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We first study the distribution of the zeros of a fourth-degree exponential polynomial.
Then we apply the obtained results to a simplified bidirectional associated memory
(BAM) neural network with four neurons and multiple time delays. By taking the sum
of the delays as the bifurcation parameter, it is shown that under certain assumptions the
steady state is absolutely stable. Under another set of conditions, there are some critical
values of the delay, when the delay crosses these critical values, the Hopf bifurcation oc-
curs. Furthermore, some explicit formulae determining the stability and the direction of
periodic solutions bifurcating from Hopf bifurcations are obtained by applying the nor-
mal form theory and center manifold reduction. Numerical simulations supporting the
theoretical analysis are also included.
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1. Introduction

In recent years, the interest in investigating the dynamics of neural networks has been
steadily increasing since Hopfield [11] constructed a simplified neural network model.
Based on the Hopfield neural network, Marcus and Westervelt [14] argued that time de-
lays always appear in the signal transmission and therefore they proposed a neural net-
work model with delays. Hereafter, various dynamical models modeling delayed neural
networks have been proposed and investigated widely to understand the dynamics be-
havior of the like-neurons (see [1, 2, 6, 7]) and there has been an extensive literature on
the local and global stability analysis of the delayed neural networks (see [6, 15, 19, 23]
and the references cited therein). It is well known that the study on dynamical systems
not only involve a discussion of stability, but also involve many dynamical behaviors such
as periodic phenomenon, bifurcation and chaos. In particular, the properties of periodic
solutions are of great interest, which can arise through the Hopf bifurcation in delayed
systems, see Hale [8], Liu and Yuan [13], Wei and Ruan [20] and Wei and Velarde [21].
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2 A BAM neural network with multiple delays

As large-scale nonlinear dynamical systems, neural networks are complex while the
dynamics of the delayed neural networks are even richer and more complicated. Neural
networks with delays can exhibit very rich dynamics [22]. Since an exhaustive analysis of
the dynamics of large-scale dynamical systems is quite difficult, Babcock and Westervelt
[1] suggested examining carefully the dynamical behaviors of the simple and lower-order
networks. Consequently, in recent years, there has been an extensive literature about the
studies of the dynamics of some special and simple lower-order neural networks (see
[3-5, 7, 16, 17, 20, 22]). However, the studies of the dynamics regarding higher-order
systems modelling the neural networks with more neurons and multiple delays are rare.
To the best of our knowledge, there is a few literatures have investigated higher-order
neural networks (see [18, 21] for the case of three neurons and multiple delays and [4, 12]
for a ring of four neurons). In fact, in practical applications, the neural networks with
more neurons and multiple delays are of great importance and frequency. Therefore, it is
necessary to investigative the dynamical behaviors of this kind of networks.

In general, in the investigating on a delay model, linearization of the system at its steady
state gives us a transcendental characteristic equation or called an exponential polynomial
equation. It is well known that the steady state is stable if all eigenvalues of the corre-
sponding transcendental characteristic equation have negative real parts, and unstable if
at least one root has positive real part. Thus, a Hopf bifurcation occurs when the real part
of a certain eigenvalue changes from negative to zero and to positive (i.e., the steady state
changes from stability to instability). This is usually caused by the delays. However, there
is a strong possibility that if the coefficients of the exponential polynomial satisfy certain
assumptions, then the real parts of all eigenvalues remain negative for all values of the
delay; that is, independent of the delay. The corresponding delay system is called abso-
lutely stable (see, e.g., Hale et al. [9]). A general result in Hale et al. [9] says that a delay
system is absolutely stable if and only if the corresponding ODE system is asymptotically
stable and the characteristic equation has no purely imaginary roots. Therefore, a first
important step in the study of the dynamics of a delayed model is to analyze in detail
the distribution of zeros of the associated characteristic equation. However, most afore-
mentioned works on the neural network focused mainly on the second-dimensional case
and hence the associated characteristic equation is also second-degree exponential poly-
nomial equation. Thus, the second-degree exponential polynomial equation has been
investigated widely and exhaustively (see [20] and the cited reference therein). As far as
the study of third and fourth-degree exponential polynomial equation, there are also a
few literature (see, e.g., [17, 18] for the case of the third degree and [4, 12] for the case of
the fourth degree).

Among a great deal of artificial neural networks, there exist a class of important two-
layer heteroassociative networks, called bidirectional associative memory (BAM) neural
networks with axonal signal transmission delays, has been proposed and applied in many
fields such as pattern recognition and automatic control (see [6]). If there is only one
neuron on the I-layer and three neurons on the J-layer, the time delay from the I-layer
to another J-layer is 7; while the delay from the J-layer back to the I-layer is 75, and the
activation functions are f; (I = 2,3,4) (see Figure 1.1). Then the network model can be
described by the following delayed differential equations, namely, functional differential
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Figure 1.1. Graph of the architecture of the model (1.1).

equations
x1(t) = —pxi() +en fi((t—12)) + e filxs (= 12)) + e fi(xa(t— 12)),
% (1) = —poxa () + o fo (21 (£ = 11)),
) (1.1)
%3(8) = =3 () + ez f3(x1 (£ —11)),
x4(8) = —paxa(t) +crafa (21 (t — 11)),

where x; (k = 1,2,3,4) denote the state of the kth neuron; px >0 (k = 1,2,3,4) describe
respectively the stability of internal neuron processes on the I-layer and the J-layer; the
real constants ¢ (I =2,3,4) and c1x (k = 2,3,4) denote the connected weights through
the neurons in two layers: the I-layer and the J-layer.

The linearization of the system (1.1) at its steady state leads to a transcendental char-
acteristic equation in the form of

A+ (13/\3 + a2A2 +aid+ag+ (bz/\z +biA+ bo)e_/h =0, (12)

which is a fourth-degree exponential polynomial equation.
If by = b, = 0, then (1.1) reduces to

/\4+a3/13+a2)\2+a1/1+a0+b0e*}“ =0, (1.3)

which was investigated by Li and Wei [12], and applied the obtained results to a ring
of neural network model consisting of four different neurons with instantaneous self-
connection and multiple delays, see Figure 1.2.

Clearly, if b? + b3 # 0, then the results obtained by Li and Wei [12] fail to (1.2). There-
fore, in order to study the dynamics of the neural network (1.1), it is necessary to investi-
gate further the fourth-degree exponential polynomial equation (1.2) with b + b3 # 0.

In this paper, we first study the distribution of the roots of (1.2) and find that there are
the following two possibilities.

(a) Under certain assumptions on the coefficients, all roots of (1.2) have negative real
parts for all delay value 7 > 0.

(b) If the assumptions in (a) are not satisfied, then there is a critical value 79. When
the delay 7 < 79, the real parts of all roots of (1.2) are still negative; when 7 = 7, there is
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Figure 1.2. A four-neuron ring with delays and self-connection.

a pair of purely imaginary roots and all other roots have negative real parts; when 7 > 19,
there is at least one eigenvalue which has positive real part.

By regarding the sum 7 of the two delays 7, and 7, as a bifurcation parameter, apply-
ing the obtained results to the BAM neural network (1.2), we show that under a set of
assumptions on the coefficients, the steady state is absolutely stable (i.e., asymptotically
stable independent of the delay 7). Under another set of conditions, the steady state is
conditionally stable; that is, there is a sequence of critical delay values 7 < 71 <...., and
the steady state is asymptotically stable when 7 < 79, loses its stability when 7 = 79, and
becomes unstable when 7 > 79. Thus, a Hopf bifurcation occurs at the steady state when
7 passes through the critical values 7; (j =0, 1,...).

This paper is organized as follows. In the next section, we will analyze in detail the dis-
tribution of roots of the fourth exponential polynomial equation (1.1). In Section 3, we
apply the results obtained in Section 2 to (1.2), the absolute stability, conditional stability
of zero equilibrium and the existence of Hopf bifurcation are studied. In Section 4, based
on the normal form theory and the center manifold argument introduced by Hassard et
al. [10], we derive the formulae determining the direction, stability and the period of the
bifurcating periodic solution. In Section 5, by applying the results obtained in Section 4,
we give a result for a special case of (1.1) determining the direction, stability and the
period of the bifurcating periodic solution. Finally, to verify the theoretic analysis, a con-
clusion is also drawn in the end.

2. The fourth-degree transcendental polynomial equation

In this section, we will study in detail the distribution of zeros of the fourth-degree tran-
scendental polynomial equation (1.2).
Consider the following fourth-degree transcendental polynomial equation

Mt asA® + a? +aid +ag+ (A2 +bid + by)e =0, (2.1)
where ar,b; € R (k=0,1,2,3; [ =0,1,2) are all real constants and Zl2=0 h,z # 0. Clearly,
iw (w >0) is a root of (2.1) if and only if w satisfies the following equation

3

w? —ia3 0’ — aw? +ig w +ag+ (= brw? +ibiw + by) (coswT — isinwt) = 0. (2.2)
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Separating the real and imaginary parts of the above equation yields the following equa-
tions

w* — aw* +ag = (byw? — by) coswt — bywsinwr,

2.3
—a3w° +a10 = — (byw? — by) sinwt — bywcoswr. 23)
Adding up the squares of the corresponding sides of the above equations leads to
w®+ (a3 — 2a;) 0® + (2ag + a5 — 2aya; — b}) w*
2 2\ 24 2 12 (2.4)
+ (af — 2apay +2boby — b¥)w* +af — b = 0.
Let z = w? and denote
a=a}-2a, b =2ag+a5 —2aya; — b,
2 2 212 (2.5)
C:al_2a002+2b0b2_b1, d:ao_bo.
Then, (2.4) can be denoted simply as the following equation:
a2+ b +cz+d=0. (2.6)
Let
h(z) =z'+az’ + b2 +cz+d. (2.7)

Noting that lim,_.,« h(z) = +00, we conclude that if d < 0, then (2.6) has at least one
positive root.
From (2.7), we have

dh(z)
dz

where f(z) = 2>+ (3/4)az? + (1/2)bz + (1/4)c. Let

=4z° +3az* +2bz+c = 4f(2), (2.8)

_ 8b—3a? @’ —4ab+8¢
T 0 1T

as
[

2
m=%+ (2.9)

o
~

Suppose that Dy > 0, then from the Cardano’s formulae for the third-degree algebra equa-
tion, we know that the equation f(z) = 0 has only one real root

R REnCNE R

Noticing that lim,_ .« h(z) = +00, thus we know that z{ is a unique minimum value
point of h(z) on R. Therefore, if d > 0 and z" < 0, then (2.6) has no positive roots; if
d >0,z >0and h(z]) < 0, then (2.6) has at least one positive roots.

Assume that Dy = 0, then in this case the equation f(z) = 0 has three real roots

a lq a /4
=24 =z = ——+ 3L 2.11
zZ1 = 4 ) V4) Z3 4 2 ( )
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zg":max{—Z—Z\‘*/g,—Z+\3/§}, (2.12)

it is easy to know that h(z) is strictly monotonously increasing when z > z;'. Therefore,
ifd > 0 and zJ <0, then (2.6) has no positive roots; if d > 0, z > 0 and h(z}’) < 0, then
(2.6) has at least one positive root.

If Dy < 0, then we know that the equation f(z) = 0 has three real roots

Let

rf = —§+2Re{a}, r = —§+2Re{ae}, ry = —Z+2Re{0¢é}, (2.13)

where a is one of cubic roots of the complex number —q/2 + /Dy and € = —1/2 + (1/3/2)i.

Let z§ = max{r{", 75,7} }, we can see that if d > 0 and z§ < 0, then (2.6) has no positive

roots; if d > 0, z§ >0 and h(z]) <0, then (2.6) has at least one positive root.
Summarizing these remarks, we have the following result.

LemMa 2.1. (i) Ifd <0, then (2.6) has at least one positive root.
(i) Suppose that d = 0, then (2.6) has no positive root if one of the following conditions
holds:
(1) Dy >0 and zf < 0;
(2) Dy =0 and z5 < 0;
(3) Do <0 and zf < 0.
(iii) Suppose that d > 0, then (2.6) has at least a positive root if one of the following
conditions holds:
(1) Dg >0, zi >0 and h(z{) < 0;
(2) Dy =0, z5 >0 and h(zF) < 0;
(3) Do <0, z¥ >0 and h(z5) < 0.

Suppose now that (2.6) has positive roots. Without loss of generality, we may assume
that (2.6) has four positive roots denoted respectively as z;, z2, z3 and z4. Then (2.4) has
four positive roots wy = ,/zx (k = 1,2,3,4). In view of (2.3), we can get

1
= —, 2.14
COSWET = —¢ ( )
where
A = b2w2+ (a3b1 —azbz—bo)wﬁ+(a0b2+a2bo—a1b1)w,€—aobo, ( )
2.15
A= b%w;ﬁ + (b% - 2b0b2)wi + b(z)
Therefore, if we define
1 A
= —[arccos <—1> +2j7'[], k=1,2,3,4,j=0,1,2,..., (2.16)
] W A
then (2.1) with 7 = T](»k) has a pair of purely imaginary roots +iwy. Let
To = ré"") = min {T(()k)}, Wy = Wk, (2.17)

ke{l,2,3,4}
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In what follows, we use a result due to Ruan and Wei [17] to analyze (2.1), which is
stated as follows.

LemMma 2.2. Consider the exponential polynomial

P(Le e, e ) = A+ pl Ot 4 p0 14 p©

+ [pf)/\”‘l o +pf11,)1)t+p§})]e‘“1

oot [pﬁm))t”*l +-- -+p§,’f)1/\+p}{")]e’“'”,

(2.18)

where v > 0 (k = 1,2,...,m) and p;k) (k=0,1,2,...,m, j = 1,2,...,n) are real constants.
As (11, T2,...,Tm) vary, the sum of the order of the zeros ofP()t,e’AT1 Je M e A on the
open right half-plane can change only if a zero appears on or crosses the imaginary axis.

Note that when 7 = 0, (2.1) becomes the following fourth-degree algebra equation
Mt asd’ + (a +b)A%+ (a1 +b1)A+ag+ by = 0. (2.19)

It is easily to get the following result regarding the distribution of roots of the exponential
polynomial equation (2.1) by using Lemmas 2.1 and 2.2.

LemMa 2.3. For the exponential polynomial equation (2.1), the following states are true.

(i) If d = 0 and one of the following conditions holds,
(1) Dy >0 and z{ < 0;
(2) Dy =0 and z&F < 0;
(3) Dy <0 and z5¥ <0,
then the order of all roots with positive real parts of (2.1) has the same sum as that of
all roots with positive real parts of (2.19) for all T = 0.

(i) If d < 0 or d = 0 and one of the following conditions holds,
(1) Dg >0, z{* >0 and h(z]) < 0;
(2) Dg =0, zF >0and h(zy) < 0;
(3) Dy <0, zy >0andh(z5) <0,
then the order of all roots with positive real parts of (2.19) has the same sum as that
of all roots with positive real parts of (2.19) for all T € [0, 19).

Let
M(T) = o (7) +iwk (1), k=1,2,3,4, (2.20)

be the root of (2.1) near 7 = T](-k) satisfying

a(r?) =0, wi(t) =, k=1,2,3,4,j=0,1,2,.... (2.21)



8 A BAM neural network with multiple delays

LEMMA 2.4. Suppose that zx = wi and dh(zi)/dz # 0. Then the following transversality
conditions hold:

dA (1)
Re [—dr

) (k)] £0, (2.22)

and the sign of Re[dA(t)/dt|__ ] is the same as that of dh(z)/dz.

Proof. Differentiating the two sides of (2.1) with respect to 7 and noticing that A is the
function of 7, one can obtain

dA

{4A3+3a3/12+2a2/1+a1+[(2b2/1+b1) —T(bz/\2+b1/\+bo)]€7)”—}$ ( )
2.23

= (bz/\z +biA+ bo)/lefh.

Thus, we have

(2.24)

<@>_1 . (4/\3+3a3/\2+2azl+a1)e“ n 2b2A+b1 _ T
dr) T (bA2+bd+bo)A a2+ biA+b)d A

Notice that A = +iw, when 7 = TJ(-k) (k=1,2,3,4,j=0,1,2,...) and we only need to con-

sider the case that A = iwy because the case A = —iwx can be obtained similarly. Accord-
ingly, when 7 = T;k) (k=1,2,3,4,j=0,1,2,...), we have

[(bzAz +biA+ bo)/\]_rzr(k)
= ( - bz@)i + iblwk + b())l'(Uk = —blwi + l(b() - bzwi)wk,

[2172/1 + bl] k) = b] + Zibzwk,

T=Tj

[(4,13 +3as\? +2a2A+a1)e)”] o (2.25)

T=

=(- 4iw2 — 3a3a)i +2iaywi +ap) (cos wkT](,k) + iSinwkT](k)>

= [(m —3azwj) coswkT;k) — 2wk (a2 — 2w3) sinwkrj(»k)]

+ i[Zwk (a2 —2w}) coswkrj(k)

+ (a; — 3aswj}) sin wkT](-k)].

Let

M= | —biw} +i(bo — byw}) wi |* = 2w} + (by — brw?) W} (2.26)
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Then it follows from (2.3) and (2.25) that
Re [ (413 +3a3A2 + 2a;1 + ap ) e ]
(bA2+bA+bo)k Lo
1 .
= M{ - blwi[(al - 3aswj) COS(UkT](M — 2wk (a2 — 2w3) sin wkrj(k)]
+ (bo — byw) w [Zwk(az —2w7) coswkrj(k) + (a1 — 3asw}) sin wkrj(k)]}
1 .
= { (a - 3a3wi)a)k[ — (byw} — by) smwk‘r;k) — biwy cos wk‘r](-k)]
+2(ay - Zwk)wk[ (brwf — by) cos wkr( + by wi smwkr(k)]}
1
=M [(a1 = 3as0) wi ( — azwi + aywi) — 2(a2 — 2w3) wi (W} — arwj +ag) |
w2
- Mk {4(02 +3(a3 — 2ax) wi +2(2a9 + a3 — 2a1a3) wi +af — Zaoaz},
R€|: 2byA + by ]
(b2A2+ DA +bo) A L =g
w
M[ blwk +2b2a)k(b0 - bza)]%)wk] = M ( - 217%(0]% +2b0b2 - b%)
(2.27)

Therefore, from (2.5) and (2.27), we can get

dA(1) -
Re [( dr T_T;.k)) }

R [ (4A3 +3a3/12+2a2/1+a1)e“] IR [ (2b2/1+b1) :|

- re (DA% + byA + bo) A 0 ) T L@ 4 b+ bo) A

2

% {4wk +3(a3 - 2a;) w{ +2(2ap + a3 — 2a1a; — b3) w} +a? — 2apas + 2bob; — b%}
oz 2 dh(z)
M(4zk +3az2+2bzx +c) = 1 +0.

(2.28)

Thus, Re[dA(7)/dt|__ w] # 0. In addition, since z; > 0, we conclude that Re[dAx(7)/

dr| _ ] and dh(zk)/dz have the same sign. This completes the proof.

O
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3. The simplified delayed four-neuron BAM neural network

In this section, we will apply the results obtained in Section 2 to study the stability and
bifurcation of the simplified BAM neural network (1.1).

Throughout this section, we will assume that the activation functions f; (k = 1,2,3,4)
of BAM network model (1.1) satisfy the following conditions:

(H)) fi € CH(R,R), £i(0) = 0.

Under the assumption (H;), we know easily that (0,0,0,0) is an equilibrium of sys-
tem (1.1) and let ux(t) (k = 1,2,3,4) be defined respectively by u; (£) = x1(t — 1), ux(t) =
xk(t) (k =2,3,4) and 7 = 71 + 73, then system (1.1) is equivalent to the following sys-
tem

i (t) = = (8) + cor fi (ua(t = 7)) + 31 fi (us(t = 7)) + car fi (ua(t = 7)),
i (t) = —patty () + c1z fo (uar (1)),
(3.1)
u3(t) = —psus(t) +c13 f3 (w1 (1)),
14 (t) = —panra(t) + cra fa (w1 (1)).

Linearized system of (3.1) near the equilibrium (0,0,0,0) gives the following linear sys-
tem
w1 (t) = —prun () + agrup(t — 1) + sy us(t — 1) + g ug(t — 1),
(1) = —paur (t) + apuy (1),
. (3.2)
u3(t) = —psus(t) + arzuy (1),
14(t) = —paus(t) + orau; (1),

where a1 = c1 f(0) (k =2,3,4) and ay; = c11 £ (0) (I = 2,3,4). The corresponding char-
acteristic equation of system (3.2) is given by

/\‘f"l/l] —ome”“ —(X31€7M —0641(:’7”
—a A+ 0 0
det| o 0, (3.3)
—13 0 /\+‘u3 0
— 14 0 0 /\+‘l/l4

that is
A+ (M1 +p2+us ‘f'.bht)AS + (W1 + pa s + papha + popis + popia +M3H4)A2
+ (piaps + ppofpia + P pspia + popispia) A+ ph popiapa
— {(anaz + &35 + 014041)A? (3.4)
+ [anz00r (s + pa) + ooz (pa + pa) + 140 (,Mz +#3)]A

t oo sy + a13031 2 s + 0614“41#2,”3}(” =0.
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In the sequel, we apply the results obtained in Section 2 to investigate (3.4), and obtain
the sufficient conditions ensuring the stability of the equilibrium (0,0,0,0) and Hopf
bifurcation of system (1.1). From (2.1) and (3.4), one can see easily that

as =y +py+pus+us >0,
Ay = Wiy + P13 + pipha + oz + popia + psps > 0,
ar = pipais + s + phpspa + popispis >0,
ag = phlapsis >0, (3.5)
by = —(a1p001 + 13061 + Q140041 ),
by =- [06120621 ([«ls +#4) + 3031 (/42 +[44) + 14041 (,Mz +,M3)],
by = — (“120621{13[44 + 331U + 06140641[42[43),
which, together with (2.5), means that
a=aj—2a, =y%+y%+y§+‘uﬁ >0,
b =2a+ a3 — 2a1a3 — b = i3+ pips + ptp + o3 + s + s
— (ap0t21 + 13031 + o1441)
¢ = aj = 2a0a +2boby — bi = pipsps + ptpsud + utuiug + uspsp; (3.6)
+2(2021 + 130031 + A140t41) (06120621,143,144 T o331 s + 06140641#2#3)
- [06120621 (,U3 +/44) + 13031 ([42 +[44) + X14041 ([/lz +H3)]2,
d = a} = b} = uhipdud — (anepsiis + by + i) .

Thus, we can calculate (2.7) and (2.9). Furthermore, from the sign of Dy, we can also
know z{(Dy > 0), z5 (Do = 0) or z5 (Dy < 0). In addition, in view of Routh-Hurwitz cri-
teria, we can easily know that all roots of (3.4) with 7 = 0 have negative real parts if the
following condition holds:

(Hy) ag + b() >0, a;+b; >0, as >0 and a3[(a1 + bl)(az + bz) — a3(a0 + b())] > ((11 +
by)2.

By Lemmas 2.3 and 2.4, we have the following result regarding on stability and bifur-
cation of system (1.1).

THEOREM 3.1. Letay, by (k=0,1,2,3;1=0,1,2),a, b, ¢, d, and T](-k> be defined, respectively,
by (3.5), (3.6), and (2.16). Suppose that (H,) and (H,) hold. Then, for system (3.1), the
following statements are true.
(1) All roots of (3.4) have negative real parts and the zero solution of system (3.1) is

absolutely stable if d > 0 and one of the following conditions is satisfied:

(1) Dy >0 and zf < 0;

(2) Dy =0and zy < 0;

(3) Do <0 and z5 <0.
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(i) All roots of (3.4) have negative real parts and hence the zero solution of system (3.1)
is asymptotically stable for T € [0,7¢) if d < 0 or d = 0 and one of the following con-
ditions holds:

(1) Dy >0, z{* >0 and h(zf) < 0;
(2) D=0, zF >0and h(zy) < 0;
(3) Do <0, z¥ >0 and h(z5) < 0.

(iii) h(z) has at least a positive root zx and T € {T }, =1,2,3,4;, j =0,1,2,..., are
Hopf bifurcation values for system (3.1) if the condztzons as stated in (ii) are satisfied
and h' (zx) # 0.

4. Direction and stability of the Hopf local bifurcation

In the above section, we have already obtained some sufficient conditions ensuring sys-
tem (3.1) undergoes a Hopf bifurcation at the equilibrium (0,0,0,0) when 7 takes some
certain critical values. In this section, we suppose that a Hopf bifurcation for system (3.1)
will occur at the zero equilibrium when 7 = 7; (j = 0,1,2,...), that is, a family of periodic
solutions bifurcate from the zero equilibrium and will establish the explicit formulae de-
termining the direction, stability, and period of these periodic solutions bifurcating from
the zero equilibrium at these critical values 7; (j = 0,1,2,...) of 7 by using the normal
theory and the center manifold argument developed by Hassard et al. [10]. Without loss
of generality, we denote any one of these critical values 7 = 7; (j =0,1,2,...) by T, at
which (3.4) has a pair of purely imaginary roots +iw and system (3.1) undergoes a Hopf
bifurcation from the zero equilibrium.

Throughout this section, we make also the following for the conditions in (H;):

(Hs) fx € C3(R,R), k =1,2,3,4.

For the sake of simplicity, we denote 7 as 7 = T+, g € R. Then y = 0 is the Hopf
bifurcation value of system (3.1). Let yx(t) = ux(tt) (k = 1,2,3,4). Then system (3.1) can
be rewritten an functional differential equation in C([—1,0],R*) as

1) =1l =y +enfily2(t= 1) + e filys(t = 1) +ea fi(yalt = )],
Pa(t) = 1[ —pay2(t) +enn fo(y1(1) ],
y3(t) =1[ —psys () +eis 5 (y1(1) ],
ya(t) = 7[ —pays() + crafa(y1 (1) ].

(4.1)

Let y = (yl,yz,y3,y4)T and substitute the Taylor expansion of fi (k = 1,2,3,4) at the
zero point into system (4.1), one can get the linearization of system (4.1) at the zero
equilibrium y =0 as

7)) =T+ —myi () +any(t— 1) +asys(t— 1)+ ya(t = 1],
y2(t) = T+ )] - pay2 () + ez ()],
y3(t) = (T+ @[ - psys () +asyi ()],
Ja(t) = (T+ )| = paya(®) + arayn (1)].

(4.2)
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Rewrite (4.2) as the following matrix vector form:

y(t) = (T+u)[Boy(t) +Biy(t —1)] = Ly (1), (4.3)
where
— 1 0 0 0 0 ay a3 oy
O P S R A
ag 00— 0 0 0 0

For any ¢ = (¢1,¢2,¢3,¢4)" € C([-1,0],R*),
Lu(¢) = (T+u)[Bop(0) + B1p(—1)]. (4.5)

Then L, is a continuous linear function mapping C([-1,0],R*) into R*. By the Rieze
representation theorem, there exists a 4 X 4 matrix function #(6,u), —1 < 0 < 0, whose
elements are of bounded variation such that

0
L9 = | dn6.w(6) for ¢ € C([-1,0,RY). (46)
In fact, we can choose

(?-f—‘u)B(), 0=0,
n0,u) =40, 0 € (-1,0), (4.7)
—(?—f—[,l)Bl, 6=-1.

Then (4.6) is satisfied.
For ¢ € C'([—1,0],R*), define the operator A(u) as

d¢(6)
W, 0e [—1,0),

A(p)¢(0) = 0 (4.8)
L@ [ anewe®, 6-0

For ¢ = (¢1,¢2,¢3,¢4)" € C([—1,0],R*), let

ki3 (=1) + ka3 (—1) + k33 (—1) + kagp3 (1)
+hs @i (—1) +kepg (—1) + - - -
flw9) = F+p) L¢7(0) +L¢p7(0) + - - - : (4.9)
m1¢3(0) +ma¢pi (0) + - - -
m 1 (0) +ny¢pi (0) + - - -
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where

e — e f7(0) ko — e fi”(0) 1 fi'(0) ks — e fi”(0)
1= )= = 4=

ks

207 317 20 7 317
e = ca fi'(0) e — ca fi(0) L= ci2f,'(0) - cify ' (0)
T 6= 3 T T
rr 0 nr 0 144 0 nr 0
12613];3!( )’ mzzclaf;!( )’ m:Cl4f;!( )’ n22614f43!( )
(4.10)
If we further define the operator R(u) as
0, 6 € [_130))
R(u)$(0) = (4.11)
f(,“) ¢)) 9 = 0;
then system (4.1) is equivalent to
ye =A@y + Ry (4.12)
For y € C'([0,1],(R*)*), define
_dVZiES)r 56(0,1],
Aty =1 (4.13)
| veganco, s-o
and a bilinear inner product
0 (6
(V(s),900)) =TOWO) - | | T(E-0)dn(0)g(&)d (4.14)

where #(6) = 1(0,0). Then A(0) and A* are adjoint operators.
From the discussion in Section 2, we know that +iw7 are eigenvalues of A(0) and
therefore they are also eigenvalues of A*. It is not difficult to verify the vector

T
q(6) = (1, f2_ b S ) ¢t 9 e[-1,0] (4.15)
po +iw’ pz+iw’ ps+iw
is the eigenvector of A(0) corresponding to the eigenvalue iw7, and
iwT iwT iwT\
g% (s) = Q(l, ae " asie " age : >ezwrs, se0,1], (4.16)
U — 1w Uz — 10 Uy — 10

is the eigenvector of A* corresponding to the eigenvalue —iw7. Moreover, (g*(s),q(0)) =
1, where

~ ~ ~ _1
a120021 X201 T 13031 13031 T 140041 A14041 T —io%
+ + + + + e T,

wh—iw)’ Wm0 (p—iw)’ B0 (g —iw)’ Ha—i

Q: |:eiw1w'+ (
(4.17)
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Using the same notations as in Hassard et al. [10], we first compute the coordinates to

describe the center manifold Cy at y = 0. Let y; = ( yﬁl), y§2), yt(3), y§4) )T be the solution of
system (4.1) when y = 0. Define

z(t) = (q*(s), y:(0)),

(4.18)
W (£,0) = :(6) — 2Re {z(£)q(0)}. (4.19)
On the center manifold Cy, we have
W(t,0) = W(z(1),z(1),0), (4.20)
where
z? z? z
W(z,z,0) = Wzo(e)g + Wi (0)zz + Woz(e)? + Wso(e)g +eee, (4.21)

z and z are local coordinates for center manifold Cy in the direction of g and g*. Note
that W is real if y; is real. We only consider real solution.

For solution y; € Cy of system (4.1), we from (4.12) get y = A(0)y; + R(0)y; since
y = 0. Therefore, from the definition of R(x) and (4.19), we have
2(t) = (q* (), 1) = (7 (5),A(0) yr + R(0) y)
= (g7 (), A(0)y:) + (q*(s),R(0) y1)
= (~ iw¥q*(s),y0) +T* () (0,7.(0)) (422
CiwT2(1) +7*(0) fo (2(1),2(1)).

We rewrite this as

2(t) = iwTz(t) + g (2(1),2(t)),

(4.23)
where
_ z? _ z? 2’z
g(z,2) =807 +guZZ+g02? +g217+ S (4.24)
For the sake of simplicity, let
o= a12 /3 _ o713 _ 14
o +iw’ Yz +iw’ Y pa+io’
o = “Zleiw? ﬁ* B a3leiw1~' . (X41€iw1~' (4-25)
o —iw’ Yz —iw’ s — i@
Then (4.19) leads to

:(0) = W(t,0) +2Re{z(t)q(0)} = W(t,0) +z(t)q(0) +z(t)g(6)

2 =2 N _ e
- wzo(e)% WL (0)2Z+ Woz(e)% +(LaBy) ez + (1,ap,7) e @z + - - ..

(4.26)
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Thus, we can easily obtain

=2
77(0) = w§5>(0)— W OZ+ WO 242+,
D¢ 1\ w®( \Z @ W@\ iR i
v (=1) = Wo' (=)= + W (=1)zz+ Wy, (—1)5 +aze +aze T+,

2 (4.27)

2 2 .o~ - .o~
(3)( 1)—W20( 1)%+W11( 1)zz+W02( 1) +PBze T+ Bze T+ - -,

y(=1) = Wi (- 1)— + WD (-Dzz+ W (- 1)— +yze T + jzelT +
Therefore, it follows from (4.9) that
fo(z(1),z(t))

2
2(k10¢2+k3ﬁ2+k5y2) 20t > (k1|¢x|2+k3|ﬁ|2+k5|y| )

=2

+2(ki @ + ks fp* + k5)72)e2"w?%

+2[(k1Wz%)(—l)a+k3wz(3)(—1)/§+kswz(g)(—ny)eiw?
+2<k1W1(%)(—1)06+k3W11 1)B+ks W(4)( )),)e—iw?
+3(k2(x20'c+k4[32[§+k6y2)7)e"'w?]? P

4+ .

5}+...
fooos

2{11%2 +llzz+11§+ [1 (Wi ) +2wiP(0) +3L] ZT

Nw

2 2
Z{H’ll% +mizz+ ml% + [ml (Wz((l))(()) +2W1(i)(0)) +31’TI2]

>l

|

ST

22 _ 22 1
2{?’117 +mzz+m ? + [nl (WZ(O)(O) +2W (0)) + 31’12]
(4.28)

Thus one can obtain
( 7) — é + 7+ i + ﬁ 4o
8(z,z —gzo2 £1122 goz2 1 >
*(0) fo(2(1),2(1))
— Lo~ _ — _ 1z
=ZQT{(klocz+k3[32+k5y2)e_2”‘”+lloc*+m1[3*+n1y*}5
+26?{(k1|0¢|2+k3|/j|2+k5|y| )+lloc*+m1/3*+n1y } 2z

2
+2Q7) (ki& + k3 + ksp?) €27 + L + my B* + nyy* | =
Y
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+2Q%] (Wit (= D+ ks Wi (—1)B+ks Wi (= 1) ) e
+2(kiWiT (= Da+ ks Wi (DB + ks Wi (~1)y ) e 7
+3(kpaPa+ koS + key?y) e @7 +¢x_*[11 (Wz((l))(o) + ZWI(I”(O)) + 312]
+ B[y (Wi (0) + 2w (0)) +3m, |

+y% [ m (Wi (0) +2W(1(0)) +3m ]} x ZZL .
(4.29)

Comparing the coefficients of two sides of (4.29), we have
20 = 2Q7[ (kio?® + k3 ? + ksy?) e 2% + [a* +m  B* +n y* ],
g =2Q7[ (kilal> + ks |B1? + ks|yl?) + Lia* +my B* +nyy*],
go2 = 26?[ (klécz + k3ﬁ_2 + k5)_12)62iw? + 1106_*+ m1[3—*+ I’lly_*],
o1 = 26?{ (ke WS (D& + ks WS (1B + ks Wi (~1)7) e

+2(k WP (-Da+ kWi (DB +ks Wi} (~1)y)e "

2 20 2=\ —iwT | Tw (1) (1)
+3 (koo + ka2 B+ key*p)e T + o [ (Wi (0) + 2W(1(0)) + 31 |

+ B[y (W3 (0) +2W11(0)) +3my |+ 37 [ my (W (1)(0)+2W(1)(0)>+3n2]}.
(4.30)

Since W (6) and Wy,(0) for 8 € [—1,0] appear in g»;, we still need to compute them.
From (4.12), (4.19), and (4.22), we have

W =y, — 2Re {2(t)q(0)}
 |AOW(#0) - 2Re {7 (0) fo(2(1),2(1)) q(0) }, 6 €[-1,0),
A(0)W(t,0) —2Re{q*(0) fo(2(£),2(2))q(0)} + fo(2(2),z(t)), 6=0,

T A0)W(t,0) + H(z(t),2(1),0),

(4.31)
where

2 =2
H(z,%,0) = HZO(O)% +H11(0)z2+H02(0)% - (4.32)
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From (4.31) and (4.32), we have

2 =2

AOYW(t,0) - W = —H(2,%,0) = —Hzo(H)% —H\(0)22 — Hpp(0)% — - - ..

2
In view of (4.21), one can obtain

A(0)W(t,0) :A(O)Wzo(e)z—z +A0)W11(0)zz+ - - -,

2
W=W.z+ Wz% = Ziw?Wzo(Q)% +:--

It follows from (4.34) that

AO)W(t,0)— W = [A(0) - 2iw?I]W20(0)%2 LA WL (B)Z 4 - -

Thus, (4.33) and (4.35) imply that

[A(O) — 21(1)?1] Wzo(@)? +A(O) W11(0)z2+ T

z? 72
= _HZO(Q)E —Hy1(0)zz - Hoz(e)* — .

Comparing the coefficients of two sides of (4.36), we have

[A(0) — 2iwTI|W10(0) = —Hao(0), A0)W11(8) = —H11(0),....

From (4.31), we know that for 8 € [-1,0),

H(z,z,e):—zRe{q*(o folz(1),2())q(0)}

(0)fo(2(1),2(1))q(6) — g*(0) fo (2(1),2())4(6)
g(Z, 2)q(0) —g(2,2)q(0)

2
~(g200(6) +2,9(6)) 5 -

Comparing the coefficients with (4.32) gives that

H(0) = —(g20 (9)+g02‘J(9))
Hy1(0) = —(g119(0) +£,,9(0)).

From (4.37), (4.39) and the definition of A(0), we have

Wio(0) = 2iwTWao(0) + g209(0) +,,q(6).

(19(0)+3,,q(0)zz+- - -

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
(4.40)

(4.41)
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Note that q(8) = g(0)e™, hence
Wan(6) = 529(0) + 22 ’g"z () + Ey e, (4.42)
Similarly, from (4.37), (4.40), and the definition of A(0), we have
W“(@) =gnq(0) +g, q(0),

T, (4.43)

Wi(6) = ~£25q(6) + —(0) + Es.

In what follows, we will seek appropriate E; and E; in (4.42) and (4.43), respectively.
It follows from the definition of A(0) and (4.37) that

0
L dn(6) W (8) = 2iF W (0) — Hao(0), (4.44)

0
Ll dn(0)W11(0) = —Hy1(0). (4.45)

Note that g(0) is the eigenvector of A(0) and from (4.42) and the definition of A(0), we
know that

° g 0 »
J71 dn(0)Wa(0) = —g204(0) + ﬁq(o) + JA dﬂ(@)ezz‘”gEl,

(4.46)
2i0FWa(0) = —2g20q(0) — gOZq(O) +2iwE,.

Thus, (4.44) becomes

~204(0) ~ £,9(0) + (20T - ﬁ)l an(6)e™ ) Ex = oo 0). (4.47)
Similarly, from (4.43), we have

Jidn(ﬂ)wu((?) £11q(0) +g,q(0 J dn(0 (4.48)

Hence (4.45) becomes
—(g19(0)+g q(0) J dn(0)E; = H1(0). (4.49)

From (4.31) and (4.32), we know that

2 =2
H(z,7,0) = Hzo(O)% +H11(0)25+H02(0)% T

= —2Re{q*(0) fo (2(1),2(1)) q(0)} + fo (2(t),Z(¢))

2
~(g00(0) +2,7(0)) 5 — (g19(0) +5,,7(0)) 22 + fo (=(6).2(6)) +
(4.50)
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It follows together with (4.28) that

Hj0(0) = —(g209(0) +g0,4(0)) +2Thy0, (4.51)
Hi1(0) = —(g119(0) +g,,9(0)) +27hyy, (4.52)

where

hZO = ((kl(x2 + k3ﬁ2 + k5y2)eiziw?)ll)ml)nl)T7

, , , , (4.53)
hiy = (kilal +k3|B1° + ks y] J,my,ng)
Substituting (4.51) into (4.47), we obtain
0
<2iw?1 - J dn(e)eZi“’T(’)El — 2%, (4.54)
-1
that is,
2iw+#1 _a21e72iw? _“316—21'(0? _(x4le—2iw?
-2 2iw +u2 0 0 _
o, 0 2ieo + 1 0 E; = 2hyy. (4.55)
—14 0 0 2iw + Ua
Solving this equation, one can obtain E;.
Similarly, substituting (4.52) into (4.48), we get
0
| an@r. = -2, (4.56)
-1
which means that
23l —Q21  —A31 —04
— 0 0
2 2 E; = 2hy). (4.57)

—13 0 Us 0
—X14 0 0 Ha

From this equation, we can get E.
Consequently, g2; can be expressed explicitly. Thus, we can compute the following val-
ues:

. 2
c1(0) = 2;?<g11g20—2|g11 |2— |g032|> +‘%,
Re(@@) o _Re(e,(0)), (4.58)

2= TRe (. (17))’

I _Im(cl(O))+Zzlm(A;<(Tj))’ j=0,1,2,...,

which determine the properties of bifurcating periodic solutions at the critical value 7,
that is, p, determines the directions of the Hopf bifurcation: if g, > 0 (g, < 0), then the
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Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist
for 7 > 7; (7 < 7); 2 determines the stability of the bifurcating periodic solutions: the bi-
furcating periodic solutions on the center manifold are stable (unstable) if ¢, < 0 (¢; > 0);
and T, determines the period of the bifurcating periodic solutions: the period increases
(decreases) if T, >0 (T, < 0).

5. Applications and numerical simulations

In this section, we will apply the results obtained in Sections 3 and 4 to investigate a speci-
al four-neuron BAM neural network with two delays and give numerical simulations sup-
porting our theoretical analysis.

5.1. Application to a special BAM neural network. Consider the four-neuron BAM
neural network with two delays described by the following functional differential equa-
tions:

xl(t) = —[/txl(t +C21f(X2(t—T2))+C31f(X3 t—1 +C41f(X4(t—T2)),
%o (t) = —pxa(t) + ciof (1

(5.1)

%3(t) = —pxs(t) + a3 f (%1
%4(t) = —pxa(t) +cuf (X1 (t— 1y

with g >0, cxy (k =2,3,4) >0, and ¢y; (I = 2,3,4) < 0. In addition, the activation function
f satisfies the following condition:

(Hy) f € C3(R,R), f(0) =0, f'(0) #0, f"(0) =0and f""(0) #0

For instance, the nonlinear activation function commonly used in the studies and ap-
plications on neural network given by f(u) = tanh(u) posses the above property. Adopt-
ing the same notations as in Sections 3 and 4, for system (5.1), we have

a1 =ck1f(0), any=cuf'(0), klI=2,34. (5.2)
From (3.5) and (3.6), one can get that
as =4u >0, ay = 6p* >0, a; =4’ >0, ap =u* >0,

2
by = —(c12621 + 13631 +Cl4C41)f' (0) >0,

by = —2u(ciaca1 + c13631 + caca) £2(0) >0, 5
bo = —[42(612621 + 13631 +614C41)f’2(0) >0,
which implies the condition (H;) holds and g, b, ¢, d defined by (3.6) are
a =442 b = 6u* — (cr2c21 + 13631 +614C41)2f’4(0),
¢ =4u® = 2p* (crocn +c1zc31 + 614641)2](’4(0), (5.4)

2 .
d =y —u*(craca1 +ci3e31 +cracar)” f4(0).
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Therefore, we have b >0, ¢ > 0, d < 0 provided that
4 2 rr4 4
p* < (craca1 +c13esn + cracar)” f4(0) < 2u. (5.5)
Thus, dh(z)/dz > 0 for all z > 0, that is, h(z) is strictly monotonous increasing on [0, o).
Noticing that d < 0, it follows that h(z) has only a positive root, say zo. Let wy = ./Zo,

T =1 + T2. From (2.16) and (5.3), we have

Tj=1{arccos( K b >+2J.7T}’ j=0,1.... (5.6)
wo (c12621 + 13631 + c1aca1) f72(0)

By Theorem 3.1, we can get the following result.

THEOREM 5.1. Suppose that the condition (Hy) and (5.5) hold and 7; is defined by (5.6).

(1) When 7 € [0,10), all roots of the corresponding characteristic equation of (5.1) have
negative real parts. Meanwhile, when t = 1, the corresponding characteristic equation of
(5.1) has only a pair of simple purely imaginary roots +iwy, and all other roots have negative
real parts. However, when T > 1y, the corresponding characteristic equation of (5.1) has at
least one root with positive real part.

(ii) The zero steady state of system (5.1) is asymptotically stable when v € [0,19), and
unstable when t > 1.

(iii) System (5.1) undergoes a Hopf bifurcation at the zero steady state when v = 7j, j =
0,1,2,....

THEOREM 5.2. Assume the conditions of Theorem 5.1 hold, and 7; is defined by (5.6). Then,
the direction of Hopf bifurcation and stability of the bifurcating periodic solutions at t;
(j =0,1,2,...) are determined by sign of f"''(0)/ f'(0). More specifically, if f'"’(0)/f’(0) <
0(> 0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic
solutions are orbitally asymptotically stable (unstable) on the center manifold.

Proof. For system (5.1), from the assumption (Hy4), we know that

_af0) _ _enf"(0) af’ 0 _,

kl = 21 - 0) k2 - 31 > k3 = 21 = U
_af”(0) _anf(0) _canf"(0)
k4_T) kS_Z—!_O) k6_T)
ci2f"'(0) ci2f""(0) ci3f"(0)
11=T=0, ZZZT’ ml:TZO’
5.7
a0 af ) a0 57
mp = 31 > ny = BX = YU n; = 31 5
. caf'(0) B ci3f'(0) _ aaf'(0)

p+iwy’ p+iwy p+iwy

o = C21f,(0) £i90Tj ﬁ* _ C31f,(0) £i90Tj y* _ C41f,(0) £i90Tj
p — iwp ’ Y — iwy ’ Y — iwo '
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From (5.7) and (4.30), we can observe

20=g1=80=0,
D1 = 66’[']' [ (kzoczéc + k4ﬂ2B + k6y2)7)e’i“’°Tf + l207*+ m2/>’7* + l’lzyi*]

_ [crzcar (lal?> + 1) + ci3e31 (1812 + 1) + cracar (Iy12 +1) ]
y+iwo

From the discussion in Section 4, we know that

o2 1 o
(P‘+lw0) = 5(0‘12“21 + o130031 + 01400471 ) €07

Therefore, we have

-1
o- |:einTj L G001 F @t dud (12001 + 13031 +(X14(X41)Tj] it
= — :
(p+ iwo) ptiwo
. 2 iwoT;
(p+iwo) e

(u+ ia)o)zei“")ff + (o001 +ap3as; + argo ) [1+ (u+iwo) 7/]

3(u+ iw ) efeots
(612621 +C13€31 + C14€41 ) (4 + 3[,4Tj + 1'3(4)0‘[]')]('2(0).

Substituting (5.10) into (5.8), one can get

£(0) p(4+3utj) + 305t + 4woi

&1 =377
! f (0) (C12C21 + 13631 +614C41) [(4+3[,{Tj)2 +9w(2)]

X [enacar (lal® +1) +cizes (IB12 +1) + cracar (Iy1* +1) ]
Noticing that g»0 = g11 = go2 = 0 and from (4.58), we have

Re {ci(0)} = 3 Re{ga}

. £(0) u(4+3ut;) +3w5T;
! Zf’(O) (C12621 + €13€31 + C14€41 ) [(4 + 3#T])2 + 96()(2)]

X [eraen (lal® +1) + cizes (1812 + 1) + cracar (Iy1> + 1) .

X Qt;f'(0)f""(0)e™ 0T,

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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In addition, when p* < (c12¢21 + 13631 + c1ac41)? f4(0) < 2u*, we know that a >0, b > 0,
¢ > 0, it follows that dh(z)/dz > 0 for all z > 0. Therefore, we have Re{A’(7;)} > 0. Noticing
that 4, wo,7; >0 (j = 0,1,2,...), ary >0 (k = 2,3,4),and ay; < 0 (I = 2,3,4), we can easily
obtain

_ Re{c(0)} > 0(< 0) iff’”(o) <0(>0),

#7 R[N (1)) Fo)
(5.13)
¢ =2Re{c1(0)} < (>0) if Q) <0(>0).
17(0)
By the general result of Hassard et al. [10], the conclusion of the theorem follows. O

5.2. Numerical simulations. In this section, we give numerical simulations supporting
our theoretical analysis. As a example, we consider the following system:

x1(t) = —2x(¢t) + 2tanh (x,(t — 72) ) + tanh (x5 (t — 72) ) + tanh (x4 (t — 12) ),

X'z(t) = —2X2(t) —tanh (X](t— Tl)),
(5.14)
5(3(1’) = —ZX3(t) — 2tanh (X] (t — T])),

.5C4(t) = —2X4(t) —tanh (x1 (f— Tl)),

which has a equilibrium (0,0,0,0). It follows from (5.4) thata =16, b =71, ¢c=56,d =
—144 since f'(0) = tanh’(0) = 1. Thus, in this case h(z) = z* + 162> + 712% + 56z — 144, it
is easily to see that equation h(z) = 0 has only a positive root zy = 1, and so wy = 1. From
(5.6), we have

3
Tj=arccos(—g)+2jr[, j=0,1,..., (5.15)

where 7; = 71 + 72j. From Theorem 5.1, we know that the zero equilibrium of system
(5.14) is asymptotically stable when 7; + 7, € [0,2.2143), this fact is illustrated by the
numerical simulation in Figures 5.1-5.2 with 7; = 1.2, 7, = 0.8.

When 1, + 7, is increased to the critical value 2.2143, the origin losses its stability
and Hopf bifurcation occurs. In addition, since f”’(0) = tanh”’(0) = —1/4, it follows
from Theorem 5.2 that the Hopf bifurcation is supercritical and the projection of the bi-
furcating periodic solution on the center manifold is asymptotically stable, that is, the
bifurcating periodic solution is orbitally asymptotically stable. In addition, all roots of
(2.5) with 7 = 7y = 2.2143, except +i, have negative real parts. Thus, the center manifold
theory implies that the stability of the periodic solutions projected in the center mani-
fold coincide with the stability of the periodic solutions in the whole phase space, this
property is depicted in the numerical simulation Figures 5.3, 5.4, and 5.5 with 7, = 1.2,
Ty = 1.3.
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Figure 5.1. The trajectories graphs of system (5.14) with 7; = 1.2, 7, = 0.8, and initial data x;(¢) =

X2(t) = X3(t) = X4(t) =0.3,te [—12,0]

(c)

(d)

Figure 5.2. The projections in the space with dimension 3 of the orbit of system (5.14) with 7; = 1.2,
7, = 0.8, and initial data x; () = x,(t) = x3(t) = x4(t) = 0.3, t € [-1.2,0].
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Figure 5.3. The trajectories graphs of system (5.14) with 7; = 1.2, 7, = 1.3, and initial data x;(t) =

xz(t) = X3(t) = X4(t) = 03, te [—13,0]
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Figure 5.4. The trajectories graphs of system (5.14) with 7; = 1.2, 7, = 1.3, and initial data x,(t) =

X (t) = x3(t) = x4(t) = 0.09, t € [—1.3,0].
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— Initial data = 0.3 — Initial data = 0.3
— Initial data = 0.09 — Initial data = 0.09
(a) (b)

—— Initial data = 0.3 — Initial data = 0.3
— Initial data = 0.09 — Initial data = 0.09
(c) (d)

Figure 5.5. The projections in three-dimensional spaces of the orbit of system (5.14) with 7; = 1.2,
T, = 1.3, and initial data x; (t) = x,(¢) = x3(t) = x4(¢t) = 0.3, and 0.09, t € [—1.3,0].
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