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We study the difference equation X471 = & — x,/X,—1, # € Ny, where & € R and where
x_1 and xg are so chosen that the corresponding solution (x,) of the equation is defined
for every n € N. We prove that when a = 3 the equilibrium x = 2 of the equation is not
stable, which corrects a result due to X. X. Yan, W. T. Li, and Z. Zhao. For the case « = 1,
we show that there is a strictly monotone solution of the equation, and we also find its
asymptotics. An explicit formula for the solutions of the equation are given for the case
a=0.
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1. Introduction

Recently, there has been a great interest in studying nonlinear and rational difference
equations (cf. [1-35] and the references therein).

In [34], the authors study the boundedness, the global asymptotic stability, and the
periodicity of positive and negative solutions (x,)xcn, of the difference equation

X
Xpi1 = — ——  ne Ny, (1.1)
n—1

where « € R and the initial conditions x_, xo are arbitrary real numbers.
First note that (1.1) has the unique equilibrium ¥ = o — 1.
By the change x,, = —y, (1.1) is transformed into the equation

Ypor = B+ % n e No, (12)

where § = —a.
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When 8 >0 (1.2) was studied in [13] where it was shown that every positive solution
of (1.2) converges to the equilibrium y = f+ 1. Hence, if « € (—,0), then every negative
solution of (1.1) converges to the equilibrium ¥ = o — 1.

The case o > 0 was investigated for the first time in [34], where the authors proved the
following results (summarized in a theorem).

TaeoREM 1.1. Consider (1.1). Then the following statements hold true.
(a) X is locally asymptotically stable if and only if « > 3 or a < 0.

(b) X is a saddle point if and only if 1 < a < 3.
(c) x is a repeller if and only if 0 < a < 1.
(d) x is stable, but not locally asymptotically stable, if and only if « = 3.
(e) Equation (1.1) has a periodic solution with minimal period equal to 2 if and only if
a<—1 or a>3 (1.3)
there are exactly two such solutions and they are defined by the initial conditions
atl+ef(a+1)(a—3 atl—e/la+1)(a—3
x=¢= v(z )( )) o=y = v(z )( )) (1.4)
where ¢ = 1 determines one solution and ¢ = —1 determines another (the values (1.3)

are the roots of the quadratic t* — (a+ 1)t + (a+1)).

(f) If condition (1.3) is satisfied, then the two periodic solutions are saddle points of the
system Y1 = F?(Y,), where F> = Fo F and F(u,v) = (v,a — v/u).

(g) Ifa >3 and {x_1,x0} C [y,¢] (where e = 1 in (1.4)), then all the terms of a positive
solution (x,) of (1.1) lie in the segment and the unique equilibrium o« — 1 is a global
attractor of (1.1) with basin [y, 1>\ {(y, ), (¢, y)}.

(h) If (xn) is a positive solution of (1.1), which consists of a single semicycle, then this
sequence converges monotonically to X = o — 1.

(1) If (xn) is a positive solution of (1.1), which consists of at least two semicycles, then
this sequence is oscillatory. Moreover, with the possible exception of the first semi-
cycle, every semicycle has length one and every term x, is less than o, and with the
possible exception of the first two semicycles, no term x, is ever equal to o — 1.

(j) Equation (1.1) has a strictly monotone solution, which converges to X = oo — 1.

(k) If « = 0, then every nontrivial solution of (1.1) is periodic with prime period six.
These solutions are x_1,x0, —Xo/X_1,1/X_1,1/X0, —X_1/X05. . ..

Remark 1.2. We would like to point out that statements (e) and (g) in Theorem 1.1 are
different from the original ones. Namely, the authors in [34] claim that there is a unique
prime period solution of (1.1) which is not quite correct. Also, statements (h)—(j) make
sense only if & > 1, which was not mentioned in [34].

Equations (1.1) and (1.2) and their extensions have been extensively studied for some
time, see, for example, [1-3, 5, 7, 13, 14, 18, 21, 25-27, 33].
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2.Casea =3

In this section we consider the case a = 3 in detail. The reason for this is the fact that the
statement in Theorem 1.1(d) was obtained by the authors of paper [34] by applying the
linearized stability theorem which failed in this case. Namely, the characteristic equation
associated with (1.1) for the case & = 3 is

2Zpi1+2n — 2y—1 =0, (2.1)
and the roots of its characteristic equation
2241 -1=0 (2.2)
are

(2.3)

N[ —

The following theorem shows that Theorem 1.1(d) is not true.

THEOREM 2.1. The equilibrium X = 2 of the equation

n

Xp1=3— " neEN, (2.4)

n—1

is unstable.

Proof. Let 0, = x, — 2. Then (2.4) takes the form

_ en—l - en
On1 = B 12 (2.5)

and we must prove that 6 = 0 is an unstable equilibrium of (2.5). We further let 8, =
(=1)"0,. Then (2.5) turns into the system

B Bak-1+ Pk
Poks1 =S
2 — Bok-1

(2.6)

Bojrz = Bak+1 + Pk

* 2+ ‘sz
and we must prove that f = 0 is an unstable equilibrium of (2.6).
Suppose the inequalities

Bak-1€(0,1), P >0 (2.7)

hold for some k € Ny. Let 7 € (0, B2¢—1) be fixed such that

Pak
1- —. 2.8
n< " (2.8)
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Further let
ye (1—;1,min<1,ﬁ—;k>) (2.9)

be fixed. Clearly, such 7 and y always exist. Then certainly 0 < 5 < -1 < 1,0< 1 -1 <y,
and y# < Ba. Furthermore,

o+ + + 1+
Bosy = P21 ¥ Bokc  ntPoc ity 1Fy
2 — Bk 2-7 2—-1 2—-1

_ Pok+1 + Pok - 7+ Bak S ntny _ (I+y)

_ - > _ 2.10
Pakez 2+ ok 24P 2+yn 2wy (210
(1+y) 1+)’X2*’7
24n  2-n" 2+
Let
1+y 2—-1
x — 7 *:—
(A Pan S A g =1
Then
2
SRR N TS
n 4-n
r] (2.12)
:4_’72(2(1—n—y)—r1(1+y))<0-
Therefore, if
/32k+1 <1, (2'13)

then we can pass from k with 77 and y, to k+ 1 with #* instead of # and y* instead of y.
We suppose now that 3 = 0 is a stable equilibrium of (2.6). Then for &€ = 1/2 there exists a
0 € (0,1/2) such that, if || < § and |3y| < §, then

|/3n|ﬁs=%<l (2.14)

forallme Nyu {-1}.
We take now f3_; € (0,6), By € (0,9), and fix o € (0,5-1) such that

1—10< % (2.15)
Further, fix
Yo € (l—no,min<l,%>). (2.16)
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Then, since (2.14) holds, by induction, it follows that for each k € Ny, there exist nx €
(0,Bak-1) and yx € (1 — #x, 1) such that

NkYk < Pk
g 1Y 22— (2.17)
st = My > Mo i

Therefore, there exists ¢ = limy_. #jx > 0. In view of (2.17),

Hk+1 2— 1k
=(2—- -1, = . 2.18
ye=(2—m) 0 Vi1 e (2.18)
Letting k — oo in these two relationships, we obtain
2—c¢
l1—c=1 = li = —. 2.19
e = fmye=fimyien =5 21

Hence, ¢ 4+ ¢ — 2 = ¢ — 2, that is, ¢ = 0, which is a contradiction. Hence, the result follows.
O

3.Casea =1

In this section we address the problem of the existence of solutions of (1.1) converging to
zero. For the results devoted to the research area, see the following papers [5, 7, 17, 23,
29, 32, 33] and the references therein.

The following theorem was proved in [33].

TuEOREM 3.1. Let f € C(I%,R) for some interval I, f(x, y) is decreasing in x on I for a fixed
y and increasing in y on I for a fixed x and let f have a unique equilibrium X € I. Then the
following inequality

(f(x,x) —x)(x—%)<0 forsomex eI\ {X} (3.1)

is a necessary and sufficient condition for the existence of a strictly monotone solution (x,) of
the equation

Xne1 = f (%n2Xn-1), 1 E Ny (3.2)
such that x,, converges to X.

Using Theorem 3.1, the authors of [34] prove that (1.1) has a strictly monotone solu-
tion, which converges to x = & — 1, if @ > 1. However, they apply the theorem to the open
interval (0,0) so that when « = 1, the equilibrium point ¥ = 0 does not belong to the
interval, which is essential for applying the theorem. Hence, the problem of the existence
of monotone solutions for the case & = 1 was not solved in [34].

Here, we give an answer to the problem of the existence of monotone solutions of (1.1)
for the case a = 1.

A general result which can help in proving the existence of monotone solutions (even
in the nonautonomous case) was developed in [29], based on Berg’s nice ideas in [7]
which use asymptotics. We have proved the following inclusion theorem.
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Tueorem 3.2. Let f : R¥! — R be a continuous and nondecreasing function in each argu-
ment, and let (y,) and (z,) be sequences such that y, < z, for n = ny and

Ytk < [ Pnckslreos Yne1)s [ (Zukt1>e->2Zn41) < Zn-k>, forn>no+k—1. (3.3)
Then, the difference equation
Xnk = f (Xn—ks1>-e o> Xns1) (3.4)
has a solution such that
Yn < Xn <2y forn=ny. (3.5)

Remark 3.3. Theorem 3.2 can be improved if we assume that f is strictly increasing.
Namely, it can be proved that in this case, the solution x, is uniquely defined by its initial
values. Also, in the formulation of Theorem 3.2, we can replace R by an interval I C R.

Asymptotics for solutions of difference equations have been investigated by Berg and
the second author of this paper for some time, see, for example, [6-10, 12, 19-22, 25, 28,
29] and the reference therein. Some methods for construction of the bounds (y,) and
(z,) can be found in [6-8, 10].

Note that if (x,) is a positive solution of the equation

Ko =1 2, (3.6)
Xn—1
then 0 < x, < 1, n € N, and from this and (3.6) it follows that x,, < x,,_1. If lim,, o X, = X,
then from (3.6) we obtain X = 0. Hence, the following statement is true.

THEOREM 3.4. Every positive solution of (3.6) decreasingly converges to zero.

Now we turn to the problem of the existence of solutions of (3.6) converging to zero.
Since the linearized equation of (3.6) is

Xpr1 —Xn =0, (3.7)

we expect that there is a solution which has the following asymptotics

Xy =

2
a+blnn+c+dln n+elnn+o(1>' (3.8)

n? n3 n3

For some explanations how to guess the asymptotics, see [29] (see also [5, 19, 20, 22]).
Since we ask for solutions which are defined for all n € N, then we can write (3.6) in
the following form:

H (Xp—1,Xp> Xp41) = Xn—1 — Xn — Xps1Xn—1 = 0. (3.9)

If we replace the asymptotics (3.8) into (3.9), then equating the coefficients nearby
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In'n/n™ in the obtained equality to zero, we find that
) 3
a=b=d=1, e=2c—1, f:c—c+5, (3.10)

where ¢ is an arbitrary real number and f the coefficient of 1/n°.
This motivated us to choose the following expression:

1, (o)
i L (3.11)

Now we are in a position to formulate and prove the main result of this section.

THEOREM 3.5. There exists an absolute integer constant ng > 0, such that for any a € [ny,
+00) N Z there is a solution x,, of (3.6), which has the following form:

1 In(n+a) ((lnn)2>
= + +0 , 3.12
T ta (nta)y n3 (3.12)
where n € N.
Proof. Write (3.6) in the following form:
Xn
G(xnfl)xn)xn-*—l) =Xp-1— 1 =0. (3.13)
— Xn+1
Since
H (xn-15%m%n11) = (1 = Xn11) G(Xn—15 X0, Xn11) 5 (3.14)

we have that (3.9), and (3.13) have identical sets of solutions x, satisfying the condition
xn € (0,1) for n € No U {—1} and these sets are equal to the set of all positive solutions of
(3.6).

Note that the function

f2)= %_Z (3.15)

is increasing in y and z if they belong to the interval (0,1).
Now we show that

(Inn)?

o (3.16)

G((Pnfl’gom(PnH) ~ (p -1)

Let #* = 1. Then

ln(n—n)=lnn—q0(ﬂ,n)+0<%), (3.17)
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where
qo(1,n) = Z+$+3—%+4—;; (3.18)
niﬂ = ql(n,n)+0(%), (3.19)

where
ql(mn)=%+%+%+%; (3.20)
(n—ln)Z = qz(n,n)+0(%), (3.21)

where
q2(1,m) = % + i—z + %; (3.22)
(n_lw =qs(r1,n)+0(%), (3.23)

where
qgs(1,n) = % + Z—’Z (3.24)

Employing (3.18), (3.22), and (3.24), we have that

winmptnn (15 10(1)) (52 v0( L)) -sinno( ).

) ) \n2
(3.25)
where
n 5
qa(n,n) = E"’ﬁ; (3.26)
2_(n, 1,1 L)z _ (L)
(qo(n,m))” = (n to v Taa) C q5(n,n)+ 0 ) (3.27)
where
_ 1, n 11
Gs(mn) =5+ s+ 3
1 1 3 | (3.28)
i n
QO(ﬂ,n)%(W,n) = <; +O<ﬁ)) <E + ﬁ) = q6(rl,n) + O(E)’
where
_n
qs(n,m) = —. (3.29)

n4
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By using (3.17), (3.21), (3.26), and (3.27), we have that

) (mn- i 0{ )i+ )

= (nm)qa(n,n) —qo(q,n)qz(q,n)+o(lz—f) (3.30)
= (Inn)qx(1,n) — g4 (1, 1) +O(h;—f),

(In(n— 1))’ = (lnn ~ qolmm) + o(%))2
= (Inn)? - 2(Inm)qo(n,n) + (qo(,m))? +o(hnl—5”) (3.31)

= (Inn)* - 2(Inn)qo(17,n) + qs(n,n) +O<1%1>‘

Employing (3.31), (3.23), (3.24), (3.28), (3.29), and (3.27), we have that

2
e st (2o
2
= (Inn)*qs(17,n) — 2(Inn)qo(17,n)qs (1, 1) + O(%) (3:32)
2
= (]nn)2q3(11,n) —2(Inn)qe(n,n) + O( (h::) )

Since we study ¢ with fixed p and increasing #, from (3.17), (3.30), (3.32), it follows
that

1 +ln(n—11)+ (ln(n—;7))2

<Pn—n=n_,1 (n—n)? p (n—1)? = (Inn)qa(n,n) +g7(n,n)

(3.33)
lnn)?
+ plinn) g () ~ 2p(nm)ge(m) + O( {220,
where, from (3.20), (3.26),
L n 1 7 n., .3
q7(1n,n) = q1(1,n) — qa(n,n) = (; tat st E) - (E + ﬁ)
) 5/2 (3.34)
1 7 “n.on-
= ; + Z + 5 + BRI

Clearly, if (71)? = (12)* = 1, then

@k as () = () (339)

n
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for k =2,3,5,
1
qx (m1,1)ge (112,n) = O(ﬁ) (3.36)
fork =0,1,2,3,4,5,6,7. Let
1 2n 3
qo(n,n) = q2(y,n) — Pl e (3.37)
1 n 1-n n-=>5/2
qio(y,n) = g7(n,n) — ettt (3.38)
1 3n
qu(n,n) = gqs(n,n) — iy (3.39)
1 1
qi12(n) = q2(n,n)q2(—n,n) = ﬁ+o($), (3.40)
1
qui3(n) = > @ ((=1)%n)q; (- (-Dk,n) (3.41)
k=0
q14(n) = g7(n,n)q7(—n,n), (3.42)
1
qis(n) = > g3 (=D, n) g, (— (=1)k,n). (3.43)
k=0

From (3.22) and (3.34), we obtain

stmnicnn- (5o 2 ) ool ) - ool),

m o ont)\n n2
(3.44)

Therefore, from (3.41),
2
q13(n) = E‘FO(—)- (3.45)

From (3.34), we obtain

= (Lo LY (LU YL Ly

n nd 2nt

and by (3.24) and (3.34)
1 3p\/1 1 1 1
q3(n,n)qz;(—y,n) = (E + E) (f + O(—)) =t O(—). (3.47)
Therefore, from (3.43)

qi5(n) = %+O<%>. (3.48)
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In view of (3.11) and (3.33),

Inn)?
Pn—n — @n = u(n,n) + pv(n,n) + O(( I::) ) (3.49)
where, (see (3.37)—(3.39)),
u(n,n) = (Inn)ge(n,n) + q10(1,n),
5 (3.50)
v(n,n) = (Inn)*qu1(y,n) — 2(Inn)qs(n,n).
In view of (3.33), (3.34), (3.29), (3.22), (3.24), (3.35), (3.36), and (3.40)—(3.46),
Inn)?
on19n = AGn) +qis(minny?p+ O 1220, (3.51)
where
A(n) = (Inn)*qi2(n) + (Inn)qi3(n) + qua(n). (3.52)
Since
5/2 1 3 1
a(lm —qun = -2 +0(- ), a(lm - = > +0(-1),
X | (3.53)
qu(1L,n) —qis(n) = " +O<E),
it follows from (3.14), (3.49), (3.51), (3.40), (3.29) that
(Inn)? Inn 5 (Inn)?
H(@n-1,PnPns1) = (p—1) T 3 *ZP)F o +O< 5 )
(Inn)? I (3.54)
nn nn
== n +O<?>'
From (3.54) and the definition of H, (3.16) follows.
With the notation
y 1 Inn In’n
n=—t—+pi—5,
o " (3.55)
_ 1 nIn'n
W= e nd >
where p; <1< p,, we obtain
In’n In’n
G(y”’l’y”’y”"'l) ~ (Pl - 1) o <0, G(znfl’znaznﬂ) ~ (Pz - 1)7 > 0.
(3.56)

These relations show that the inequalities (3.3) are satisfied for sufficiently large n, say
n = ny, with f defined by (3.15) and G is given by (3.13). In view of Theorem 3.2 (with
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k = 1), it follows that there is a solution of (3.6) with the asymptotics

xn=l+ln”+o((lnn)2>, (3.57)

n n? n’
from which the result follows. O
As a consequence of Theorem 3.5, we obtain the following corollary.

COROLLARY 3.6. There is a decreasing positive solution of (3.6).

4. A remark on the case a = 0
As we have already mentioned if « = 0, then all well-defined solutions of (1.1) are

x_l,xo,—ﬂ,i,i,—ﬁ,..., (41)
X_1 X-1 Xo X0
and they are periodic with period six.
Using the change x,, = —y,, (1.1) is transformed into (1.2) with § = 0 for which it is
well-known that all well-defined solutions are periodic with period six. It is interesting
that the general real solution of (1.1) can be written in the following form:

x, = ™ty (4.2)

where y, = |x,| is a positive solution of (1.2) with f = 0 and
F, = Ax(n) +ux(n+1), (4.3)
where
A2 =, W=, x(3k) =0, xBk+1) =x(3k+2) =1, (4.4)

for k € Z (i.e F, is an nth element of a Fibonacci sequence mod 2).
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