ 1+ ZZm xn. (s)|>ds + ZZm J‘T<w]-
=0 j=070

>ds+A,

(3.43)

D s)|) +wi())ds

h<s,2m+1+Z|
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where
VAT
2
A= 2 fo Wy (s)ds + J. wszrz( 2)ds
(3.44)
AT?/4 VAT 2m
* =7 f w1 (s)ds + — f ds +T D wj(1).
j=0
Notice that A < oo by (H;). Consequently,
T
|x <J. h s, ) ds+A forneNN (3.45)
0 ]
Since ||xn)|| Y ||xn m)ll for 0 < j < 2m, which follows from the fact that x<7 ) vanishes
in J by (1.2) and assertion (ii), inequality (3.45) yields
T
| X < f h<s, >ds +A forme, (3.46)
0 ]
where K is from (H;). Due to the condition
1 (T
lim sup— h(t Kov)dv <1 (3.47)
in (H>), there exists a positive constant S such that for all v > S the inequality
T
f h(t,2m+1+ Ko)dt+ A<wv (3.48)
0

is fulfilled. The last inequality together with estimate (3.46) gives ||x(2m)|| < Sforn e N

Consequently, ||x(7 ) l, < TS for0< j <2n,n €N, and assertion (iv) follows. O

The following result gives the important property of {f,(t, x,(f),..., (zm)(t))} for
applying the Vitali convergent theorem in the proof of Theorem 4.1.

Lemma 3.5. Let (H;) and (H>) hold. Let x,, be a solution of problem (2.8), (1.2). Then, the sequence
{ f (t, xn(t), .. ,x,?m)(t)) } c L'(J) (3.49)

is uniformly integrable on |, that is, for each € > 0, there exists 6 > 0 such that if M C ] and
meas M < 6, then

f f (t, xn(t), .. ,x,?’">(t)>dt <e forneN (3.50)
M
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Proof. By Lemma 3.4 (iv), there exists S > 0 such that for n € N, the inequality ||x,||c2n < S
holds. Now, we conclude from (2.5) and (2.6), from the properties of h and w; given in (H>),
and finally from (3.29) that for j € J and n € N, the estimate

a < fu(txa(t),..., x )

m-1
<h(t,2m+1+8) +wo(A?) + Y w)j (AHT —t))
°< ) g(; 2+ (3.51)

m-2 m
+ Dwnja( A= &n)") + @an(Alt = dnoral) + Ye0;(1)
j=0

j=0

is fulfilled, where A is a positive constant. Since the functions h(t,2m + 1 + S), wo(A#?), and
w2j+1(AHT —t)) (0 < j < m —1) belong to the set LY(J) by assumption (H), in order to
prove that { f, (¢, x,(t),. .., x;(12m) (t))} is uniformly integrable on J, it suffices to show that the
sequences

{wom (Alt = ém-1n]) }, {w2j+2 <A(f - éj,n)2> }, 0<j<m-2 (3.52)

are uniformly integrable on J. Due to fé wom(s)ds < oo and f; wrj(s*)ds <oofor1<j<m-1
by (H>), this fact follows from [13, Criterion 11.10 (with b = A and r = 1,2)]. O

4. The Main Result

The following theorem is the existence result for the singular problem (1.1), (1.2).

Theorem 4.1. Let (H;) and (H,) hold. Then, problem (1.1), (1.2) has a positive solution
x € AC*™(]) and

x(t)>0 forte(0,T], (-1Yx®V(t)>0 forte(0,T), 0<j<m-1. (4.1)

Proof. Lemma 3.3 guarantees that problem (2.8), (1.2) has a solution x,. Consider the se-
quence {x,}. By Lemma 3.4, {x,} is bounded in C*"(J]),

-1)xF () >0 forte(0,T), 0<j<m-1, (4.2)
and x, fulfils estimate (3.29), where A is a positive constant and ¢;, € (0, T). Furthermore,
the sequence {f,(t, xn(t),...,x,(qzm)(t))} is uniformly integrable on | by Lemma 3.5, and
therefore, we deduce from the equality (—1)mx£lzm+l) (t) = fu(t, x,(t), ... ,xilzm) (t)) forae.te ]
that {xilzm)} is equicontinuous on J. Now, by the Arzela-Ascoli theorem and the Bolzano-
Weierstrass theorem, we may assume without loss of generality that {x,} is convergent in
C?>m(J) and {&jn} is convergentin R for 0 < j <m —1. Let lim, X, = x and lim,, , .&jn = ¢;



14 Boundary Value Problems

(0 <j <m-1). Then x € C*"(]) and x satisfies the boundary conditions (1.2). Lettingn — o
in (3.29) and (4.2), we get (for t € J)

|x<2m> (t)| > At — &l |x<2f+2>(t)| >A(t-g) if0<j<m-2

(4.3)
(1) x@*D () > AT - ) if0<j<m—1, x(t) > AP
Keeping in mind the definition of f,, we conclude from (4.3) that
lim f, (t, xu(t), ..., x,ﬁzm)(t)) = f(t, x(t), ..., x@m (t)> for ae. t € J. (4.4)
n—oo

Then, by the Vitali theorem, f(t, x(t),..., x@m (t)) € L'(J) and

¢ t
lim Ofn <s, xn(s),...,x,(qzm)(s)>ds = f0f<s,x(s),...,x(zm)(s)>ds fort e J. (4.5)

n—oo

Letting n — oo in the equality

t
22 (1) = x2™ (0 4 f fa (s, xn(s), ..., x2™ (s)>ds, (4.6)
0
we get
t
x@m) (1) = x@m) (0) +f f<s,x(5),---,x(2m) (S)>d5 forte . (47)
0

As aresult, x € AC*(]) and x is a solution of (1.1). Consequently, x is a positive solution of
problem (1.1), (1.2) and inequality (4.1) follows from (4.3). O

Example 4.2. Consider problem (1.1), (1.2) with

= w . Pi(t)
f(t,x0,...,x2m) = p(t) + D> ar(t)]oxk™ + ; (4.8)
k=0 ||

on | x®, wherep, ax € L'(]), by € L*(]) (that is, by is essentially bounded and measurable on
J) are nonnegative, p(t) > a > 0forae.t € J.If ax € [0,1) for 0 < k < 2m and for € [0,1/2),
Pom, Pok+1 € [0,1) for 0 < k < m — 1, then, by Theorem 4.1, the problem has a positive solution
x € AC?(]) satisfying inequality (4.1).
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