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We study the existence and nonexistence of solutions for the singular quasilinear problem
~div(|x|["%|VulP~2Vu) = h(x) f (u)+AH (x) g (1), x € RN, u(x) > 0, x € RV, lim}y| o, ue(x) = 0, where
1<p<N,0<a<(N-p)/pand f(u) and g(u) behave like u” and u” withO <m <p-1<nat
the origin. We obtain the existence by the upper and lower solution method and the nonexistence
by the test function method.

1. Introduction

In this paper, we study through the upper and lower solution method and the test function
method the existence and nonexistence of solution to the singular quasilinear elliptic problem

—div<|x|’“p|Vu|p’2Vu> = h(x)f(u) + \H(x)g(u), x€RN,

(1.1)
u(x) >0, xeRY, lim u(x)=0

x| — o0

withl1<p<N,0<a< (N-p)/p, L >0.h(x),H(x) : RN — (0,00) are the locally Holder
continuous functions, not identically zero and f(u) and g(u) are locally Lipschitz continuous
functions.

The study of this type of equation in (1.1) is motivated by its various applications,
for instance, in fluid mechanics, in Newtonian fluids, in flow through porous media, and in
glaciology; see [1]. The equation in (1.1) involves singularities not only in the nonlinearities
but also in the differential operator.
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Many authors studied this kind of problem for the case a = 0; see [2-7]. In these
works, the nonlinearities have sublinear and suplinear growth at infinity, and they behave
like a function u* (k < p -1, or k > p — 1) at the origin. Roughly speaking, in this case we
say that the nonlinearities are concave and convex or “slow diffusion and fast diffusion”;
see [8].

When a =0, f(u) = u™, and g(u) = u"*, m < p — 1 < n, by using the lower and upper
solution method, Santos in [5] finds a real number 1y > 0, such that the problem (1.1) has at
least one solution if 0 < A < Ag.

For a, L #0, the existence and multiplicity of solution of singular elliptic equation like
(1.1) in a bounded domain Q with the zero Dirichlet data have been widely studied by many
authors, for example, the authors [9-13] and references therein. Assungdo et al. in [14] studied
the multiplicity of solution for the singular equations in (1.1) with h(x) = a|x|™"", H(x) =
Blx|=, f(u) = |u/™?u, and g(u) = |ul9%u in RN. Similar consideration can be found in
[15-20] and references therein. We note that the variation method is widely used in the above
references.

Recently, Chen et al. in [21, 22], by using a variational approach, got some existence
of solution for (1.1) with A = 0 and f(u) = u9, g > p— 1. For the case g < p —1, A > 0, the
problem for the existence of solution for (1.1) is still open. It seems difficult to consider the
case g < p — 1 by variational method.

The main aim of this work is to study the existence and nonexistence of solution for
(1.1), where f(u) is sublinear and g(u) is suplinear. We will use the upper and lower solution
method. To the best of our knowledge, there is little information on upper and lower solution
method for the problem (1.1). So it is necessary to establish this technique in unbounded
domain. To obtain the existence, the assumption M, < oo (see (2.17) below) is essential. By
this, an upper solution for (1.1) is obtained.

We also obtain a sufficient condition on h(x), H(x) to guarantee the nonexistence of
nontrivial solution for the problem (2.21). (see Theorem 2.5 below). It must be particularly
pointed out that our primary interest is in the mixed case in which 0 < m < p -1 < n with
H (x) satisfying

" _— 1/(p-1)
H, = f (s“““*’f NI (t)dt> ds <o, H(t)= max H (x), (1.2)
0 0

while h(x) satisfies
o s . 1/(p-1)
heo = J. <51*N+“PJ. thlh(t)dt> ds=o0, h(t)= max ax h(x). (1.3)
0

This paper is organized as follows. In Section 2, we state the main results and present
some preliminaries which will be used in what follows. We also introduce the precise
hypotheses under which our problem is studied. In Section 3, we give the proof of some
lemmas and the existence. The proof of nonexistence is given in Section 4.
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2. Preliminaries and Main Results

Let us now introduce some weighted Sobolev spaces and their norms. Let Q be a bounded
domain in RN with smooth boundary 0Q. If r € R! and p > 1, we define LP(Q, |x|™") as being
the subspace of LP(Q) of the Lebesgue measurable function u : Q — R!, satisfying

1/p
lellp,r = llullr @ = (f le’rlul”dx> < 0. (2.1)
Q

If1<p<Nand-ow<a< (N -p)/p, we define WP (Q, |x|~%) (resp., W(}'p(Q, ||~
as being the closure of C*(£2) (resp., C°(Q2)) with respect to the norm defined by

1/p
lu|| := (J. |x|7“p|Vu|pdx> . (2.2)
Q

For the weighted Sobolev space W'7(Q,|x|"%), we have the following compact
imbedding theorem which is an extension of the classical Rellich-Kondrachov compact
theorem.

Theorem 2.1 ((compact imbedding theorem) [13]). Suppose that Q C RN is an open bounded
domain with C' boundary and 0 € Q,1 < p < N, -0 < a < (N = p)/p. Then, the imbedding
WLP(Q, |x|7%) — LI(Q, |x|™) is compact if 1 < g < Np/(N —p), r < (1 +a)qg+ N(1-q/p).

We now consider the existence of positive solutions for problem (1.1). Our main tool
will be the upper and lower solution method. This method, in the bounded domain situation,
has been used by many authors, for instance, [10, 12, 13]. But for the unbounded domain, we
need to establish this method and then to construct an upper solution and a lower solution
for (1.1). We now give the definitions of upper and lower solutions.

Definition 2.2 (see [10, 12]). A function u € WP (RN, |x|7%) n L=(RY) is said to be a weak
lower solution of the equation

—div<|x|_“p|Vu|p_2Vu> =F(x,u), xecRN (2.3)
if

—diV<|x|7ap|VE|p72VE> <F(x,u), xeRN (2.4)
or

[ ivul P vuvpde< [ P 5)

forany ¢ € Cj(RY), ¢ > 0.
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Similarly, a function z € W (RN, |x|~%) N L*(RY) is said to be a weak upper solution
of (2.3) if

—div(|x|*“r’|va|r’*2va> > F(x, ), xeRY (2.6)
or

f x| |Val > Vuv ¢dx > f F(x,u)pdx, (2.7)
RN RN

forany ¢ € Cj(RV) and ¢ > 0 in RV.

A function u € WP (RN, |x|7%) n L*(RN) is said to be a weak solution of (2.3) if and
only if u is a weak lower solution and weak upper solution of (2.3).

A function v € W(Q,|x|™%) N L®(Q) is said to be less than or equal to w €
WP(Q, [x[7%) N L*(R) on 8Q if max{0,v - w} € W,?(Q, |x|).

Ifl <p < Nand -0 < a < (N -p)/p, we define the weighted Sobolev space
WP (RN, |x|™%) as being the closure of C(RY ) with respect to the norm | - || defined by

1/p
||u||=<f |x|'“P|Vu|de> ) (2.8)
RN

The following lemma will be basic in our approach.

Lemma 2.3. Let F(x,u) be Lipschitz continuous and nondecreasing in u and locally Holder
continuous in x. Moreover, assume that there exist the functions u,u € W (RN, |x|=%) N L*(RN)
such that

—div<|x|’“”|Vg|p72Vg> <F(x,u), xeRY,
—div<|x|—“P|Vﬁ|P‘2va) > F(x, ), x€RV, (2.9)

u(x) <u(x), ae. in RN,

Then, there exist a minimal weak solution Vy(x) and a maximal weak solution Uy(x) of (2.3)
satisfying

u(x) < Vo(x) < Up(x) <u(x), xeRY (2.10)

and Vo(x), Up(x) € WP (RN, |x|~%) N L= (RN).
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Proof. Denote Bx = {x € RN | |x| < k}, k = 1,2,.... Let 4, u be a pair of upper and lower
solutions of (2.3) with u(x) < %(x), a.e. in RN. We consider the boundary value problem

—div<|x|_“p|Vu|’”_2Vu> = F(x,u), x€ By,
(2.11)
u(x) =u(x), x € OBx.

By Theorem 1.1 in [10], one concludes that there exists ux(x) € W'P(By, |x|™") N
L*(Bx) which is a weak solution of (2.11) with u(x) < ux(x) <u(x) a.e.in By fork =1,2,....
We define its extension by

uk(x), x € By,
Uy (x) = B (2.12)
{uk(x) =%(x), x€Bj=RN\Bs.

Similarly, let vi (x) be a weak solution of the boundary value problem

—div<|x|_”’”|Vvk|’”_2VUk> =F(x,vx), Xx€ B,

(2.13)
vk(x) =u(x), x € 0B,
and its extension is defined by
Ok (x)/ X € Ek/
Vie(x) = (2.14)
vk(x) =u(x), xé€Bj.

Since u,u € W' (RN, |x|=%) n L*(RY), we have Vi(x),Ux(x) € WP(RN,|x|"%) N
L*(RN). By Theorem 2.4 in [12], we have

u(x) < Vi(x) < Va1 (x) < Ups1(x) < Ug(x) <7(x), aein RY (2.15)
for k=1,2,.... Inview of (2.15), the pointwise limits

Vo(x) = I}ijr;ovk(x), Uop(x) = I}iilgouk(x) (2.16)

exist and u(x) < Vo(x) < Up(x) <u(x) in RN.

Similar to the proof Theorem 1.1 in [10] and the proof of Theorem 7.5.1 in [23], it
is not difficult to get from Theorem 2.1 that U(x) is the maximal weak solution and Vj(x)
the minimal solution of (2.3), which satisfies (2.10) and Vy, Uy € WP (RN, |x|~%) N L= (RN).
This ends the proof of Lemma 2.3. O
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Our main results read as follows.
Theorem 2.4 (existence). Let 1 <p < N, 0 < a < (N —p)/p. Assume the following.

(A1) The nonnegative functions f(u), g(u) are Lipschitz continuous and nondecreasing, f(0) =
g(0) = 0. Additionally, sup,ot ™™ f (t) < co and sup,,t ™" g(t) <cc with0 <m<p-1<
n.

(Az) The nonnegative functions h(x), H(x) are locally Holder continuous. Let M(r) =
max|yj=r{ h(x), H(x)}. If

o s _ 1/(p-1)
M, = f (sl—N“‘PI tN—lM(t)dt> ds < oo, (217)
0 0

then there exists Ao > 0, such that A € [0, \y), and the problem (1.1) admits a weak solution u(x) €
WP(RN, |x|~) N L= (RY).

Theorem 2.5 (nonexistence). Let 1 <p < N,0< a < (N —p)/p. Assume that
(A3) 0<m<p-1<mn

(Ay) there exist ay, ay > 0 such that

[24] ar

= -1 —+—==1; .
g=a+m>p-1, n+m (2.18)
(As) the functions h(x), H(x) > 0in RN satisfy
lim sup (B; (R))™®D/™ (p; (R)) 2P~ D/MiRo < o, (2.19)

R—
wherecy = N -p(1+a) - N(p-1)/qand

Bi(R) =infH(x), bi(R)=infh(x), QR:{xe]RNlR5|x|§\/§R}, R>1. (220)

Then the problem

—div<|x|7”P|Vu|p72Vu> = h(x)u™ + H(x)u", x€RN,
(2.21)
u(x) >0, xeRN

has no nontrivial solution u(x) € WY (RN, |x|~%).
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Remark 2.6. If assumption (2.19) holds, then

o s 1/(p-1)
A, :f (Sl—NmpI tN—l(Bl(t)))tl (bl(t)))th> s ds = oo, (2.22)

0 0

with Ay =a1/n, Ay = ap/m.

In fact, for this case, there exist £y > 1 and Cy > 0 such that
(By(£))Y (b (1)) > Cot®/ P~V = CotN+(@/ (1) (N=p(1+a) (2.23)

for t > ty. Therefore,

e’} s 1/(P—1)
Ay > f <51*N+ar’ f tNL(B; (1)1 (bl(t))“dt> ds
0 ’ (2.24)
e f SU-Nrapq(N-p(1+a)/(-1)/ (1) gg = oo,
to

So, condition (2.19) implies (2.22).

3. Proof of Existence

Before proofing the existence, we present some preliminary lemmas which will be useful in
what follows.

Lemma 3.1. Suppose that p(x) >0, #£0 is local Holder continuous and satisfies

o s 1/(p-1)
Po = f (sl_NJ’“pf tN_lﬁ(t)dt> ds < oo- (3.1)
0 0

Then the problem

—div<|x|_“’”|Vu|’”_2Vu> =p(x), xeRV,
(3.2)
u(x) >0, xeRY, ‘l‘im u(x) =0

— 0

has a weak solution u(x) € WP (RN, |x|~%) N L*(RN), where p(t) = max|xj=tp(x).
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Proof. Let p(t) = minj,-;p(x). Then p(t) < p(t). Denote

[ee]

s 1/(p-1)
V(x|)=V(r) = f <51-N+‘1Pf tN-lp(t)dt> ds, r=|x|>0,
, £

r

(3.3)

© s 1/(p-1)
U(|x]) =U(r) = f <sl-N+“P fo tN-lp(t)dt> ds, r=|x|>0.
T

Obviously, lim|x— o V (|x]) = limjy— U (|x]) = 0and V(|]x]) < U(|x]|). Itis easy to verify
that

—div(|x|—“P|VV|P—2vv) =p(x), x€RN,
(3.4)
—div<|x|—“P|VU|P—2vu> =p(x), x€eRV.

This shows that V(|x|) (resp., U(|x|)) is a lower (resp., upper) solution of (3.2). Then
by Lemma 2.3, there exists a weak solution u(x) for problem (3.2) satisfying u(x) €
WP (RN, |x|~%) N L* (RN ), and

V(x|) <u(x) <U(|x]), xe€RN. (3.5)
O
Lemma 3.2. Let N > 3. If
1
«© 1/(p-1
f (+p(t)) "Vt <o, ifl<p<2, N>2+ap, (3.6)
1
2)
f tNP=2D+1+an) (p-D5(1dt < 00, if p>2, N >p(1l+a), (3.7)
0

one has pe, < oo.
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Proof. (1) Since1 <p <2,1/(p—1) > 1. By the Holder inequality, we obtain

© s 1/(p-1)
Poo =f <sl-N+“Pf tN-lp(t)dt> ds

0

. L 21/ -1
S_[ (1-N+ap)/ (p-1) (fs <tN_1ﬁ(t)>1/(P Ddt) <r dt> ds
0 0 0

- f % SG-Neap-p)/(p-1) f ’ <tN’1ﬁ(t)>1/ Y 44 ds (3.8)
0

9]

[os] [os]
:f ENDED (5 ()Y (P‘l’f sCN+app) /(-1 g gy
t

3 p-1 *® Lap= 1/(p-1)
_7N_2_apf0 <t p(t)) dt < oo

2)If p>2and N > p(a+1), wetakep’' = N - (N —-p(a+1))/(p —1) and then
p € (p(1+a),N).
Note that

1/(p-1)

1 s 1/(p-1) 1
J. <51—N+apf thlf_J(i’)dt) ds < <I f_)(i’)dt> < oo,
0 0 0

© s 1/(p-1) © ) s 1/(p-1)
f <sl-N+“Pf tN-lp(t)dt> ds gf stap 1)/ (1) (f t’”‘lﬁ(t)dt> ds

1 0 1 0

2 - _
< (p-1) (J' t(N(p72)+1+ap)/(p—1)ﬁ(t)dt> 1/(p-1)
~(p-2)(N-p(a+1)) \Jo

< oo.

(3.9)

This implies p, < oo and ends the proof of Lemma 3.2. O

Corollary 3.3. If p(t) = max|y—tp(x) satisfies the conditions in Lemma 3.2, then the problem (3.2)
admits a solution u(x) € WY (RN, |x|=%) N L= (RN ).

Lemma 3.4. Suppose that f(t) > 0 is nondecreasing and sup, ot f(t) < o0 withm < p - 1.
Additionally, let the function h(x) > 0 be locally Holder continuous and satisfy

3 s _ 1/(p-1)
he = f <51-N+‘1Pf tN‘lh(t)dt) ds < oo, (3.10)
0 0
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where h(t) = maX|x|-th(x). Then the problem

—div<|x|_“’”|Vu|’”_2Vu> =h(x)f(u), xeRV,

(3.11)
u(x) >0, xeRY, ‘l‘im u(x) =0
has a weak solution u(x) € WY (RN, |x|=%) N L* (RN ).
Proof. We first consider the problem
—div (P |Vul?Vu) = h(x), x€RY,
(3.12)

u(x) >0, xe€ RN, ‘l‘im u(x) =0.

— 0

By Lemma 3.1, there is a solution wy,(x) for (3.12) satisfying wy,(x) € WY (RN, |x|~%)n
L*(RN). In order to get the existence of solution for (3.11), we chose a pair of upper-lower
solution of the equation in (3.11) by means of wy(x).

Lett > 0. It is easy to verify that u;, = twy, is an upper solution of

—div<|x|’“”|Vu|”’2Vu> =h(x)f(u), xeRN (3.13)
if and only if
—div<|x|_“’”|Vuh|’”_2Vuh> > h(x)f(up), x€RN (3.14)
or
1> f(twy), x€RN. (3.15)

By the assumption on f(u), we know that there exists ¢o > 0, such that f(t) < cot™. So,
cot™lwnllZ > f(tllwnllw) > f(twn). Then we take to = (collznl22)" P~ so that uy = twy, (t >
tg) is an upper solution of (3.13).

We now construct a lower solution of (3.13). Consider the boundary value problem

—div<|x|*“P|VU|P*2vU> = h(x)f(v), x € B, 16)
v>0, x€By, v=0, xe€0Bk

fork=1,2,...

By Theorem 3.1 in [12], there exists a solution vx € WP (B, |x|7%) N L* (By) for (3.16).
We define an extension by v (x) = 0 for |x| > k. Then, by Theorem 2.4 in [12] and Diaz-Sad’s
inequality in [24], we get

v1(x) < va(x) <+ SOk (x) LUk (x) <+ <up(x), x € Br. (3.17)
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Setting v(x) = limy o, vk (x) and performing some standard computations, we see that v €
WP (RN, |x|~) N L=(RY),

—div<|x|_“p|Vv|p_2Vv> =h(x)f(v), x€RN,
(3.18)

v(x) >0, xeRN, lim v(x)=0,
x| =0

and v(x) < uy,(x) in RN. Then, our result follows from Lemma 2.3. O

We now give the proof of Theorem 2.4.

Proof of Theorem 2.4. Let upy € WP(RN, |x|~%) 0 L*(RY) be a solution of the problem

—div<|x|7ap|Vu|p72Vu> =M(x), xeRN,
(3.19)
u>0, xeRY, lim u(x) =0,

x| — o0

where M(x) = max{h(x), H(x)}. We see that w = tuy (¢ > 0) is an upper solution of the
equation

—div<|x|’“p|Vu|p’2Vu> = M(x)(f(u) + \g(w)), x€RN (3.20)
if and only if
—div<|x|_“’”|Vw|’”_2Vw> > M(x)(f(w) + \g(w)), x€RY (3.21)
or
P71 > f(tup) + Ag(tup), x € RV, (3.22)
Since
sup £ f(t) < oo, sup t7g(t) < oo, (3.23)

we have a constant ¢y > 0, such that

f(t) <cot™, g(t) <cot", Vt2>0. (3.24)

Denote

- cot™||luml|Z;

! (3.25)
cot||um |z

oty =2
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Since m < p -1 < n, we have lim;_¢o-¢(t) = —oo, lim;_. . (t) = 0 and there exist ¢ty > 0,
such that ¢'(t) > 0 for 0 < f < tgp and ¢'(t) < O for f > ty. Then ¢(tp) = maxso¢(t). A simple
computation shows that

1/(p-1-m)
Coln—m
to = (—0( )uuan) : (3.26)
n-p+1
Thus
1 _ (m-n)/(p-1-m)
(m-n)/ (p-1-m) (m-m)(p-1)/(p-1-m) [P =1 —m][ n-m
lo=o(t) = b 0.
0 ¢(0) Co ”uM“ n—P+1 Tl—P+1 >
(3.27)

Hence, for any 0 < A < A, there exists a unique ¢, > 0, such that A = ¢(t)). Thatis
7 = cot el + ol lumll > f (Baien) + Ag(trtanr)- (3.28)
Now defining w = tyup, we get

—div<|x|-“P|Vw|P—ZVw> = ! (— div<|x|_“p|VuM|p_2VuM>>

= M(x)t! (329)
= M(x) (£ lumllz; + MY llumlls,)
> M) (f(w) +Ag(w)).
This shows that w is an upper solution of (3.20). Noting that
M(x) (f (w) + Ag(w)) 2 h(x) f(w) + LH (x)g(w), (3.30)

we know that w is an upper solution of (1.1). Let v be a solution of (3.11). Obviously, v is a
lower solution of (1.1). We now show that v(x) < w(x) in RN.

Since ¢'(t) < 0 for t > ty and ¢$(f) — 0ast — +oo, then for any A € (0, o), there exist
ty > 0, such that A = ¢(t)). Without loss of generality, let t, > t,.

From the proof of Lemma 3.4 and the definition of ux;(x), we have uy(x) = twy(x) <
tup(x) for t > ty. Further, by (3.17), we get vk (x) < hup(x) = w(x). Letting k — +oo, we
obtain v(x) < w(x) in RN.

By Lemma 2.3, there exists a solution u € WP (RN, |x|=%) n L®(RN) for the problem
(1.1). We then complete the proof of Theorem 2.4. O

Remark 3.5. The nonlinear term F(x,u) = h(x)f(u) + AH(x)g(u) can be regarded as a
perturbation of the nonlinear term h(x) f (u).
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4, Proof of Nonexistence

In order to prove the nonexistence of nontrivial solution of the problem (2.21), we use the
test function method, which has been used in [25] and references therein. Some modification
has been made in our proof. The proof is based on argument by contradiction which involves
a priori estimate for a nonnegative solution of (2.21) by carefully choosing the special test
function and scaling argument.

Proof of Theorem 2.5. Let ¢o(s) € C5[0, o) be defined by

1, 0<s<1,
go(s) = { (- (12-9) - k2-9)), 1<5<2, (4.1)
0, s>2,

and put ¢(x) = ¢o(R?|x|*), by which the parameters I > k > 2 will be determined later. It is
not difficult to verify that 0 < ¢o(s) < 1and |$;(s)| < ﬁoqb(l)_l/k(s), where o = k(I/(l - k))l/k.
Suppose that u(x) is a solution to problem (2.21). Without loss of generality, we can
assume that u(x) > 0 in RN (otherwise, we consider u, = u + ¢ and lete | 0). Let @ < 0 be a
parameter (a will also be chosen below).
By the Young inequality, we get

h(x)u™ + H(x)u" > H®/"(x)h/™ (x)ud = HY (x) "2 (x)ud, (4.2)

where a1, a;, and g satisfy (2.18) and Ay = a1 /n, Ay = ax /m.
Multiplying the equation in (2.21) by u*¢ and integrating by parts, we obtain

HY“ R4 pdx < af Ix|"Pus Y| VulP pdx + f x| u®|VulP~! | V| dx. (4.3)
RN RN RN

Then applying the Young inequality with parameter ¢ > 0, we have

HY R 257 pdx + B, f x|~ |VuPus" pdx < cgf lx|"Pur |V |[PpPdx,  (4.4)
RN RN RN

where f; = |a| —€> 0.
Similarly, let us multiply the equation in (2.21) by ¢ and integrate by parts:

f Hllh*mqudng x| |Vul | V|dx
RN QR

(p-1)/p 1/p
< <f |x|“P|Vu|Pu“¢dx> < f ||| V¢|Pgb1pu(1"‘)(pl)dx> .
QR QR

(4.5)
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By (4.4),
f ||| VulPu pdx < Cf lx|"| V|’ ¢! Purt*dx. (4.6)
RN Qr

Now, we apply the Holder inequality to the integral on the right-hand side of (4.6):

f X[ | V| 1 Pur e dx
Qr

1/1 - 10 (4.7)
<(| H “muipdx f P |V g () dx
QR QR
withd=g/(p+a-1)>1,N=g/(g-p-a+1)and Qg = {x € RN | R< |x| < V2R}.
Since g > p — 1, we chose a < 0 so small that g > (p — 1)(1 — a). Then, we have
f P |V [P PP
Qp

(4.8)

1/[4 1/‘”1
’ ’ ’ 1-u'
< <f H*lh)‘zuq(ﬁdx) <f |x| K |V pIPH PP <HA1hA2> # dx>
Qr Qr

withp=q/1-a)(p-1)>1, 4 =g/(g-(1-a)(p-1)).

Since ¢ (x) = ¢o(R2[x]), [VP(x)| < CoR 'y /*(jé]) = CoR™'p} /% with x = RE. Then
we get

! ! i -\
J. |x|7ap)L |V¢|P)L ¢1—p)L <H)L1h)tz>1 dx
Qp

< CRN—(le)p)L’ (Bl (R)))n (1-1) (bl (R)))Lz(l—)ﬂ) J‘ ¢(()1—1/k)}7/\' (|§|)¢(1)—p/\’ (|§|)d§,
Q

(4.9)
[ e 7
Q

R

< CRN7(1+a)p‘u’ (B1 (R)))Ll(l—,u’) (bl (R)))Lz(l—‘u’) J. ¢(()1—1/k)PH’ (|§|)¢(1)—PH, (|§|)d(§,
Q

where B (R) = infq, H (x) and b1 (R) = infg h(x).
Let k > max{p\’, py'}. Then,

[ 907 Gengl ™ ete < [ gotisnat < cul. @10)
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Similarly,
[ a0 ey ™ et < . @)
Then it follows from (4.5)—(4.11) that
1-s
( HY h)‘zuqudx) < CR% (B1(R))* (b1 (R))” (4.12)
RN
withs=(p-1)/pA+1/pp=(p-1)/qg<1land
p-1 N1 , N(p-1)

o) = T(N—(1+a)p)u)+p—#,(N—(1+a)p‘u) :N—p(1+a)—T,

Al(p 1)(l Vs (_ Wy =P =b) (4.13)

q
_"Z(P l>(1 X+ :; (1—#/)2_@‘

If limsupy_,  R7(B1(R))™(b1(R))” =0, it follows from (4.12) that

f HYh2udx = 0. (4.14)
RN

This implies that u(x) = 0, a.e. in RV That is, u is a trivial solution for (2.21).
If limsupy_, R (B1(R))™(b1(R))” = C; < o, then (4.12) gives that

HYh“2u9dx < oo,
RN
(4.15)

lim HY“H2uldx = 0.
R— o QR

By (4.5), we derive

f H*lh*zlﬂdng HY" w2 uipdx
Br Bar

P-1/p
< (] wrevureipax [ e ivgpgt e iay
QR £2R

(4.16)

1/p
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Reasoning as in the first part of the proof, we infer that

(p-1/q
HYhY2u9dx < CR (B1(R))% (b1 (R))™ <f HM hMuq¢dx>
B Q
‘ ) (4.17)

(r-1)/q
<CG HY" h2u9¢dx :
Qr

Letting R — oo in (4.17), we obtain (4.14). Thus, u = 0, a.e. in RY. Then the proof of
Theorem 2.5 is completed. U

Acknowledgments

The authors wish to express their gratitude to the referees for useful comments and
suggestions. The work was supported by the Fundamental Research Funds for the Central
Universities (Grant no. 2010B17914) and Science Funds of Hohai University (Grants no.
2008430211 and 2008408306).

References

[1] E Cirstea, D. Motreanu, and V. Rddulescu, “Weak solutions of quasilinear problems with nonlinear
boundary condition,” Nonlinear Analysis: Theory, Methods & Applications, vol. 43, no. 5, pp. 623-636,
2001.

[2] J. V. Goncalves and C. A. Santos, “Existence and asymptotic behavior of non-radially symmetric
ground states of semilinear singular elliptic equations,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 65, no. 4, pp. 719-727, 2006.

[3] A. Mohammed, “Ground state solutions for singular semi-linear elliptic equations,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 71, no. 3-4, pp. 1276-1280, 2009.

[4] E.S. Noussair, C. A. Swanson, and J. F. Yang, “Quasilinear elliptic problems with critical exponents,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 20, no. 3, pp. 285-301, 1993.

[5] C. A.Santos, “Non-existence and existence of entire solutions for a quasi-linear problem with singular
and super-linear terms,” Nonlinear Analysis: Theory, Methods & Applications, vol. 72, no. 9-10, pp. 3813—
3819, 2010.

[6] C.A.Santos, “On ground state solutions for singular and semi-linear problems including super-linear
terms at infinity,” Nonlinear Analysis: Theory, Methods & Applications, vol. 71, no. 12, pp. 6038-6043,
2010.

[7] C. A. Santos, “Entire solutions for a quasilinear problem in the presence of sublinear and super-linear
terms,” Boundary Value Problems, Article ID 845946, 16 pages, 2009.

[8] A. Cafiada, P. Drébek, and ]. L. Gdmez, “Existence of positive solutions for some problems with
nonlinear diffusion,” Transactions of the American Mathematical Society, vol. 349, no. 10, pp. 42314249,
1997.

[9] R.B. Assungéo, P. C. Carrido, and O. H. Miyagaki, “Subcritical perturbations of a singular quasilinear
elliptic equation involving the critical Hardy-Sobolev exponent,” Nonlinear Analysis: Theory, Methods
& Applications, vol. 66, no. 6, pp. 1351-1364, 2007.

[10] E Brock, L. Iturriaga, J. Sdnchez, and P. Ubilla, “Existence of positive solutions for p-Laplacian
problems with weights,” Communications on Pure and Applied Analysis, vol. 5, no. 4, pp. 941-952, 2006.

[11] A. Kristdly and C. Varga, “Multiple solutions for a degenerate elliptic equation involving sublinear
terms at infinity,” Journal of Mathematical Analysis and Applications, vol. 352, no. 1, pp. 139-148, 2009.

[12] O. H. Miyagaki and R. S. Rodrigues, “On positive solutions for a class of singular quasilinear elliptic
systems,” Journal of Mathematical Analysis and Applications, vol. 334, no. 2, pp. 818-833, 2007.



Boundary Value Problems 17

[13] B. Xuan, “The solvability of quasilinear Brezis-Nirenberg-type problems with singular weights,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 62, no. 4, pp. 703-725, 2005.

[14] R. B. Assungdo, P. C. Carrido, and O. H. Miyagaki, “Multiplicity of solutions for critical singular
problems,” Applied Mathematics Letters, vol. 19, no. 8, pp. 741-746, 2006.

[15] E. Calzolari, R. Filippucci, and P. Pucci, “Existence of radial solutions for the p-Laplacian elliptic
equations with weights,” Discrete and Continuous Dynamical Systems A, vol. 15, no. 2, pp. 447-479,
2006.

[16] P. Clément, R. Mandsevich, and E. Mitidieri, “Some existence and non-existence results for a
homogeneous quasilinear problem,” Asymptotic Analysis, vol. 17, no. 1, pp. 13-29, 1998.

[17] M. Garcia-Huidobro, R. Mandsevich, and C. S. Yarur, “On the structure of positive radial solutions
to an equation containing a p-Laplacian with weight,” Journal of Differential Equations, vol. 223, no. 1,
pp- 51-95, 2006.

[18] P. Pucci, M. Garcia-Huidobro, R. Mandsevich, and J. Serrin, “Qualitative properties of ground states
for singular elliptic equations with weights,” Annali di Matematica Pura ed Applicata, vol. 185, no. 4,
pp. 205-243, 2006.

[19] P. Pucci and R. Servadei, “Existence, non-existence and regularity of radial ground states for p-
Laplacain equations with singular weights,” Annales de I'Institut Henri Poincaré. Analyse Non Linéaire,
vol. 25, no. 3, pp. 505-537, 2008.

[20] Z. Yang, “Existence of positive entire solutions for singular and non-singular quasi-linear elliptic
equation,” Journal of Computational and Applied Mathematics, vol. 197, no. 2, pp. 355-364, 2006.

[21] C. Chen and H. Wang, “Ground state solutions for singular p-Laplacian equation in RN,” Journal of
Mathematical Analysis and Applications, vol. 351, no. 2, pp. 773-780, 2009.

[22] H. Wu and C. Chen, “Decaying solution for singular p-Laplacian equation,” Applied Mathematics and
Computation, vol. 204, no. 2, pp. 833-838, 2008.

[23] C. V. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum, New York, NY, USA, 1992.

[24] J. 1. Diaz and J. E. Sad, “Existence et unicité de solutions positives pour certaines équations elliptiques
quasilinéaires,” Comptes Rendus des Séances de I’Académie des Sciences, vol. 305, no. 12, pp. 521-524,
1987.

[25] E.Mitidieri and S. I. Pokhozhaev, “A priori estimates and the absence of solutions of nonlinear partial
differential equations and inequalities,” Trudy Matematicheskogo Instituta Imeni V. A. Steklova, vol. 234,
pp- 1-384, 2001 (Russian), translation in Proceedings of the Steklov Institute of Mathematics, 234,
no. 3, 1-362, 2001.



