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We consider the abstract Cauchy problem for differential equation of the hyperbolic type
V() +Av(t) = f(t) (0=t =<T), v(0) = v, v'(0) = v in an arbitrary Hilbert space H
with the selfadjoint positive definite operator A. The high order of accuracy two-step dif-
ference schemes generated by an exact difference scheme or by the Taylor decomposition
on the three points for the numerical solutions of this problem are presented. The stabil-
ity estimates for the solutions of these difference schemes are established. In applications,
the stability estimates for the solutions of the high order of accuracy difference schemes
of the mixed-type boundary value problems for hyperbolic equations are obtained.

1. The Cauchy problem

We consider the abstract Cauchy problem for hyperbolic equations
VI +Av(t) = f(t) (0=<t<T), v(0) = vo, v'(0) =, (1.1)

in a Hilbert space H with the selfadjoint positive definite operator A.

A function v(t) is called a solution of the problem (1.1) if the following conditions are
satisfied.

(1) v(t) is twice continuously differentiable on the segment [0, T]. The derivatives at
the endpoints of the segment are understood as the appropriate unilateral derivatives.

(ii) The element v(t) belongs to D(A) for all t € [0, T], and the function Av(¢) is con-
tinuous on the segment [0, T'].

(iii) v(t) satisfies the equations and the initial conditions (1.1).

It is known (see, e.g., [7, 9]) that various initial boundary value problems for the hy-
perbolic equations can be reduced to the problem (1.1). A study of discretization, over
time only, of the initial value problem also permits one to include general difference
schemes in applications, if the differential operator in space variables, A, is replaced by the
difference operators Ay, that act in the Hilbert spaces and are uniformly positive definite
and selfadjoint in h for 0 < h < hy.

In a large cycle of works on high order of accuracy difference schemes for hyperbolic
partial differential equations (see, e.g., [1, 10] and the references given therein), stability
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was established under the assumption that the magnitudes of the grid steps 7 and h with
respect to the time and space variables are connected. In abstract terms this means, in
particular, that the condition 7||Ax|| — 0 when 7 — 0 is satisfied.

Of great interest is the study of absolute stable difference schemes of a high order of
accuracy for hyperbolic partial differential equations, in which stability was established
without any assumptions with respect to the grid steps 7 and h. In [4, 5, 12] the corre-
sponding simple difference schemes of the first and second order of accuracy for hyper-
bolic partial differential equations were studied.

In the present paper the two-step difference schemes of a high order of accuracy gen-
erated by an exact difference scheme or by the Taylor decomposition on the three points
for the numerical solutions of the problem (1.1) are presented. The stability estimates for
the solutions of these difference schemes are established. In applications, the stability esti-
mates for the solutions of the high order of accuracy difference schemes of the mixed-type
boundary value problems for hyperbolic equations are obtained.

If the function f(t) is not only continuous, but also continuously differentiable on
[0,T], vo € D(A), and vy € D(AY?), it is easy to show that the formula

v(t) = c(t)vo +s(t)v{)+rs(t—/\)f(/1)d)u (1.2)
0

gives a solution of problem (1.1). Here

i AL2 i AL2 i AL2 i AL2
eztA + e—ztA eltA _ e—ztA
_ A—172
5 , s(t)y=A . (1.3)

c(t) = 2i

Actually, obviously (1.1) can be rewritten as the equivalent initial value problem for sys-
tem of the first-order linear differential equations

V() +iBv(t)=z(t) (0<t< T) v(0) = vo, v'(0) = v,

1.4
Z'(t) —iBz(t) = f(¢), (1.4)
where B = A2, Integrating these, we at once obtain
t
v(t) = e By, +I e BU=9)7(5)ds,
0 (1.5)

z(t) = eP'z +J BED f(p)dp.
0

That is,

t
v(t) = e Blyy + J

0

efiB(tfs)eiBsZOds_f_J —iB(t— s)J iB(s— p)f dp dS, (16)
0

s0, using the condition v'(0) +iBv(0) = z(0), we obtain

v(t) = (e*"Bt +iB r

0

t
+J e~iBl- S)J Bls=p) f(p)dpds.
0 0

t
efiB(tfs)eiBsd5> Vo + J e*iB(t*S)eiBSdS V’(O)
0 (1.7)
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By the interchange of the order of integration, we obtain

eiBt_ —iBt e iBt

v(t) = (e*"BtJr )vo +B*Iersv (0)

t eiB(tfs) _ zB(t s)
+J B f(s)ds
0 2i

Thus, from that by the definitions of B, ¢(t), and s(¢) we have (1.2).

(1.8)

TueOREM 1.1. Suppose that vy € D(A), vy € D(AY?), and f(t) are continuously differ-
entiable on [0, T] function. Then there is a unique solution of the problem (1.1) and the
stability inequalities

max [1v(0) |y < M ol + 142w+ mas 42 (0l .

max 420, = {114 00l + 5l + s 7ol |
d? T
| 20| w0l < M vl #1472 L + Ll [ 115t
(1.9)
hold, where M does not depend on f(t), t € [0,T], and vy, v,.
Proof. Using the formula (1.2) and estimates
le®llgpy <1, |AY2s(t)]|yop < 1, (1.10)
we obtain
IOl = le®ll - pl ol + 1A 25O g [[A™2v5] |y
t
| 1425 =)l £ ) (L1

< [[vollp +[[A™2vglly + T max [[A=2 £ (1)] |-

Applying A2 to the formula (1.2) and using the estimates (1.10), in a similar manner
with (1.10), we obtain

||A1/2V(t)||H < ||C(t)||HaH||A1/2V0||H+ ||A1/25(t)||HﬂH||V(,)||H

[ 14250 = D)l L ) (112)

< 147250l + 1ll + T e [ ()

Now, we obtain the estimate for [|Av(t)|l . Applying A to the formula (1.2) and using
an integration by parts, we can write

Av(t) = () Avy + AV25(H AV + f(T) — c(t) f(O)—Jtc(t—)L)f’(A)d/\. (1.13)
0
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Using the last formula and estimates (1.10), we obtain

AVl < lleOllg-pllAvolly +1IAY2sO] g 1A Vol
+ Dl +le®lypllf Ol

t ) (1.14)
[ et =Wl OOl
< [1avoll + 147255 + 201 Ol +27 ma 110
Then from the last estimate, it follows that
max [|4u(o)] |, = [[Avolly + 147203 L + 20 Ol +2T max | Ol (1.15)

The estimate for maxo<;<7 ||d*v(t)/dt?||y follows from the last estimate and the triangle
inequality. O

Remark 1.2. Theorem 1.1 holds in an arbitrary Banach space E under the following as-
sumptions (see, e.g., [3, 8, 11] and the references given therein):

lle)|pop =M, |[AVA(O)||pop <M, 0<t<T. (1.16)

Now, we consider the application of this abstract Theorem 1.1. First, we consider the
mixed problem for wave equation

u(t,x) — (a(x)uy)  +u(t,x) = f(t,x), 0<t<T,0=<x<IL,
u(0,x) = ¢(x), u(0,x)=w(x), 0=<x<IL, (1.17)
u(t,0) = u(t,L), u.(t,0) =u.(t,L), 0<t<T.

The problem (1.17) has a unique smooth solution u(t,x) for the smooth a(x) >0 (x €
[0,L]), ¢(x), w(x) (x € [0,L]), and f(t,x) (t € [0,T], x € [0,L]) functions. This allows
us to reduce the mixed problem (1.17) to the initial value problem (1.1) in Hilbert space
H = L,[0,L] with a selfadjoint positive definite operator A defined by (1.17). We give a
number of corollaries of the abstract Theorem 1.1.

THEOREM 1.3. For solutions of the mixed problem (1.17), the stability inequalities
o ||t o,

< M| g L6 oy + 19l wstons + ¥ lsion |

(1.18)
e [t )0+ s (sl o

= M[&?g%”ft(t) ')||L2[O,L] +|[f(0, ')||L2[(),L] +llollwzor + ||‘//||w21[0,L]]

hold, where M does not depend on f(t,x) and ¢(x), y(x).
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The proof of this theorem is based on the abstract Theorem 1.1 and the symmetry
properties of the space operator generated by the problem (1.17).

Second, let O C R” be the bounded open domain with smooth boundary S, Q = QU S.
In [0, T] X Q we consider the mixed boundary value problem for hyperbolic equations

n
uy(t,x) — Z X)ty ) o = f(tx), x=(X5..%,) €EQ, 0<t<T,

T
r=1

_ (1.19)
1(0,%) = 9(x), a”(aot”‘) —y(x), xe0,

u(t,x) =0, x€85,0=<t=<T,

where a,(x) (x € Q), p(x), y(x) (x € Q), and f(t,x) (t € [0,T], x € Q) are given smooth
functions and a,(x) > 0.

We introduce the Hilbert space L,(Q) which is the space of all the integrable functions
defined on Q, equipped with the norm

o= { [ [ 170 -] (1.20)

The problem (1.19) has a unique smooth solution u(t,x) for the smooth a,(x) >0 and
f(t,x) functions. This allows us to reduce the mixed problem (1.19) to the initial value
problem (1.1) in Hilbert space H = L,(Q) with a selfadjoint positive definite operator A
defined by (1.19). We give a number of corollaries of the abstract Theorem 1.1.

THEOREM 1.4. For solutions of the mixed problem (1.19), the stability inequalities

OllltiXTH” ||w21(6)

< M| max 16l + 19w + 1o |

0<t<T
(1.21)

Jmax, |luct, ||w§(§) +0111<tg||u,,(t, ')||L2(ﬁ>

< M| max Ll + 170y *+ Doz + 19 hwio

hold, where M does not depend on f(t,x) and ¢(x), y(x).

The proof of this theorem is based on the abstract Theorem 1.1 and the symmetry
properties of the space operator generated by the problem (1.19).
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2. The high order of accuracy difference schemes generated by an exact
difference scheme

We consider the initial value problem (1.1). On the segment [0, T] we consider a uniform

grid
[0,T]; = {tx =k7, k=0,1,...,N, Nt =T} (2.1)

with step 7. Using the formula (1.2), we can establish the following two-step difference
scheme for the solution of the initial value problem (1.1)

V(tke1) = 2¢(0)v(t) +v (1)
_ r s(ten — 2) f(2)dz+ th sz—t) f(2)dz, 1<k<N-1,
f i (2.2)
V(O) =0,

7 (v(1) = v(0)) = 7 (c(r) = I)v(0) + 77 Ls(T)v' (0) + 771 J s(t—2) f(2)dz

0

or

%(um = 2up +upy) = %(C(T) —Dur+ fio  fo =7 H{fikn +5(7) for — c(7) fik )
1,

stk —2) f(2)dz, frp=1"" J ' c(tx —2)f(z)dz, 1<k<N-1,

tk-1

Ik

fik= T‘lf

) Uy = Vo, ur = c(7)v(0) +s(7)v'(0) + 7 f1,1.
(2.3)

The latter will be referred to as the exact two-step difference scheme for the initial

value problem (1.1).
Suppose the operators (I — e?*'?) and (I + e™?) have the bounded inverses (I — ¢?78)~!

and (I + ™)1, Then this problem is uniquely solvable, and the following formula holds:

U = [e—kTiB —(I- leiB)_l (e—kTiB _ ekriB)]uO +eTiB (I- eZTiB)_l (e—kTiB _ ekTiB)ul

k-1
72 Z "B (I - eZTiB)’l (e—(k—m)riB _ e(k—m)riB)fm, 2<k<N.
m=1

(2.4)

Actually, (2.3) can be rewritten as the equivalent initial value problem for system of
the first-order difference equations:

T ug —ug1) +7 (I —e"B)up_y =21, 1<k <N, ug, u; are given,

) 2.5
T71(2k+1—Zk)+T71(I—e”B)Zk=fk, l1<k<N-1 25)
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From that, the system of recursion formulas follows :

ue=e "By 1 +1z, 1<k=<N,

B (2.6)
Zkn =€+ Tfi, l1<k<N-1
Hence
k
we =e FByy+ > ek ImiBrz 1<k <N,
s=1
i (2.7)
zp = ek ViTBz 4 X elklmmiriBr £ 2 <k < N.
m=1
From that it follows that
uy = e""Buo + 7121,
k s—1
Up = efk‘nBuO + ef(kfl)‘nB_l_Z1 + ze(ks)rzBT[e(sl)n’le + Z e(slm)‘rzBTfm:|
s=2 m=1
k 2.8
_ e—k‘riBM0 + |:e—(k—1)'riB + Ze—(k—s)‘riBe(s—l)i‘rB],[.Z1 ( )
s=2
k s—1
+ Ze—(k—s)riB Z e(s—l—m)riBTme, 2<k<N.
s=2
Since
k
o (k=D)7iB | z o~ (k=5)TiB ,(s=1)itB _ (I- ezriB)—l (e—(k—l)riB _ e(k+1)riB)
s=2

e

>

_ ( 21:’3)*1 ‘riB(e—kriB _ ekTiB)
k

k s—1
Zef(kfs)TiB Z e(sflfm)TiBTme
s=2 m=1

k

s‘rzB (s—1-m)7iB 2
Z ) 7 fon
=m+

P‘V§
==

(I _ eZTiB)*leriB (e—(k—m)riB _ e(kfm)‘riB)Tme,
1

3
Il

(2.9)
we have that
U = e—kTiBuO + (I _ eZTiB)’leTiB(e—kriB _ ekriB)Tzl
k-1 ) (2.10)
+ Z (I- eZTzB)*leriB(e—(k—m)riB _ e(k—m)riB)Tme) 2<k<N.
m=1

Using this formula and the formula 7z; = u; — e ""Bug, we can obtain the formula (2.4).

We investigate the stability of the exact two-step difference scheme (2.3).
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THEOREM 2.1. Suppose the operators (I — e*™B) and (I + e"®) have the bounded inverses
(I —e*"B)~1 and (I +e"8)~\. Suppose further that uo € D(B*(I + ™)), u; — ug €
D(B*(I — e*B)71), and fi € D(B(I — €*B)71), 1 <k < N — 1. Then for the solution of
the exact two-step difference scheme (2.3), the following stability inequalities hold:

OrgcgllukllH

< M[lsrz?j\)r(—lHT(I_ eZTiB)_lfk“H+ H(I— 2By, — uO)HH (2.11)

+H(I+e“B)_1uOHH],

max. |77 (g — ug—1) ||y + max ||T*1(I—e*”3)uk_1||H
I<k=< 1<k<N

SM[]SIkn;}\)I(IHTB ZTzB ka +HB ZTzB) (ul—uo)HH (2.12)

+HB(I+eT"B)71u0HH],

max |72 (ugs1 — 2uk +ug-1)| |+ max
1<k<N-1 I<k=N-1

= ML;,?Q@EI B =) (fi— fir)||, +][tBU-®) A (213)

2 (en) - Dy

H

B =) 7 = o) | B e ™) ], |

where M does not depend on 7, fr, 1 <k <N — 1, and uy, u,.
Proof. Using the formula (2.4) and the estimates
lle=k™B||, <1, 1<k<N, (2.14)
we obtain

il gy = 112+ 7)™k — (kB — ko) |,y 4e)

H
T ||e kB — krzB||H HH e?miB)” (”1_”0)HH
L2 ki |8 (¢~ (k-miB _ e(k-m)TiB)HHﬁHH (I- eZ”B)flmeH (2.15)
o
M| max [[r-e) | 0= -]

+H(I+e”3)7luoHH]

for k = 2. It obviously holds also for k = 0,1. The estimate (2.11) is established. Applying
771(I — e7"8) to the formula (2.4) and using the estimates (2.14) and

||771(1_37TIB 1HH u=1L (2.16)
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in a similar manner with (2.11), we obtain

7= (I = e ™) w4

<[lr ' (T = ™) B |y

% {||(I+e‘riB)e—(k—l)‘riB — (e~ k-DriB _ gk-1riB) WlerlBA +¢7) g
+ ||~ tk-DriB _ k—l)TiB”H_.HHB(I_eZTiB)*l(ul _”O)HH
oS (e (- )l |
sM[K%; 1B (1~ e8) ™" folly + | [B - ) ™ (1 — o),

+HB(I+eT"B)_1u0HH]
(2.17)

for k = 3. It obviously holds also for k = 1,2. So, we have that

I ~7iB 27iB) 1
el < [l )|

+ HB(I_ezn‘B)—l(ul - uO)HH+ ‘)B(I+eTiB)_luo“H]-

(2.18)
In a similar manner, one can show that
1ISCa.X ||T uk—uk—l)”HSM[lg&%\IX_lHBT 2T,B fH
+HB ) (ul_uO)HH+HB(I’LeﬁB)_luoHH].
(2.19)

The estimate (2.12) is established. Now, we obtain the estimate for || (2/72)(c(7) — D ug|| g-
Applying (2/7%)(c(t) — I) = (1/7%)e "B(I — €"8)? to the formula (2.4) and using the
Abel formula, we can write the formula

Z(e(r) = Duy = %e—riB(I _ eriB)z[e—kriB _ (I_’_eriB)*l(e—kriB _ ekriB)]uo

1 A o A A
+ ﬁ(l _ e”B)Z(I _ ezrzB) 1(e—knB _ ekT’B)(ul —up)

—

k—
1 . . I . .
; (I _ eTlB) T(I _ e‘rzB) (I _ eZT:B) 1 (e*(k*m)TlB _ e(kfm)sz)fm

=1

3
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_ %e—riB(I _ eTiB)Z[e—kTiB _ (I+eTiB)*1(e—kriB _ ekTiB)]uO
1 ) I . )
+ ﬁ([ _ eTzB)Z(I _ eZTlB) 1(e—knB _ ekrzB)(ul _ “0)
k-1
+ %(I o eriB) ‘[(I _ eZ‘riB)_l (e—(kfm)riB +e(k+lfm)riB) (fm . fm—l)
m=1
+ %(I o e‘riB) (ef(kfl)riB +ekriB) (I— e2riB)_1Tfl
1
—;(I ‘rzB)(I_l_e‘rtB)(I ZTlB) Tfk L.
(2.20)
Using the last formula and estimates (2.14) and (2.16), we obtain
2
2 1I(etx) = Deal
1 TiB -1 :
<||=(I-¢"")B
T H-H
% ||eiTiB||H‘,H|| (I+eTiB)efkTiB _ (efkTiB _ ekTiB)||H~*H
2
% HB2(I+eriB)—1uoH +Hl(1_eriB)B—1 e kwiB — ekriB||
H T H—H
XHBz 2713) (ul_uO)HH_{_H%(I_eriB)Bfl
H-H
(2.21)
X Z T|| —(k— m)TzB+e(k+l m)TzB HHB ZTzB) (fm _fm—l)HH
+‘ l(I_eTiB)Bfl ||e (k— 1)TtB+ szB||H HTB 2TlB fH
T H-H
1 .
el a—emp| e |,
[ 27iB\ ~ 27iB) 1
<M| max |BU=¢") " (fu— fur)||, +[[rBU =) A,

o [B2 00— ) (- o) |, + B2 (1+eTfB)‘1u0HH]
for k > 2. It obviously holds also for k = 1. So, we have that

max
1<k<N-1

SM[ max HTB(I—eZTfB)*‘(fk—fk,l)HH+HTB(I—eMB)*‘fIHH (2.22)

2<k<N-1

%(C(T)_I)uk

H

+HBz ZTIB) (ul_uO)HH_,_HB2(I+eTiB)—1u0HH].

The estimate for max; <<n—1 |77 2(tUgs1 — 2ux + tk—1) || i follows from the last estimate
and the triangle inequality. O
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Note that we have not been able to obtain the following stability inequalities:

ma [l < M| ma (B flly #1877 =)y + ol |

_ ~1(7 _ -TiB
a7 k= 1)+ e [l (= )

< M| max fully+ Buolly + 17 s = wo)l |

max |77 (w1 — 2uk + k1) ||y + = (c(r) = I)ug

max
1<k<N-1 1<k<N-1

H

<] max [ i fien) o+ AL+ 1B o = o)l + (1Bl |
(2.23)

for the solution of the exact two-step difference scheme (2.3). Nevertheless, the following
result holds.

THEOREM 2.2. Suppose the operators (I — e*™B) and (I + e"8) have the bounded inverses
(I —e*B)~1 and (I1+e"B)~. Suppose that ug € D(B?), u; — ug € D(B?), and fr € D(B),
1 <k <N — 1. Then for the solution of the exact two-step difference scheme (2.3), the fol-
lowing stability inequalities hold:

-1 _
ama [l < M| max [l + e G = o)l +[Buolly |, 2:29)

max |77 (uk — ux—1) ||y + max ||z (I — e "By ||
1<k<N

1<k<
(2.25)

< M| max IBAly+ B0l + 1B (- )]

2 (et - D

max |77 (1 — 20 +up1) || + max
1<k<N-1 I<k<N-

H

<[ max 1B (o fie )l + Bl + 1B G =o)L + 1Bl |

2<k<N-1
(2.26)
where M does not depend on 7, fr, 1 <k <N — 1, and uy, u;.
Proof. Using the formula (2.4) and the estimates (2.14), (2.16) and
H(I _ eZTiB)’l(e—kTiB _ ekriB)H <k, (2.27)

H-H
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we obtain
e [ < ||eikTiB||HaH||”0||H +|lrTH (I~ efTiB)BAHHaH
% H(I _ eZTiB)*l (e—kTiB _ okriB

i H(I - e2TiB)_1 (e—kriB _ ckriB

), 7I1Bul

),y = )l -

k-1
+7° Z ||eTiBHH~HH(I - ‘3271’]3)71 (ef(kfm)ﬂB - e(kfm)ﬂB)HHaHHfm”H

5M[ls,,?sﬁ_1||fmllH+!lf*<ul —uo>||H+||Buo||H]

for k > 2. It obviously holds also for k = 0, 1. The estimate (2.24) is established. Applying
771(I — e7"8) to the formula (2.4) and using the estimates (2.14), (2.16), and (2.27) in a
similar manner with (2.24), we obtain

T - e "B up ||
<l - e B,
y {||e-<k-l>ff3||HqH||Buo||H e =B,
> H(I _ leiB)*l (e—(k—l)riB . e(k_l)TiB)HH_,H”BzuO”H

+ H(I _ eZTiB)—l(e—(k—l)TiB _ e(k—l)TiB)HH HT||BT_1(u1 _ “0)||H

k-2
. z ||eTiB||HaHH(I _ 6211'3)*1 (ef(kfl—m)riB _ e(klm)TiB)HHaH”TBmeH}

m=1

= M[I;;l;‘ﬁ_IHBfmllH BT (o) ||y + ||B2uo;|H]

(2.29)

for k > 3. It obviously holds also for k = 1,2. So, we have that

ma (|70 = e )l |y < M| max (1Bl + 157 o= ) L + 18wl |
(2.30)

In a similar manner, one can show that

([ (= 1)y < M| | max (1B il + 1B (1 = o) | + 1|8l |
o ) (2.31)
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The estimate (2.25) is established. Now, we obtain the estimate for || (2/72)(c(7) — D uk|| g-
Using the formula (2.20) and the estimates (2.14), (2.16), and (2.27), we obtain

2 11(ete) = Deull

1 2

(I - TiB 371
(1)

<

el

o el 1)

H-H
« H (I- leiB)*l (e—kriB _ ekriB)HHqHHBauO”H]

+H%(1_eriB)B—1 ? H ZrzB) ( 7kriB_ekriB)H

g 1B (1 = 10) [

k—

+ H%(I —etiB)g-1 TH(I 21iB)*1(e—(k—m)7iB _ e(k—m)riB)H

H—-H , H-H

k_
« ||B ~ fut ||H Z H TzB eZTiB)—l(e(kfm)TiB+e(k+17m)TiB)HH_)H

x||<fm—fm,1>||H+H;<1_erfB>B—1

H-H
2B\l —(k—=1)1iB _ o1 B
XH(I e27iB) !¢ Ti )ti HHH
><||TBf1||H+)'(I—eTiB)(I—ezT’B) [e(k—l)nB+ekriB]HHHHHﬁ||H
- an—emwmeﬂBmHﬁHm_lnH
1
<m| max (1B o fo )t max (17 Gn = fot) g

+ B fillps + [ Al + 1B 27 (w1 = wo) |y + [[Buolly + ||B2u0||H]

< [ 1B S+ B Al + 1B s = ) + 18250
(2.32)
for k > 2. It obviously holds also for k = 1. So, we have that
max 3(C(T) -Du
1<k<N-1]| 72 k H
<M max (1B (= fio o)l 1Bl + 1B G =)+ 1Bl |
(2.33)

The estimate for max; <f<n—1 |77 2(tgs1 — 2ux + tk—1) || g follows from the last estimate
and the triangle inequality. O
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Remark 2.3. Theorem 2.1 actually holds in an arbitrary Banach space E under the follow-
ing assumptions:

|le=k"B||, . <M, 1<k<N, (2.34)

where M does not depend on 7.

Remark 2.4. This approach permits us to construct the high order of accuracy two-step
uniform difference schemes for differential equations of the hyperbolic type with an arbi-
trary parameter € on the highest derivative. In [2, 3] the stability estimates of the solutions
of the high order of accuracy difference schemes for hyperbolic equations with an arbi-
trary ¢ parameter on the highest derivative were obtained.

Now, we will consider the applications of the exact difference scheme (2.3). From (2.3)
it is clear that for the approximate solutions of the problem (1.1), it is necessary to ap-
proximate the expressions

s(r), (7)),
t tk 2.35
Jt s(tx — 2) f(2)dz, J c(ty — 2) f(2)dz. (2.35)

k-1 Tk-1

We remark that in constructing difference schemes, it is important to know how to
¥ r
construct £ and f{} such that

772 thﬂ st — 2) f(2)dz — c(1) 772 th s(tk — z) f(2)dz

tr f—
Ik

+s(T)T*ZJ c(tx —2) f(z)dz — kj’l = o(7/*), (2.36)
1)

k-1

77! JTS(T —2) f(z)dz— flj;’ll =o(7/*h),

0

il il . . . il il
and the formulas of £ and f}} are sufficiently simple. The choice of £ and £} is not
unique. Using Taylor’s formula and integration by parts, we obtain the representation

bk
772 J s(te — 2) f(2)dz

tk-1

-1 . o (2.37)
-2 _ S— Z)] (]+l
Z Bonf " (te-1) + Jzk,ls(tk z) th G- f z)dzds,
in which
ﬁm:—A*ITW Bz 2<m<j+l-1,
m! (2.38)

Bo=12A"" (C.(T) -1), Bi=12A" (s(1) — 7I).
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In a similar manner, one can obtain that

2 th c(te — 2) f(z)dz
1)

k-1

jH-1 (2.39)

Z Yo f " (ti-1) Zr c(tk—z)f (=2 U (2)dzds,
tit by (JHI=1)!

in which
m=Pm-1, l<m<j+l-1, yo =1 2s(1). (2.40)

Using the definitions of s(7) and ¢(7) and Pade fractions for the function e * (see [1]),
we can write

Rj,l+1(iTB) +Rj,l+1(*iTB)
2

]l+l(lTB) ]l+1(_1TB)
2i

+0(Tj+l+2),

c(r) =

(2.41)

(Tj+l+2).

s(t)=B7"!

Now, using the formulas (2.36), (2.37), (2.39), and (2.41), fk]l and fljll can be defined by
the following formulas:

jH-1 -
R;141(iTB) = Rj 141 (—itB)’
= 3 Buf " (t) + B 2“ Z H(te-1)
m=0 ! m=0
Ri11(itB) + R, 41 (—itB) 1 T5!
B ],l+1( ) . ],l+1( ) Bmf(m)(tk—l): (2.42)
m=0
| N N
H= > Buf™0),  f=tf,
m=0

where

m—2

B, — _,crlT7 +A By 2=m<j+l-1,

By =1 24" (Rj,l+1(iTB) +2Rj,l+1(—iTB) B I),
B, =124 (B,le,m(iTB) —Rj(-itB) TI) (2.43)
21 ’

By=Bu1, l<m<j+l-1,
Rj+1(itB) — R} 141(—iTB)
2i '

~

B() = T_ZB_1
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Now, using the formulas (2.41), (2.42), and (2.37), we obtain the difference schemes
(j + Dth order of accuracy

sz(ukﬂ—Zuk+uk,1)+guk=fkj’l, l1<k<N-1, Uy = v,
~ R; iTB)+R; —iTB
A= 2T_2 (I _ ],l+1( ) : ],l+1( )>’

(2.44)

R;,(iB) + R} (—iTB
j.1(iTB) . j (=it )_I)VO

7w —ug) = T_1<

R (itB) — R (—iTtB)
2i

+77!'B7!

V' (0) + £

for the approximate solution of the initial value problem (1.1).

Note that the difference schemes (2.44) for j =1, j =[—1, and j = [+ 1 include dif-
ference schemes of arbitrary high order of approximation. Moreover, the corresponding
functions |Rj41(z)| tend to 0 as z — oo for j =1~ 1,1 and |Rj 1 (2)| =1 for j =1+1.
Such difference schemes are simplest, in the sense that the degrees of the denominators
of the corresponding Pade approximants of the function exp {—z} are minimal for a fixed
order of approximation of the difference schemes.

Suppose the operators (I — R})l(i‘rB)) and (I +R;,(iB)) have the bounded inverses
(I- Ri,(i‘rB))’1 and (I +R;;(itB))'. It is clear that this problem is uniquely solvable,
and the following formula holds:

we = [RS,(~itB) — (I R2 (itB)) ' (RE,(—itB) — R (iTB)) |uo

+R;(itB) (I - R} (i7B)) ! (RY,(=iTB) - R} |(iTB))u)

k-1
+72 > R (itB) (I - Ril(irB))*‘ (R’;;m(—irB) - R’;;m(ifB)) 2 <k<N,
m=1
R;;(iTB) + R; (—iTB R (iTB) — Rj (—iTB -
Uy = ],l( ) ],l( )Vo 4+ B! ],l( ) : ],l( )V,(O) +Tf0]’l,
2 2i
Ug = Vo.

(2.45)

We investigate the stability of the exact two-step difference scheme (2.45).

THEOREM 2.5. Suppose the operators (I — Ril(i'rB)) and (I + R;j,(itB)) have the bounded
inverses (I — Ri,(iTB))’1 and (I +R;(itB))~'. Suppose that uy € D(B?), u; — ug € D(B).
Then for the solution of the two-step difference scheme (2.45) for j =1 and j =1-1, the
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following stability inequalities hold:

—1 il 1 -1
amas [l < M| | max [+ 1B = ) g+ ol |

-1 _ ~1(7 _ —TiB
ma (|77 (k= i) [l + max [[77H(T =)l

il _
<[ max A Il o = o) g+ 1Bl

-2 _ g
Cmax (|77 (i = 2ui )|+ max [ Aud]

< M| ma e (2 20y 7 08 G )l 1ol |
N (2.46)

where M does not depend on , fkj’l, 1<k<N-1,and uy, u.

The proof of Theorem 2.5 follows the scheme of the proof of Theorem 2.1, and relies
on the formula (2.45) and on the estimates

||Rj,l+l(iiTB)||HHH = 1) (247)
=B - R§,,+1(irB))‘le,m(irB))'HﬁH <M. (2.48)

Note that the estimate (2.48) is not satisfied for j = I+ 1. Therefore we have not been able
to obtain the same stability inequalities for the solution of the exact two-step difference
scheme (2.45) for j = I+ 1. Nevertheless, the following result holds.

THEOREM 2.6. Suppose the operators (I — Ril(i'rB)) and (I + R;j,(itB)) have the bounded
inverses (I — Ril(iTB))’1 and (I+R;;(itB))~". Suppose that uy € D(B?), u; — ug € D(B?),

and fkj’l € D(B), 1 <k <N — 1. Then for the solution of the two-step difference scheme
(2.45) for j = 1+ 1, the following stability inequalities hold:

il _
e (el < M| max 1L+ 1 o= ) g+ 1Bl |

-1 _ -1(7 _ ,—7iB
max |77 (g = )|y + max [[77H (1= e ™)y

i, _
<[ max B+ B s = o)y + Bl |

-2 _ ~
max [l (s — 2+ )+ max (1Al

_ il il il _
< M| max (1B = D 1B+ 187 G = o)+ Bl |
(2.49)

where M does not depend on , fkj’l, 1<k<N-1,and ug, u.
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The proof of Theorem 2.6 follows the scheme of the proof of Theorem 2.2, and relies
on the formula (2.45), the estimates (2.48), and

(1= Riju1 207B)) " (RE,, (—ivB) — R, (i7B)) || <k, (2.50)

Remark 2.7. Theorem 2.6 actually holds in an arbitrary Banach space E under the follow-
ing assumptions:

R (+itB)||,_ <M, 1<k=<N, (2.51)
71 E—E

where M does not depend on 7.

Now, the abstract Theorems 2.5 and 2.6 are applied in the investigation of difference
schemes of higher order of accuracy with respect to one variable for approximate solu-
tions of the mixed boundary value problem (1.19). The discretization of problem (1.19)
is carried out in two steps. In the first step we define the grid sets

QO = {x = xn = (imiy...,hymy), m = (my,...,my),
0<m; <N, N, =L, r=1,...,n}, (2.52)
Qh=ﬁhﬂﬂ, Sh=(NZhﬂS.

We introduce the Banach space Lz((N)h) of the grid functions ¢"(x) = {@(hymy,...,h,m,)}
defined on O, equipped with the norm

1/2
"I, = <2|<p )Izhl---hn> . (2.53)

erh

To the differential operator A* generated by the problem (1.19), we assign the difference
operator Aj by the formula

n
Aful = Z (a0l ) (2.54)
acting in the space of grid functions u"(x), and satisfying the conditions " (x) = 0 for all
x € Sp. It is known that Aj is a selfadjoint positive definite operator in L (€, ). With the
help of A7, we arrive at the initial value problem

2 h ~
% Avi(tx) = fi(t,x), 0<t<T,xeQy,
£ . (2.55)
w0 =g, POY i red,

for an infinite system of ordinary differential equations.
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In the second step we replace problem (2.56) by the difference schemes (2.44):

T2l (x) = 20l (x) + il (%)) + ATl (x) = fl(x),

tv=kr, 1<k<N-1, xe(N)h, ué‘(x)z(ph(x),

R (itBf) +R;;( —itB}
T‘l(u’f(x) _ug(x)) _ T—l( ]J( h) : ],l( h) —I)goh(x)
Ry (itB¥) — R (~itBY) ~
e TR L A CORS JCONNP IS oY
~ R; itBY) + R; —iTB}
i:2T72<1_ ji+1(iTBj,) 2],l+1( h)>, (32)2: .
h iy (m) 1R] z+1(lTBZ) _Rj,l+1( - iTBZ)
S = 3 B f ™ (1) 4 B k
m=0
jHl-1 . px xy jH-1
~ R; iTBy) +R; ITB
N Z B f™ (t-1,%),
m=0
-2
S =7 3 Buf(0,),
m=0
(2.56)
where
x I o —1 .
_1/R; itBY) +R; —iTB}
BO _ T_Z(AZ) 1( ],l+1( h) 5 ],l+1( h) —I),
_ 1 R; iTB}) — R; —itB;},
Blzrfz(A’,j) 1((32‘) 1 ;,l+1(1 i) 2i1,1+1( i) —TI), (2.57)

By=Bn1, lsm<j+l-1,

~1 Rj,lﬂ (I'TBZC) - Rj,l+1 ( - l'TBZC)
2i ’

E() = T_2 (B;)

TueOREM 2.8. Let T and |h| be sufficiently small numbers. Then the solutions of the differ-
ence schemes (2.56) for j =l and j = | — 1 satisfy the following stability estimates:

h
Og}gliv | |uk||Lz((~2h)

<M, [ max H(B;f)flfthLz(ﬁh) + H(B;,‘)il‘//h

0<k<N-1

h ~
L) +|lo ||Lz(oh)]>
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max ||7”! ”Z - ”2—1)”@(@)

1<k<N

h
P, m,

n
<on | max 1A 4V i + 3 |
r=1

Lz«”lh)]’
2( W h
| thax. 1||T “k+1 _2”k+”k—1)||Lz(ﬁh)

n
5M1|: max |77 fk ﬁchfl)HLz((N)h)+||f0h||L2((~2;,)+Z ‘Wx,mr L&)

1<k<N-1 —1
Lz(leh):|

Here M, does not depend on 7, h, ¢(x), y"(x), and f'(x),0 <k <N — 1.

n

2

r=1

(o), .
(2.58)

The proof of Theorem 2.8 is based on the abstract Theorem 2.2, and the symmetry
properties of the difference operator Ay, defined by the formula (2.56).

THEOREM 2.9. Let T and |h| be sufficiently small numbers. Then the solutions of the differ-
ence schemes (2.56) for j = 1+ 1 satisfy the following stability estimates:

max ||“Z||L2(ﬁh)

0<k<N
<t e 1+ 19+ 3 N |
h
12}(&5}(\[”‘[ (uk _uk*I ||L2(ﬁh)
_ . .
h h
= Ml 0<r]?<a1\)7( lz H fk Xpstiy Lz(Qh) ;‘ V/Xy,ﬁ/l, L(Q )+;§1 H<(P56y)xr’mr LZ((N)h):|’
1555(_1'“7 (ur = 20+ ) e,
[ n
—1 h _ h
< M1 1;]:13[\)](_11' ; H(fk )x,,rh, (fk—l)x,,rh, L, (Qh) Z H(f() );vcr m, Qh)
n
- «2|((ot) |
Z H I//x’ *romr Ly (@) ; (goxy xr>x"m' Ly(Oy)

(2.59)

Here M does not depend on 7, h, ¢"(x), y"(x), and fkh(x), 0<k=<N-1.

The proof of Theorem 2.9 is based on the abstract Theorem 2.5, and the symmetry
properties of the difference operator Aj, defined by the formula (2.56).

Note that in a similar manner one can construct the difference schemes of a high order
of accuracy with respect to one variable for approximate solutions of the boundary value
problem (1.17). Abstract Theorems 2.2 and 2.5 permit us to obtain the stability estimates
for the solutions of these difference schemes.
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3. The high order of accuracy difference schemes generated by Taylor’s
decomposition of function on the three points

We consider again the initial value problem (1.1). For the construction of the two-step
difference schemes of an arbitrary high order of accuracy for the approximate solutions
of the initial value problem (1.1), we consider again a uniform grid space

[0,T]; = {t& = kt, k=0,1,...,N, Nt = T}. (3.1)

The function v(¢) (0 <t < T) has a (2] +2j + 2)th continuous derivative and #_1,f,
tre1 € [0, T];. Then we have the following Taylor decomposition on the three points (see
[6]):

j

!
V(teer) = 2v(t) +v(teo1) — D@ (5) 1% = D s (v (1) + v (trar) ) T (32)
s=1 s=1 .

_ 0(T21+2j+2)
>

where #,,, m = 1,..., j, is the solution of system

1 s—1 Him |
LENCRTA Z,l (s —om) loranys lHl=s<j,
j
28) ! Mm . .
Z%=l foranys, j+1<s<I+j, (3.3)

m=1
1 P 1
a =1-2n, as=<m—ns—glqmm>2 foranys, 2 <s<l

Suppose further that the function v(t) (0 <t < T) has a (2] +2j + 1)th continuous
derivative. Then we have the following Taylor decomposition on the two points (see [6]):

2j 21
v(1) = v(0) + > 8 (1)T* = > pvI(0)7° = o(rHHH), (3.4)

s=1 s=1

where
_(2l+2j - 9)12D)!
P it 2j)1s120 = 5!

Q142 = 9)12))U-1)
21+ 2))1s1(2f —s)!

foranys, 1 <s<2I,
(3.5)

foranys, 1 <s <2j.

Now, we will consider the applications of the Taylor decomposition (3.2) of func-
tion v(t) on the three points and Taylor’s decomposition (3.4) of function v(¢) on the
two points to approximate solutions of the initial value problem (1.1). From (3.2) and
(3.4) it is clear that for the approximate solution of the problem (1.1), it is necessary to
find v\ (1) for any s, 1 < s < 21, v®)(t;) for any s, 1 <s <[, and v (t5_1), v (t541)
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foranys, 1 <s < j. Using the equation

V() = —Av(t) + f(¢t), (3.6)
we obtain
v (1) = (—A)"v(t) + i(—A)H fOA2), n=2,.., (3.7)
A=1
v (1) = (A" (1) + i(—A)"’Afm")(t), n=1,.... (3.8)
A=1

Suppose further that the function v(¢) (0 < ¢ < T) has a (2/+2j — 2m + 2)th continuous
derivative. Then by Theorem 1.3, we have the following Taylor decomposition on the two
points:

21-2[m/2] 2j—2m+2[m/2]+1
v(7) —v(0) + z agl/(s)(‘[)‘rs _ z bsv(s)(O)Ts _ O(Tzl+2j—2m+2)’ (3.9)
s=1 s=1
where
~QI+2j-2m+1—-9)!1(21 = 2[m/2])!(-1)* [ﬂ]
“= TGl 2jr1-amisl(ap—2lma) s oras i=s=2=25 ],

QI+2j+1-2m—9s)1(2j —2m+2[m/2] +1)!
QI+2j+1-2m)!s!(2j —2m+2[m/2] +1 —5s)!

s =

for any s, 1 §552j—2m+2[%] +1,
(3.10)

where [a] denotes the integer part of the number a. Further using the formulas (3.7),
(3.8), and (3.9), we can write

1—-[m/2] —[m/2] n
V(D) =V(0)+ D am(—A)" (z 12"+ > g D (A7)
n=1 n=1 A=1
1—[m/2] 1—[m/2] n
+ Z Ao 1 V(T) 2n— 1+ Z Arp z( n /\f (24-2) T)T2n 1
n=1 A=1
]—m+[m/2] j—m+[m/2] n
= D (AT = D by (AT D (0)
n=1 n=1 A=1
j—m+[m/2]+1 j—m+[m/2]+1 n
- > b (AT = D by D (A AP (0)r !
n=1 n=1 A=1

=o(r2HH2M) L g<m< -1

(3.11)
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From the last formula it follows that

1-[m/2]
<I+ > az,,(—A)”Tz”)v’(T)

n=1
j—m+[m/2] 1-[m/2]
= (I+ Z bzn(—A)”TZ”) v'(0) — Z azp_1 (=A)"v(T)T? !
n=1 n=1
j—m+[m/2]+1 1-[m/2] n
+ > b (AT = DT a4y, > (AT D ()
n=1 n=1 A=1
1—[m/2] n j—m+[m/2] n
_ Z Aan1 Z(_A)n—)lf(ZA—Z)(T)TZn—I + Z b2n Z(_A)n—)tf(ZA—l)(O)TZn
n=1 A=1 n=1 A=1

j—m+[m/2]+1

+ z ban_1 Z(_A)n—)tf(z)t—Z)(O)TZn—l +0(T21+2j—2m+2)) 0<m< ] ~ L
n=1 A=1
(3.12)

Suppose further that the operator (I + Zi;[lm /2] ar(—A)"7?") has a bounded inverse.
Then

I-[m/2]

-1
V(1) = <I+ > az,,(—A)”TZ”)

n=1

j—m+[m/2] I-[m/2]
x{(1+ > b2n(—A)”12“)v'(O)— > @ (=A)"w(r)T !

n=1 n=1
j—m+[m/2]+1 1-[m/2] n
2 b (CAOTT = Y a, X (—A)T D ()
n=1 n=1 A=1
1—[m/2] n
_ Z a1 Z(_A)n—)tf(zk—z)(T)TZn—l
n=1 A=1
j—m+[m/2] n
+ Z bZn Z (_A)nf)tf(zlfl) (0)‘[’2”
n=1 A=1

j—m+[m/2]+1

+ Z ban1 i (—A)"Af(z)‘z)(o)Tan}
A=1

n=1

+o(r?HH2m2) L g<m< -1
(3.13)
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Now, using the formulas (3.2), (3.4), (3.7), (3.8), and (3.13), we obtain the difference
schemes of a (2/+2)th order of accuracy

Uk — 2Ug + Uk

I j
_ o il
> =D a (AT 2w = D (AT (e +uen) = £

s=1 s=1

joos
- 2,7 Z —APNFD (1) + FAD (1)) 22
s=1  A=1

+ zas Z(—A)H‘fm*” ()2, 1<k<N-1, Uy = Vo,
s=1  A=1

I 1
ot Z pan(—A)"T?" 1y(0) — Z pan—1(—A)" 11272/ (0)

n=1 n=1

j j I-(m/2] -1
+ Z 62,,(—A)n‘[2n71u1 + z 82m_1(—A)mT2m72 X <I + Z az,,(—A)”TZ”)
n=1 m=1

n=1

j—m+(m/2) 1-[m/2]
x{<1+ > bzn(—A)”Tz”)v'(O)— > a1 (A Ty

n=1 n=1
j—m+[m/2]+1
+ z b2n—1(—A)"T2"1V(0)}
n=1

1 n

= Z P2n(—A)"T2”_1 Z (_A)n—,\f(z,\_z)(o)

l n
2 panea (ZA)TIEE Y (-4 PN (0)
=1 A=1
j n
- Z Son(—A) T2 (—A) A FRAD) (1)

A=1

_ ZSZH 1( A n 2n Zz n /\f(Z)L—l)(T)
n=1 A=

j 1-[m/2] -1
- Z Som-1(—A)"T*" 2 <I+ > azn(—A)"T2">

n=1
I-[m/2]

[m/2 n n
{ z z(_A)nﬂ\f(Z)Lfl)(T)TZn _ z Gon1 Z(_A)nflf(zkfz)(,[),[mfl
n=1 A=1 n=1 A=1
m+[m/2] n
+ Z b2n z (_A)n—/\f(Z)L—l)(O)TZn
n=1 A=1
j—m+[m/2]+1

+ Z ban-1 Z(—A)”Af(nz)(o),[%l}
A=1

n=1
(3.14)
for the approximate solution of the initial value problem (1.1).
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Suppose that the operator

j I-[m/2] -1
(I-f- z 62;1( n 2 _ z 82m 1 m 72m= 1<I+ Z azH(—A)"12”>
n=1 n=1

(3.15)

1—-[m/2]
X Z A 1 n 2n 1

has a bounded inverse. Suppose further that the operator (I — zi:l 7s(—A)’7%) has a
bounded inverse and

2 j -2
-1 (21+Z(x5( A)S 25) (1— Zr];(—A)STZS> > 0. (3.16)

s=1 s=1

This problem is uniquely solvable, and the following formula holds:

= (Rji(—itA) - R;y(irA)) ™" Ry (T A)R; (=it A) (RE; (iTA) — RS (—itA))ug

+ (Rju(—itA) = R; (irA)) " (R (—itA) - R (irA))uy

sl

M»

]1( iTA) le(er)) ]l(lTA)RJI( iTA)
]:1

-1
x(ﬁ’;jm(—iTA)—ﬁ (itA) (I Zn 325) L 2<k<N,

ur = cv(0)+5.v(0)+ 1 Oj’l
(3.17)

Here

-1

I i
Rji(=itA) = % (n +> as(—A)ST%) (1 - qs(—A)STZS>

s=1 s=1

-2

! 2 j
+ iJ I- i (21 +> ocs(—A)5725> (1 -> 175(—A)5125>

s=1 s=1
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j j
Cr = <I+ Z 82n(—A)"T2” _ Z 82m71(—A)mT2m71
m=1

n=1

I-[m/2] —1i-[m/2] -1
x(1+ > aQn(—A)"ﬁ“) > aznl(—A)"TZ”_l>
n=1

n=1

1 j
X ‘IZ ,’Jzn(—z‘l)"TZW1 + z Som-1(—A)" T2

n=1 m=1

1-[m/2] =1 j—m+[m/2]+1
X <I+ Z aZn(—A)”TZ”> Z b2n71(_A)nT2n71

n=1 n=1

j j
,S\/T = <I+ Z 62n(_A)nTzn - Z (Sert—l(_A)mTZ’ni1
m=1

n=1
1={m/2] ~11-[m/2) -1
><<I+ > aZn(—A)”T2”) > aznl(—A)”12”1>
n=1 n=1

I J
X {Z Pt (A I S 8y g (A T2

n=1 m=1

I-[m/2] -1 j—m+[m/2]
><<I+ > azn(—A)”T2"> (I+ > bz,,(—A)”TZ”>]»,

n=1 n=1

. ! n
=D pan(=A) T S (—A) T D 0)
n=1

A=1

l n
+ Z pan-1(—A)" 122 Z (—A)"A fA=D()
n=1 =1

j n
=S San(—AY TS (~A) A O ()
n=1

A=1

i n—1
= > S (A T2 D (A AN (g)
=1

n=1
j 1-[m/2] -1
= > S (A2 (I + > azn(—A)”TZ”)
m=1 n=1
1-[m/2] n
% { _ Z Aan Z(_A)anf(z)Lfl)(T)TZn
n=1 A=1
1-[m/2] n
_ Z Ao 1 Z (_A)n—lf(z)t—z)(T)TZn—l
n=1 A=1
j—m+[m/2] n
+ Z b2n Z (7A)n7/1f(2)171)(0).[2n
n=1 A=1

j—m+[m/2]+1

+ Z ban-1 i(—A)"’\f(MZ)(O)Tan}
A=1

n=1

(3.18)
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From the formula (3.17) it follows that the investigation of the stability of difference
schemes (3.14) relies in an essential manner on a number of properties of the powers
of the operator ﬁj)l(iiTA). We were not able to obtain the estimates for powers of the
operator ﬁj,z(iiTA) in the general cases of numbers j and I.

THEOREM 3.1. Suppose that uy € D(A), u; — ug € D(AV?). Then for the solution of the
two-step difference schemes (3.14) for | = 0 the following stability inequalities hold:

max [[ully

< M[ max [[A7! kj’l||H+ A2 (g = uo) ||y + ||”0||H:|’

1<k

-1 _
1I;r};gvllf (uk — ug—1) ||y

il _
< M| max [+l = ) g+ 14wl |

-2 .
| thax 1772 (g1 — 2uk + k1) ||

_ il il il B
SML;;%_IIIT YA = R0 LA + 1AV 1(ul—uo)l|H+||Auo||H]>
(3.19)

where M does not depend on , fkj’l, 1<k<N-1,and uy, u.

The proof of Theorem 3.1 follows the scheme of the proof of Theorem 2.1, and relies
on the formula (3.17) and on the estimates

||1N2j,1(iiTA)||H_,H <1,

e (1 Rytiea) " Rostiza,_, <, (3.20)
. -1
| (1 - im(—A)STZS) =M.
s=1 H-H

Remark 3.2. Theorem 3.1 actually holds in the general cases of numbers j and / under
the following assumption:

T||Allg—g — 0 when 7 — 0. (3.21)
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Remark 3.3. Applying the formulas (2.37), (2.41), (2.44), (3.2), (3.7), and (3.13), we can
construct the difference schemes of a (2/+2j)th order of accuracy

| j

Ukl — 2Uk + Uk j»l

%—Z as(—A) T>" zuk—Zm P2 (upy k) = f
s=1 s=1

j s
_ z s Z (_A)sf)t (f(z)tfz) (tk+1) + f(ufz) (tk—l))TZkz

s=1  )A=1

Log (3.22)
+ > (FAT A ()T, 1<k<N-1, Uy = Vo, :
s=1  A=1

Ry (iTB) + Ry (—iTB
e (1 — 1) = _1< 21,2 (iTB) + Rap2( ) —I)vo

2

Ry12i(itB) — Ry12i(—iTB i
+T_1B_1 21,2]( ) 21 21,2]( )V/(O)-f—fO],l

for the approximate solution of the initial value problem (1.1). In a similar manner one
can obtain the stability inequalities for the solution of the two-step difference schemes
(3.22).

Now, the abstract Theorem 3.1 is applied in the investigation of difference schemes of
higher order of accuracy with respect to one variable for approximate solutions of the
mixed boundary value problem (1.19). The first step of discretization of problem (1.19)
is given above. Suppose that the operator

1-[m/2] -1
<I+ Z 52,1( A npn _ Z 82m 1 )msz_l (I+ z az,,(—A)"TZ”)

n=1 n=1

I-[m/2]
X Z aan(_A)nTznl>
n=1

has a bounded inverse. Suppose further that the operator (I — Zgzl 7s(—A3)s7%) has a
bounded inverse and

1 -2
I—i(21+ > al(— A7) 25) (1 qu - A% 25) > 0. (3.24)

s=1

Then in the second step we replace problem (2.56) by the difference schemes (3.14):

T*Z(uZ+1(x)—2uZ(x)+u£ (x ))+Ahuk(x)+AA"(uk+l(x)+uk ((x)) :fkh(x),
tr=kr, 1<k<N-1, x € Qp,

1 J
Af ==Y a(—AD) T, AAL =D (- AD) TR
s=1

s=1
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j s
1) = DS (= AT (te,x) + FOD (11,x) ) 72572

s=1 A=l
I s

+3w S (AT P (x)1 2, 1<k<N-1
s=1  A=1

u?(x):ET h( )+ STI// (x)+Tf0 ), x€Qy,

]
EITZ I+Z($2 Ax”2n 282”11 Ameml

I-[m/2] ~Li-[m/2] -
X <I+ azy,(Aﬁ)"TZ”) Z Ay (— AF) 7!

I j
X ‘[sz,,( —Ai)n‘fzn71 + z 62,,1_1( —AZ)mTZWHZ
n=1

m=1

1-[m/2] =1 j—m+[m/2]+1
X (I+ > am(—A7)" 2”) > bZn_l(—A;;)”TZ”—l},

n=1 n=1

j
:(I+Z82n Ax”2n Z(SZml Axm2m1
n=1

I-[m/2] ~11-[m/2] -1
X <I+ Z azn(—AZ)nTzn) Z Axp— 1 Ax " -l

n=1

| ;
n—1 m _
X‘[szn (—AR)" s 282m 1(—Af) "2

n=1 m=1

1-[m/2] -1 j—m+[m/2]
><<I+ > azn(—A’h‘)"TZ”) (I+ > bzn(—A’,;)n‘rz">}>,

n=1 n=1
) n
ﬁ)h(x) _ ZPZn Ax n 2n Z 2/1—2)(0’x)
n=1 A=
+Zp2nl Ax”IZn 22 Ax”‘lf(n I)Ox)
A=1
J
_Zé\zn Ax”lnlz 2/\2(Tx)
n=1
j
_ Z5zn71 Ax n 22 Z 2/\ l)(T,x)
=1

I-[m/2]

j -1
Z 2m-1 (= AF) " 2<1+ > azn(—Az)”rz”)

n=1
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1-[m/2] n A
{— > awm ) (=AY AV (@7
n=1 A=1

I-[m/2]
Z - 12 fA a0
j—m+[m/2] n
+ 0 b > (—AD)" @D (0,x) 72
n=1 A=1
j—m+[m/2]+1
+ Z bZnIZ Axn/\f(z)\z Ox)an}
n=1
(3.25)
We have the following.

THEOREM 3.4. Let T and |h| be sufficiently small numbers. Then the solutions of the differ-
ence schemes (3.25) for | = 0 satisfy the following stability estimates:

h
013(33\] | |uk||L2(Qh)

<M, [ max H(Bﬁ)flfkh

0<k<N-1

o HIED Vgt ||§"h||Lz(fzh)]’

maX [ “2 - “Zq)”Lz(m)

1<k<N
n
h h
<] max 1o+ 19 hio + S [0% 0 26)
1<rkn<%\3( 1||T uﬁﬂ - 2”2 + uZ—l)HLz(barQh)

h h
<ot a1 G ) b+ 1A D

((P’]})’Cnmr Lz(oh)]'

Here M does not depend on t, h, ¢"(x), y"(x), and fkh(x), 0<k<N-1.

n

+2

r=1

>

L) -1

h
¢%nﬁu

The proof of Theorem 3.4 is based on the abstract Theorem 3.1, and the symmetry
properties of the difference operator Aj, is defined by the formula (2.56).

Note that in a similar manner one can construct the difference schemes of a high order
of accuracy with respect to one variable for approximate solutions of the boundary value
problem (1.17). Abstract Theorem 3.1 permits us to obtain the stability estimates for the
solutions of these difference schemes.
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