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For one-dimensional p-Laplacian with weights in .27 := LY([0,1],R) (1 < y < oo) balls, we are
interested in the extremal values of the mth positive half-eigenvalues associated with Dirichlet,
Neumann, and generalized periodic boundary conditions, respectively. It will be shown that the

extremal value problems for half-eigenvalues are equivalent to those for eigenvalues, and all these
extremal values are given by some best Sobolev constants.

1. Introduction

Occasionally, we need to solve extremal value problems for eigenvalues. A classical example
studied by Krein [1] is the infimum and the supremum of the mth Dirichlet eigenvalues of
Hill’s operator with positive weight

inf{yz(w) Tw € E,,h}, sup{yz(w) tw € E,,h}, (1.1)
where 0 <7 < h < oo and

1
Eypi= {weﬂY:OSwg h, f w(t)dt:r}. (1.2)
0

In this paper, we always use superscripts D, N, P, and G to indicate Dirichlet, Neumann,
periodic and generalized periodic boundary value conditions, respectively. Similar extremal
value problems for p-Laplacian were studied by Yan and Zhang [2]. For Hill’s operator with
weight, Lou and Yanagida [3] studied the minimization problem of the positive principal
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Neumann eigenvalues, which plays a crucial role in population dynamics. Given constants
x € (0,00) and a € (0,1), denote

1
Seun = {w €eL*:-1<w<k, wy>0, f w(t)dt < —zx}. (1.3)
0

The positive principal eigenvalue u (w) is well-defined for any w € Sy, and the minimiza-
tion problem in [3] is to find

inf{‘uév(w) 2w € Sku } (1.4)

In solving the previous three problems, two crucial steps have been employed.
The first step is to prove that the extremal values can be attained by some weights. For regular
self-adjoint linear Sturm-Liouville problems the continuous dependence of eigenvalues on
weights/potentials in the usual L' topology is well understood, and so is the Fréchet
differentiable dependence. Many of these results are summarized in [4]. It is remarkable that
this step cannot be answered immediately by such a continuity results, because the space of
weights is infinite-dimensional. The second step is to find the minimizers/maximizers. This
step is tricky and it depends on the problem studied. For L! weights the solution is suggested
by the Pontrjagin’s Maximum Principle [5, Sections 48.6-48.8].

For Sturm-Liouville operators and Hill’s operators Zhang [6] proved that the eigenval-
ues are continuous in potentials in the sense of weak topology w,. Such a stronger continuity
result has been generalized to eigenvalues and half-eigenvalues on potentials/weights for
scalar p-Laplacian associated with different types of boundary conditions (see [7-10]).

As an elementary application of such a stronger continuity, the proof of the first step,
that is, the existence of minimizers or maximizers, of the extremal value problems as in [1-3]
was quite simplified in [9, 10].

Based on the continuity of eigenvalues in weak topology and the Fréchet differentia-
bility, some deeper results have also been obtained by Zhang and his coauthors in [10-12] by
using variational method, singular integrals and limiting approach.

The extremal values of eigenvalues for Sturm-Liouville operators with potentials in L!
balls were studied in [11, 12]. For y € [1,00], r > 0and m € Z* := {0,1,2,...}, denote

Ly, (r) = inf{)ui(q) rqe gl < r},
(1.5)

M, (r) = sup{A},(9) : g € 27, [|q]|, <7},

where the superscript F denotes N or Pif m = 0 and D or N if m > 0. By the limiting approach
vy | 1, the most important extremal values in L! balls are proved to be finite real numbers, and
they can be evaluated explicitly by using some elementary functions Zy(r), Z:(r), R, (r), and

Y:(r). None of the extremal values L , can be attained by any potential if r > 0, while all

F

extremal values Lf, , y € (1,0], and M,

my’

For details, see [11, 12].

¥ € [1, 0], can be attained by some potentials.
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The extremal value of the mth Dirichlet eigenvalue for p-Laplacian with positive

weight was studied by Yan and Zhang [10]. It was proved for y € [1,00], ¥ > 0, and
meN:={1,2,3,...} that

inf{yg(w) rwell, w>0, |wl, < r}
= inf{pf(w) 1w € 27, w20, |[w], =7} (16)

_ . Ko1P)
r

where y* := y/(y — 1) is the conjugate exponent of y, and K(-,-) is the best Sobolev constant

Il

el 0) Jlully”

K(a,p) = Va € [1, o0]. (1.7)

Moreover, the infimum can be attained by some weight if only y € (1,00]. By letting the
radius r | 0" one sees that the supremum

sup{‘urlfl(w) rwel, w20, lw|, < r} = oo, (1.8)

so only infimum of weighted eigenvalues is considered.

Our concerns in this paper are the infimum of the mth positive half-eigenvalues
H ,fw (r) and the infimum of the mth positive eigenvalues E,fw (r) for p-Laplacian with weights
in LY (y € [1, oo]) balls, where F denotes D, N or G, while m is related to the nodal property of
the corresponding half-eigenfunctions or eigenfunction. The detailed definitions of H,fw (r)
and E,I;;/Y(r) are given by (2.35)—(2.39) and (2.44)—(2.48) in Section 2.

Some results on eigenvalues and half-eigenvalues are collected in Section 2. Compared
with the results in [8], the characterizations on antiperiodic half-eigenvalues have been
improved, see Theorems 2.2 and 2.4. These characterizations make the definition of Hr%,y (r)
clearer and also easier to evaluate; see Remark 2.5.

In Section 3, by using (1.6) and the relationship between Dirichlet, Neumann and
generalized periodic eigenvalues (see Lemma 3.2), we will show that

K(py*,
E, (r)=En (r)=Ey, (r)=m’- M (1.9)

forany y € [1, 0], m € Nand r > 0. It will also be proved that

Ep (r) = Eg (r) =0, Vy € [1,00], ¥r>0. (1.10)

A natural idea to characterize H,Ifw(r) is to employ analogous method as done

for Efnry(r). However, this idea does not work any more, because the antiperiodic half-
eigenvalues cannot be characterized by Dirichlet or Neumann half-eigenvalues by virtue
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of the jumping terms involved, which is quite different from the eigenvalue case; see
Remark 3.3.

Section 4 is devoted to H,, . It is possible that for some weights in L" balls the mth
positive half-eigenvalue does not exist; see Remark 2.3. So it is impossible to utilize directly
the continuous dependence of half-eigenvalues in weights in weak topology or the Fréchet
differential dependence, as done in [10-12]. Some more fundamental continuous results
in weak topology and differentiable results (in Lemma 2.1) will be used instead. We will
first show two facts. One is the monotonicity of the half-eigenvalues on the weights (a,b).
The other is the infimum H,fw(r) can be attained by some weights for any y € (1,o0]. As
consequence of these two facts, for each minimizer (a,, by), one sees that a, and b, do not
overlap if y € (1, c0). Moreover the extremal problem for half-eigenvalues is reduced to that
for eigenvalues. Roughly speaking, for any y € (1, cc] and r > 0 we have

H,,\ (1) = Ey, (1) = mP

K(py*,
: (p+p), VmeN, VF € (D,N, G}, (1.11)

Hg, (r) = E; (r) =0, VF e (N,G}. (1.12)

Based on some topological fact on LY balls, the extremal values in L! balls can be obtained by
the limiting approach y | 1. Consequently (1.11) and (1.12) also hold for y = 1.

2. Preliminary Results and Extremal Value Problems

Denote by ¢,(-) the scalar p-Laplacian and let x.(-) = max{+x(-),0}. Let us consider the
positive half-eigenvalues of

(¢p () +Aa(t),(x,) = \b(D),(x) =0 ae. t€[0,1] (2.1)

with respect to the boundary value conditions

x(0) =x(1) =0, (D)
x'(0) = x'(1) =0, (N)
x(0)£x(1) =x'(0)£x'(1) =0, (G)

respectively.
Denote by (cos,(0),sin,(6)) the unique solution of the initial value problem

d
Dabrr) =k O.¥0) =00, 22)

The functions cos,(0) and sin,(6) are the so-called p-cosine and p-sine. They share several
remarkable relations as ordinary trigonometric functions, for instance
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(i) both cos, () and sin, (6) are 2ir,-periodic, where

- 2 (p - 1)1/’”.

= 2.3
T psin(x/p) (23)

(i) cosp(0) = 0 if and only if 0
0 =mm, meZ
(i) |cos, (B)[ + (p — 1)Isiny ()"
By setting ¢,(x') = —y and introducing the Priifer transformation x = r*/Pcos,0, y =
r2/ P*sin,,Q, the scalar equation

7p/2 + mir,, m € 7Z, and sin,(0) = 0 if and only if

1.

(¢p(x) +a(t)pp(xs) = b(t)Pp(x_) =0 ae. te[0,1] (2.4)
is transformed into the following equations for r and 6:
0' = A(t,0;a,b)
a(t)|cos, 0" + (p - 1) |sin, 6|p* if cos, 0 >0, (2.5)
" {b(t)|cosp 0| + (p—1)|sin, 6] if cos, 6 <0,
(log r)' =G(t,0;a,b)
£ (a(t) = )¢y (cos,0)hy (sin,0) i cos,0 >0, (2.6)
£(b(t) = )¢y (cos,0) ¢y (sin,0) i cos,0 <.
For any & € R, denote by (6(t; 8, a,b), r(t; 8, a,b)), t € [0,1], the unique solution of (2.5) +

(2.6) satistying 0(0; 89, a,b) = 89 and r(0; 89, a,b) = 1. Let

(8, a,b) :=0(1;8,a,b),
RS, a,b) :=7r(1;8,a,b).

(2.7)

For any m € Z*, denote by X} (a, b) the set of nonnegative half-eigenvalues of (2.1) +
(2.2) for which the corresponding half-eigenfunctions have precisely m zeroes in the interval
[0,1). Define

O(ab) = max [O(8ua,b) - ) = max(O(dn,a,b) - ), (28)
O(a,b) := s in {©(8y,a,b) - 8} = g.}é%{@(ﬁo, a,b) — B}, (29)
A=Al (a,b) :=min{A > 0] ©(\a, \b) = mx,}, mEeN, (2.10)

X = (a,b) = max{1 > 0| O(\a, \b) = mam, |, m ez 2.11)
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Similar arguments as in the proof of Lemma 3.2 in [8] show that
AR, by, 1o " (a,b) € 5 (a,b) (2.12)

if only these numbers exist.

Lemma 2.1 (see [7, 8]). Denote by w), the weak topology in LY. Then
(i) ©(8, a, b) is jointly continuous in (8, a,b) € R x (ﬂY,wy)z;
(ii) O(Aa, Ab) and é()ua, Ab) are jointly continuous in (A, a,b) € R x (,BY,wy)z, and

9(0,0) € (0,7,), ©(0,0) =0; (2.13)

(iii) ©(8, a,b) is continuously differentiable in (8,a,b) € (£7,] - ||Y)2. The derivatives of
©(0,a,b) at 8, at a € LY and at b € L (in the Fréchet sense), denoted, respectively,

by 050, 0,0, and 0,0, are
0009(8,a,b) = 1
(] Uy _R2(19,a,b)’
0,0(8,a,b) = X! e C” c (£, ||.||Y)*, (2.14)

*
7

20(8,a,b) = X" € € c (2|1,

where C° := C([0,1],R) and

{r(t;0,a,b))*Pcos, (0(t; 8, a,b))
{r(1;8,a,b)}*?

X = X(t) = X(t8,a,b) = (2.15)

is a solution of (2.4).

Given a, ai, az, by, by € L', write a > 0if a > 0 and J’g a(t)dt > 0. Write (a1, b1) > (az, by)
if a1 > ap and by > by. Write (ay,b1) > (az, by) if (a1,b1) > (az, by) and both a;(t) > ax(t) and
bi(t) > by(t) hold for t in a common subset of [0, 1] of positive measure. Denote

W) = {(a,b) | a,b e L, (a,,b,) > (0,0)}. (2.16)

Theorem 2.2. Suppose (a,b) € WL. There hold the following results.

(i) All positive Dirichlet half-eigenvalues of (2.1) consist of two sequences {AL (a,b)},,cn and
(AD(b, a)},,n, where AP (a, b) is the unigue solution o
m meN m q

Jl'p Jl'p
O(-——,\a,\b ) =——+ mi,, VmeN,
2 2 (2.17)

A\P(a,b) < AP(a,b) <--- <AD(a,b) < - (— o).
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(ii) All nonnegative Neumann half-eigenvalues of (2.1) consist of two
{AN(a,b)} ez and (AN (b, a)},cp-, where AN (a, b) is determined by

©(0,a, \b) = mi,, VYmeZL",

0 <)AN(a,b) < AN(a,b) < AN (a,b) < - < AN(a,b) < -+ (— o0).

Moreover,

1
)Lé\’(a,b)>0(:)a+>0, f a(t) <0.
0

(iii) All solutions of

O(Aa, \b) = mm,, VYmeN,

O(Aa, \b) = mm,, VmeZ’
are contained in £} (a, b). Denote AS :=0; then
L/R —L/R . L —R .
{Am (a,b),\,, (a,b)} c X (ab)cC [Am(a,b),)tm(a,b) , YmeZ".

There hold the ordering
0 A <af<ab<afc b AR < (o),
—L —R —L -R —L R
O Ty <Af <1y <o <4, <oy <40 < Do+ (— <0).

Moreover,

1 1
X (a,b) > 0 = f a(tydt <0 or f b(t)dt < 0.
0 0

Proof. Compared with results in [8], we need only prove

st (ab) € [AL (a,b),X§m+1(a,b)] Vm € 7.

=2m+1

sequences

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

The proof of this is similar to the proof of some stronger results given in Theorem 2.4, so we

defer the details until then.

O
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Remark 2.3. The restriction (a,b) € ¥! in Theorem 2.2 guarantees the existence of such half-
eigenvalues, to which the corresponding half-eigenfunction have arbitrary many zeros in
[0,1). However, it is possible for some weights a,b € L1 for example, a > O and b = 0,
that only finite of these positive half-eigenvalues exists. We refer this to Remark 2.4 in [8].
In other cases, for example if a < 0 and b < 0, there exist no positive half-eigenvalues. Since we
are going to study the infimum of positive half-eigenvalues, if one of these half-eigenvalues,
say AL (a,b), does not exist, we define \L(a,b) = oo for simplicity.

Theorem 2.4. Suppose a,b € L. There hold the following results.
(i) If AL (a,b) < oo for some m € N, then

A> Al (a,b), YAeX(ab); (2.25)

(ii) if X (a,b) < oo for some m € Z*, then
L<Xi(ab), VAeSt(ab). (2.26)

Proof. One has the following steps.

Step 1. By checking the proof of Lemma 3.3 in [8], results therein still hold for arbitrary a,
b € £, that is,

(1) If ©(pa, ub) = mar, for some p > 0 and m € N, then there exists 6 > 0 such that

O(\a, \b) > mir,, VYA€ (p,p+6). (2.27)

(2) If é(ya, ub) = ma, for some pu > 0 and m € Z*, then there exists 6 € (0, u) such that

O(\a, \b) < m,, YA€ (u-6p). (2.28)

Step 2. It follows from Step 1 that

<mm, fO0<A<A:,
O(Aa, Ab) Vm €N, (2.29)
>mam, if L> A"

if \" (a,b) < o0, and

_ <mm, if0§A<XZ,
O(Aa, Ab) R VYm e Z* (2.30)
>mm, if A>A\,

if X (a,b) < oo.
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Step 3. Suppose A;(a, b) < oo for some m € N. For any A € X} (a,b), there exists 3 € R
(depends on \) such that

(8, Aa, \b) = & + mu,. (2.31)
Consequently,

O(Aa, Ab) = 1;012]1)?{@(130,/\11, Ab) — 8o} > mum,. (2.32)

It follows from (2.29) that A > Afn(a, b), which completes the proof of (i). Results (ii) can be
proved analogously by using (2.30).

O
In the product space £" x £Y,1 <y < oo, one can define the norm | - |, as
1 Uy
(a,b)l, = {f (la()" + |b<t>|Y>dt} , Vlab)e L xLr, yel,m),
0 (2.33)
(a,b)lo, := Tim [(a, b)l, = max{llall, [bll,), V(a,b) € £ x L7,
Given y € [1, o0], and r > 0. We take the notations
Br[r] = {(a,b) €L x 27 |(a,b)], < r},
Bl(a,b) := {(al,bl) €L x £ |(a1 — a,by - b)|, < 6},
S (r) = {(a,b) €L x 2 :|(a,b)], = r},
. (2.34)
SV (r) = {(a,b) €S(r):a>0, b> 0},
B'[r] = {a €L :|all, < r},
Sh(r) := {a €L :a20, |al, = r}.
Now we can define the infimum of positive half-eigenvalues
HE (1) = inf{Ag(a, b): (a,b) € B'[r] } VmeN, (2.35)

HY, (r) = inf{AN(a,b) : (a,b) € B[]}, VmeN, (2.36)
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HS,(r) := inf{)L €3 (a,b): (a,b) € B'[r] } VmeN, (2.37)
HY(r) = inf{w (a,b)>0: (a,b) € B'[r] } (2.38)
HS (r) := inf{Xff (a,b) > 0: (a,b) € B'[r] } (2.39)

Remark 2.5. (i) It follows from Theorem 2.2 that all the extremal values defined by (2.35)-
(2.39) are finite.

(ii) Although there may exist nonvariational half-eigenvalues in X, (a,b) (cf. [13]),
Theorem 2.4 shows that

AL (a,b) =infX (a,b) VYa,be £!, YmeN. (2.40)
Therefore (2.37) can be rewritten as
HS,(r) = inf{gn(a, b) : (a,b) € B'[r] } Vm € N. (2.41)

Notice that if a = b, then the half-eigenvalue problem of (2.1) is equivalent to the
eigenvalue problem of

(¢p(x)) +Xa(t)Py(x) =0, ae. te[0,1]. (2.42)

If a, > 0, then (a, a) € W!. Theorem 2.2 shows that all positive Dirichlet eigenvalues of (2.42)
consist of a sequence {AL(a, a)},,cy, all nonnegative Neumann eigenvalues of (2.42) consist of

—R
{0}U{AN(a, a)},,cz+, while both Afn(a, a) and \,,(a, a) are periodic or antiperiodic eigenvalues
of (2.42) if m is even or odd, respectively. We take the notations

\D(a) :=AP(a,a),  AN(a):=AN(a,a),
i i (2.43)
Ah(a) = Afn(a, a), A, (a) = 4,,(a,a)

and X} (a) = X% (a, a).
Given y € [1,00] and r > 0, now we can define the infimum of positive half-
eigenvalues

ED (r) = inf{)nﬁ(a) caeBr] } VmeN, (2.44)

Eny() =inf{A) (@) :a e B[r]}, V¥meN, (2.45)
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E,C,‘;lly(r) :=inf{A € = (a) : a € B'[r]}

(2.46)
- inf{ifn(a) caeB[r] } VmeN,
EN (r) = inf{xﬁ (a)>0:a€B[r] } (2.47)
ES, (1) = inf{Xff (@)>0:aeB[r] } (2.48)
3. Infimum of Eigenvalues with Weight in L" Balls
Theorem 3.1. Forany y € [1,00], m € Nand r > 0, one has
B, (1) = - KOLP), (1)

Ify € (1, 0], then ETD,I,Y (r) can be attained by some weight, called a minimizer, and each minimizer is
contained in SL(r). If y = 1, then Eg/y(r) cannot be attained by any weight in BY[r].

Proof. 1f a < 0, then (2.42) has no positive Dirichlet eigenvalues, that is, A\[(a) = oo by our
notations. If a, > 0 and a_ > 0, then |a| > a and

Ao(lal) < Ap(a) < oo, (3.2)
compare, for example, [9, Theorem 3.9], see also Lemma 4.2(i). Consequently one has

ED () =inf{AD(w) :w e £, w20, |wl|, <7}, (3.3)

Now the theorem can be completed by the proof of [10, Theorem 5.6]; see also (1.6). O
Lemma 3.2. Given a € LY, define ay(t) := a(s +1t) forany s, t € R. Then
Loy _ . [\D — i [N
AL (a) = Iggél{)»m(as)} - rglelﬂg{)tm(as)}, Vm eN,
TR D _ N
A, (a) = rg&x{)tm(as)} = IEIE%X{)Lm (as) }, Vm €N, (3.4)
—R
X (a) = %%X{Aév(as)}.

Proof. This lemma can be proved as done in [14], where eigenvalues for p-Laplacain with
potential were studied by employing rotation number functions. O

Remark 3.3. Results in Lemma 3.2 can be generalized to half-eigenvalues exclusively for even
integers m. The reason is that A(t; a, b) in (2.5) is 2or,-periodic in t for general a and b, while
for the eigenvalue problem A(t; a, a) is mr,-periodic.
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Notice that a € BY[r] if and only if a; € BY[r] for any s € R. One can obtain the
following theorem immediately from Theorem 3.1 and Lemma 3.2.

Theorem 3.4. There holds (1.9) for any y € [1,00], m € Nand r > 0. If y € (1, 00], any extremal
value involved in (1.9) can be attained by some weight, and each minimizer is contained in Sh(r). If
y =1, none of these extremal values can be attained by any weight in BY[r].

However, we cannot characterize Eé\’Y and ES;Y by using Theorem 3.1 and Lemma 3.2,
because A{ (a) does not exist for any weight a € 2.

Theorem 3.5. There holds (1.10) for any y € [1,00] and r > 0.

Proof. Choose a sequence of weights

ﬁ
L

NI»—\

>\~|>—\

ar(t) = } > 2. (3.5)

—
N~
&=

—_

Then ax € BY[r], (ax), > 0 and fol ar(t)dt < 0. It follows from Theorem 2.2(ii) that vy :=
Aév(ak) = Aév(ak, ax) > 0, and vy is determined by

@(0, Vi A, vkak) =0. (3.6)
Since ak41 > ax, by Lemma 4.2(iii) one has vx.1 < v¢. Let k — oo. Then

1
r te |0, z] ,
ax — ap = ap(t) = ae. te[0,1], (3.7)

1
-r te|=,1},
’ |2 ]

and vy — v(>0). By Lemma 2.1 the limiting equality of (3.6) is

©(0,vay, vay) = 0. (3.8)

Since f& ap(t)dt = 0, it follows from Theorem 2.2(ii) again that v = 0. Hence Eé\fy(r) =0

Notice that (2.42) has no positive (Neumann or periodic) eigenvalues if the weight
a < 0. On the other hand, Theorem 2.2 shows that if a, > 0 then

1
Ty (a) > 0= \N(a) = f a(t)dt < 0. (3.9)
0

Combining Lemma 3.2 and the definitions in (2.47) and (2.48), one has E(();,y (r) = Eé\ljy(r) =0,
completing the proof of the theorem. O
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4. Infimum of Half-Eigenvalues with Weights in L" Balls
4.1. Monotonicity Results of Half-Eigenvalues

Applying Fréchet differentiability of AD(a,b) and A (a,b) in weights a, b € £!, some
monotonicity results of eigenvalues have been obtained in [8].
Lemma 4.1 (see [8]). Giveny € [1,00] and (a;, b;) € W, i=0,1,if (ao, bo) > (>)(a1,by), then
(i) AD(ag, bo) < (L)AD(ay,by) forany m € N,
(ii) AN (a0, bo) < ()AL (a1, by) for any m € N,
(iii) if moreover J’é ao(t)dt <0, then 0 < A (ag, by) < ()AY (a1, br).
By checking the proof in [8] one sees that the restriction (a,b) € 70" can be weakened.
In fact this restriction was used to guarantee the existence of AL (a,b) and A} (a,b) for

arbitrary large m € N. Employing the boundary value conditions and Fréchet differentiability
of ©(8, a, b) in weights (Lemma 2.1(iii)), one can prove the following lemma.

Lemma 4.2. Given a;,b; € £Y,i=0,1, y € [1, 0]. Suppose (ag, by) > (>)(a1,b1), then
() if AD (a1, b1) < oo for some m € N, then AL (ay, by) < (L)AL (a1, by);
(ii) if AN (a1, b1) < oo for some m € N, then A (ag, bo) < (L)AN (a1, br);
(i) if (a1), > 0 and [* ap(t)dt <0, then 0 < AN (ao, by) < ()AN (ax, by).

Due to the so-called parametric resonance [15] or the so-called coexistence of periodic

and antiperiodic eigenvalues [16], half-eigenvalues Afn(a, b) and Xi(u, b), m € N, are
not continuously differentiable in (a,b) in general. This add difficulty to the study of

monotonicity of Afn(a,b) and Xﬁl(a,b) in (a,b). Even if we go back to (2.10) and (2.11) by

which Afn(a,b) and an(a, b) are determined, we find that ©(a,b) and O(a,b) are not
differentiable. Finally, we have to resort to the comparison result on ©(8, a,b). It can be
proved that

(a0, bo) > (2)(a1,b1) = O(8, a9, bp) < ()OS, a1,b1), VOeR. (4.1)

New difficulty occurs since the weights are sign-changing, that is, we cannot conclude from
(ao, bo) > (=) (a1, by) that

O(8, Aag, Aby) < (L) O(8, Lay, Aby), VO eR, VA >0. (4.2)
So we can only obtain some weaker monotonicity results for generalized periodic half-
eigenvalues.
Lemma 4.3. Given a,b,a;, b; € £Y,i=0,1,y € [1,0]. There hold the following results.
(i) If AL (a,b) < oo for some m € N, then A" (a,,b.) < A (a,b).

(i) If X (a,b) < oo for some m € N, then Lo (as,by) < Lo(a,b).
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(iii) If (a0, bo) > (=) (a1,br) > (0,0) and A" (a1, by) < oo for some m € N, then AL (ag, by) <
()AL (a1, by).

(iv) If (ao, bo) > (=) (a1,b1) > (0,0) and Xi(al,bl) < oo for some m € N, then Xi(ao, bg) <
—R
() Lu(ay, by).

Proof. Given a,b € £Y. For any A > 0, one has (Aa,, Aby) > (Aa, Ab). It follows from (4.1) that

O, la,, Aby) 2 O(8, Aa, \b), VS eR, VA>O0. (4.3)

Notice that ©(8, a, b) -8 is 2mr,-periodic in & € R. Combining the definition of ©(a, b) in (2.8),
one has

O(\as, Ab,) > O(La, Ab), YA > 0. (4.4)

By Lemma 2.1(ii), ©(0 - a,0 - a) € (0,7,) and ©(Aa, Ab) is continuous in A € R. As functions
of X € [0, 00), the smooth curve ©(Aa., Ab.) lies above ©(Aa, Ab). By the definition of A,Ln(a, b)
in (2.10), if &;(a, b) < oo for some m € N then Afn(a+,b+) < Afn(a,b). Thus the proof of (i) is
completed.

Results (ii), (iii), and (iv) can be proved analogously. O

4.2, The Infimum in L (y € (1,c]) Balls Can Be Attained

Givena,b € £,y € [1,00], m € N, and T > 0, one has

AP (ra,tb) = w, A (ra,b) = M, A;(Ta, Tb) = M. (4.5)
Hence
% - :—j Vri,m € (0,00), Vy € [1,00], Ym €N, (4.6)
where F denotes D, N or G.

Theorem 4.4. Giveny € (1,00],7 >0, m € Nand F € {D, N,G}. Then wa(r) > 0 and it can be

attained by some weights. Moreover, any minimizer (ar,br) € Sr(r).

Proof. We only prove for the case F = G, other cases can be proved analogously. There exists
a sequence of weights (a,, b,) € BY[r], n € N, such that

V= Ay (an,by) — o := Hy (r) asn— oo. (4.7)



Boundary Value Problems 15

By the definition of ATL” in (2.10), there exist 8, € [0,2,], n € N, such that

O (B4, Vnan, vuby) — Oy = mary,
(4.8)
O(8, vuan, vuby) = O < mor,, VO € [0,2,].

Notice that BY[r] C (£ x 27, |- ly), y € (1,00], is sequentially compact in (£, wy)z. Passing to
a subsequence, we may assume 3, — ¥ and

(an,by) — (ao,by) € B'[r], in (£',w0,)". (4.9)
Letn — oo in (4.8). By Lemma 2.1(i), one has

O (8o, voao, vobo) — By = my,

(4.10)
O, wag, voby) -8 < mm,, V8 € [0,27,].
Thus ©(voag, vobo) = mur,. It follows from (2.10) and (2.13) that 7 := |(ao, bo)|, > 0 and
vo > A" (ao, bo) > 0. (4.11)
On the other hand, since (ag, by) € B [7], one has
AL (ag, bo) > inf{ AL (a,b): (a,b) € Er[r]} = vo = HS, (). (4.12)

To complete the proof of the lemma, it suffices to show 7 = r. If this is false, then 0 < 7 < r and

HS, (7) < Ak (a0, bo) = HS (1), (4.13)
which contradicts (4.6). O

4.3. Minimizers and Infimum in LY (y € (1, oo]) Balls

We have proved that for any m € N the infimum H,fw(r) can be obtained if only y € (1, o0].
In the following we will study the property of the minimizers.

Theorem 4.5. Given y € (1,00), v >0, m € N, and F € {D,N,G}, if (a,b) is the minimizer of
HE (r), then (a,b) € S’ (r). Moreover, a and b do not overlap, that is,

a(t) =0 ae. tej,:={t|b(t) >0},
(4.14)
b(t)=0 ae. teJq:=(t]a(t)>0).
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Proof. We only prove for the case F = G, other cases can be proved analogously.
Step 1 (Nonnegative). Suppose a(t) < O a.e. t € Jo C [0,1], where Jj is of positive measure.

Let

la®l
al(t)= > if t € Jo,

a(t), otherwise,

b(t) +¢, ifte Jo,
bi(t) = {

b(t), otherwise,

(4.15)

where € = £(y) > 0 can be chosen arbitrary small such that [(a;, b1)|, < 7. Then (ay, b1) > (a,b)
and it follows from Lemma 4.3(iii) that

Ay (a1, by) < Ay (a,b) = HY, (1), (4.16)

which is in contradiction to the definition of H,fw(r). Thus a is nonnegative. Analogously b

is also nonnegative. Then it follows from Theorem 4.4 that (a,b) € gl(r).

Step 2 (Nonoverlap). If a and b overlap, then (a, b) > (0,0), that s, there exists Jo C [0,1] with
positive measure such that

a(t)>0, b#)> ae te]ocl01]. (4.17)

Let X(t) be the half-eigenfunction corresponding to v := &fn(a, b). Without loss of generality,
we may assume that

X(#) >0 ae te]oCJo (4.18)

for some J with positive measure. Let

0 ifte o,
ai(t)y=a(t), bi(t)= { (4.19)

b(t), otherwise.
Then 7 := |(ai, b1)l, < |(a,b)|, = r and

(Pp(X)) +var(t)p(Xs) +vbi(H)p(X-) = 0. (4.20)
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Therefore A}, (a1,by) < v = HS, (r). It follows that

Hy, (7) < Ay (a1, by) < HS (1), (4.21)

which contradicts (4.6). Thus a and b do not overlap. O

Corollary 4.6. Given y € (1,00),r >0, m € N, and F € {D,N, G}, if (a,b) is the minimizer of
HE (r) and X is the corresponding half-eigenfunction, then

X(#)>0 ae te];:={a(t) >0}, (4.22)
X(t) <0 ae te],:={b(t) >0} (4.23)

Proof. 1f (4.23) does not hold. Then there exist fo C Jp such that fo is of positive measure and

X()>0 ae. te]. (4.24)

Define a; and b; as in (4.19). A contradiction can be obtained by similar arguments as in the
proof of Theorem 4.5. Thus (4.23) holds. One can prove (4.22) analogously. O

Theorem 4.7. Given r > 0, then (1.11) holds for any y € (1, co] and (1.12) holds for any y € [1, oo].

Proof. By the monotonicity results in Lemmas 4.2 and 4.3, H}, ., (r) can be attained by the
minimizer (a,b) = (r,r) for any F € {D, N,G} and m € N. Thus (1.11) holds for y = oco.

Now we prove (1.11) for y € (1, 00). Suppose (ao, by) is the minimizer of v := HJ (r)
and X is the corresponding half-eigenfunction. Let wy = ag + by. By Theorem 4.5, (ay, by) €
S’ (r) and ay and by do not overlap, thus

lwoll, = (a0, bo)l, = (4.25)
Combining Corollary 4.6, one has
($p(X))' + veoo()py(X) = 0. (4.26)
Hence
H,, (r)=v>E, (). (4.27)

On the other hand, for any w € BY[r] and A € R, one has |(w,,w_)|, = ||w]||, and

(p (X)) + Aw(t)y(x) = 0

, (4.28)
&= (Pp(xX)) + A (B)Pp () + Aw-()Pp(x-) = 0.
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Take the notations AS (a,b) := Afn(a,b) and \$(a) := A;(a) for any a,b € £'. Then \f (w) =
M (w,,w_) forany F € {D, N,G} and

E,I';w(r) = inf{Afn(w) tw E BY[r]}
- inf{ AF (w,, w_) tw € BY[r]} (4.29)

> inf{)Lfn(a,b) : (a,b), € EY[r]} = H}, (1)

Therefore (1.11) is proved for y € (1, o).
One can obtain (1.12) for any y € [1,00] by the fact that the half-eigenfunction

corresponding to A (a, b) or Xg(a, b) does not change its sign. O

4.4. The Infimum in L' Balls

We cannot handle extremal problem in L! balls in the same way as done for LY (y > 1) case,
because L! balls are not sequentially compact even in the sense of weak topology.

Lemma 4.8. Given y € (1,00), r >0, and m € N, there hold the following properties.

i) If&fn(ao, by) < oo, then there exists & > 0 such that

AL (a,b) <0, V(a,b) € Bl (ap, b). (4.30)

(ii) If)L,Dn/N(ao, by) < oo, then there exists & > 0 such that

AD/N(a,b) <0, V(a,b)e Eg(ao,bo). (4.31)

Proof. (i) Suppose A,L,,(aolbo) < oo. By Theorem 2.4(i) there exist € > 0 and v > Afn(ao, by) such
that

O(vao, vby) > mary, + 2. (4.32)
By the definition of © in (2.8), there is 3y € R such that
O (8o, vaog, vby) — B9 > mar, + 2¢. (4.33)

By Lemma 2.1(i), that is, the continuous dependence of O(3, a, b) in the weights (a, b), there
exists 6 > 0 such that

(8o, va,vb) =By >mm, +¢, V(a,b) € Eg(ao, by). (4.34)
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Therefore,
O(va,vb) > mm, +¢, V(a,b) € Bl(ay, bo). (4.35)
We conclude from (2.29) that
Aﬁl(a, b)<v<owo, VY(ab)e E;(ao, bo), (4.36)
completing the proof of (i).

(ii) Suppose p := A5/N (ag,by) < 0. Let X be the half-eigenfunction corresponding to
u. Then X satisfies Dirichlet or Neumann boundary value conditions and

(¢p (X)) + pao(t)py(X+) — pbop(X-) = 0. (437)

Multiplying (4.37) by X and integrating over [0, 1], one has

1 1
f (a0X? +boX?)dt = 1 J’ |X'[Pdt > 0. (4.38)
0 HJo

Let 8P = —x,/2 and OV = 0. By Lemma 2.1(iii), one has

ie(aD/N, \a, Ab)

1
o - f (aoxf + boxf)dt > 0. (4.39)

0

A=p

Notice that @(8P/N, pay, pubg) = 8PN + mor,. Then there existe > 0and v > p = AD/N(ag, by)
such that

@(ﬁD/N,vao,vb()) > O9P/N 4 mary, + 2¢. (4.40)

By Lemma 2.1(i), there exists 6 > 0 such that for any (a,b) € Eg(ao, by), one has

@(ﬁD/N,va, vb) > 0PN 4 mar, + ¢, (4.41)

and hence AD/N (a,b) < oo, completing the proof of (ii). O

As a function of a, K(a, p) is continuous in a € [1, oo]. Explicit formula of K(a, p) can
be found in [17, Theorem 4.1]. For instance, K(p, p) = ,71'5 and K(oo, p) = 27.

Theorem 4.9. Forany r >0, (1.11) holds for y = 1, that is,

F _ rF _ (Zm)p 4.42
Hmrl(r)—Emll(r)——r , VmeN, YFe|D,N,G). (4.42)
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Proof. By Theorem 4.7, (1.11) holds for any y € (1,o0]. As the Sobolev constant K(a, p) is
continuous in a € [1, 0], one has limY“H,fl,Y(r) = (2m)P /r.
Our first aim is to prove

p
HE (r) 2 lim HE (r) = @m)” (4.43)
’ yim r

Any (ag, by) € B! [r] can be approximated by elements in EY[r], y > 1, in the sense that there
exists (ay,by) € BY[r] such that

lﬁﬂ (ay, by) — (ao, bo) |l =0. (4.44)
For instance, one can choose
ay ="V lag()]"7 -sign(ag(t), by ="V |by(t)]"7 - sign(bo(t)), (4.45)

compare, for example, [11, Lemma 2.1]. For simplicity, we take the notation
AS(a,b) := A (a,b). (4.46)

Given m and F. Suppose A% (ag, by) < oo. By Lemma 4.8, there exists 6 > 0 such that AL (a, b)
exists for any (a,b) € Bg(ao, bg). We can assume that )Lfn(ay, by) exists for any y € (1,c0)
due to (4.44). Furthermore, by Lemma 2.1(iii), one can prove that A% (a,b) is continuously
differentiable in (a,b) € Bg(ao,bo) in | - | topology. In particular, AL, (a,b) is continuous in
(a,b) € Bg(ao,bo) in |- |; topology. Thus we obtain

Ay,(ao,bo) = lim Ay, (ay, by) 2 lim H,,, (1), (4.47)
and therefore,
F . F 1 . (2m)l’7
H}, 1 (r) = inf{ A%, (a0, bo) | (a0, bo) € B[r]} > lim Hy,y (1) = <= (4.48)
. Y

On the other hand, we prove

2m)P
H, (r) < @ (4.49)

Notice that B'[21/7"1¢] c B'[r] for all y > 1 and all 7 > 0, because

_ 1y
|(a,b)]; = llally + |1bll; < llall, +[Ib]l, <2 1”(IILIII? + IIbIID (4.50)
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for any (a,b) € £Y x £Y. Thus we obtain

- Ky p)
F F 1-1/ _
Ha(r) < Hyy (27777) = b v (4:51)

Inequality (4.49) follows immediately by letting y | 1. The desired result is proved by
combining (4.43) and (4.49). O

Acknowledgment

This work was supported by the National Natural Science Foundation of China (Grant no.
10901089).

References

[1] M. G. Krein, “On certain problems on the maximum and minimum of characteristic values and on
the Lyapunov zones of stability,” American Mathematical Society Translations, vol. 1, pp. 163187, 1955.

[2] P. Yan and M. Zhang, “Best estimates of weighted eigenvalues of one-dimensional p-Laplacian,”
Northeastern Mathematical Journal, vol. 19, no. 1, pp. 39-50, 2003.

[3] Y. Lou and E. Yanagida, “Minimization of the principal eigenvalue for an elliptic boundary value
problem with indefinite weight, and applications to population dynamics,” Japan Journal of Industrial
and Applied Mathematics, vol. 23, no. 3, pp. 275-292, 2006.

[4] A. Zettl, Sturm-Liouville Theory, vol. 121 of Mathematical Surveys and Monographs, American
Mathematical Society, Providence, RI, USA, 2005.

[5] E. Zeidler, Nonlinear Functional Analysis and Its Applications. 11I. Variational Methods and Optimization,
Springer, New York, NY, USA, 1985.

[6] M. Zhang, “Continuity in weak topology: higher order linear systems of ODE,” Science in China A,
vol. 51, no. 6, pp. 1036-1058, 2008.

[7] W. Li and P. Yan, “Continuity and continuous differentiability of half-eigenvalues in potentials,” to
appear in Communication in Contemporary Mathematics.

[8] W.Liand P. Yan, “Various half-eigenvalues of scalar p-Laplacian with indefinite integrable weights,”
Abstract and Applied Analysis, vol. 2009, Article ID 109757, 27 pages, 2009.

[9] G. Meng, P. Yan, and M. Zhang, “Spectrum of one-dimensional p-Laplacian with an indefinite
integrable weight,” Mediterranean Journal of Mathematics, vol. 7, no. 2, pp. 225-248, 2010.

[10] P. Yan and M. Zhang, “Continuity in weak topology and extremal problems of eigenvalues of the
p-Laplacian,” to appear in Transactions of the American Mathematical Society.

[11] M. Zhang, “Extremal values of smallest eigenvalues of Hill’s operators with potentials in L! balls,”
Journal of Differential Equations, vol. 246, no. 11, pp. 4188-4220, 2009.

[12] Q. Wei, G. Meng, and M. Zhang, “Extremal values of eigenvalues of Sturm-Liouville operators with
potentials in L' balls,” Journal of Differential Equations, vol. 247, no. 2, pp. 364-400, 2009.

[13] P. A. Binding and B. P. Rynne, “Variational and non-variational eigenvalues of the p-Laplacian,”
Journal of Differential Equations, vol. 244, no. 1, pp. 24-39, 2008.

[14] M. Zhang, “The rotation number approach to eigenvalues of the one-dimensional p-Laplacian with
periodic potentials,” Journal of the London Mathematical Society. Second Series, vol. 64, no. 1, pp. 125-143,
2001.

[15] V. L. Arnold, Mathematical Methods of Classical Mechanics, vol. 60 of Graduate Texts in Mathematics,
Springer, New York, NY, USA, 2nd edition, 1989.

[16] H. Broer and M. Levi, “Geometrical aspects of stability theory for Hill’s equations,” Archive for Rational
Mechanics and Analysis, vol. 131, no. 3, pp. 225-240, 1995.

[17] M. Zhang, “Nonuniform nonresonance of semilinear differential equations,” Journal of Differential
Equations, vol. 166, no. 1, pp. 33-50, 2000.



