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The paper considers the boundedness character of positive solutions of the difference
equation x,+; = A + xf/x,ﬁ,l, n € Ny, where A, p, and r are positive real numbers. It is
shown that (a) If p?> > 4r >4, or p > 1+r, r < 1, then this equation has positive un-
bounded solutions; (b) if p? < 4r, or 2,/r < p < 1+r,r € (0,1), then all positive solutions
of the equation are bounded. Also, an analogous result is proved regarding positive solu-
tions of the max type difference equation x,1; = max {A,xﬁ/x,ﬁ,l },where A, p, q € (0,).
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1. Introduction

Recently, there has been an intense interest in studying nonlinear and rational difference
equations (cf., [1-15] and the references therein).

In our opinion, it is of paramount importance to investigate not only rational dif-
ference equations, but also those equations which contain powers of arbitrary positive
degrees.

Here, we investigate such an equation, namely, we study positive solutions of the fol-
lowing difference equation:

x5
Xn-1

Xpe1 = A+ , ne Ny, (11)

where A, p, and r are positive numbers.

Our aim here is to give a complete picture regarding the boundedness character of the
positive solutions of (1.1). Our results extend those ones in paper [13], in which the case
p = r was considered. Beside some modifications of the main ideas from [13], we also use
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some methods which do not appear in [13] since we have some cases for which this is not
possible, in particular, when 2/r < p<1+randr € (0,1).

For some other closely related equations, see, for example, [1-13] and the references
therein.

In the last section we study the boundedness character of the following difference
equation:

X
Xp41 = Maxy A, — ,  ne N, (1.2)

n—1
where A, p,q € (0, c0), which can be considered as a natural counterpart of (1.1) for the
case of max type difference equations.
2. Boundedness character of (1.1)
In this section, we investigate the boundedness character of the positive solutions of (1.1).
2.1. Case p? > 4r > 4. Here, we investigate the positive solutions of (1.1) for the case
p?=4r >4
TueOREM 2.1. Assume that p*> > 4r > 4. Then (1.1) has positive unbounded solutions.
Proof. First, note that for every solution of (1.1), the following inequality holds:
p
X1 > —r—, €N, (2.1)
Xn—-1

Let y, = Inx,. Taking the logarithm of (2.1), it follows that
Yn+1 — PYn+1Yu-1>0. (2.2)

Notice that the roots of the polynomial

PA)=A>—pr+r (2.3)
are
px4/p>—4r
hp=—7—" (2.4)

Since p? = 4r > 4, we have that A; > 1. On the other hand, we have that
2r

T

Hence, if p? > 4r > 4, both roots of P(1) are positive.
Now, note that (2.2) can be written in the following form:

/12 > 0. (25)

Yn+1 _Alyn -l (yn —/\1}’;171) > 0. (2.6)
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If we turn back to the variable x,,, we obtain

A
Xn+1 Xn
2 () 27)
Xn Xn—1
From (2.7), it follows that
Ay
Xn X0
T > (/‘1) . (28)
Xn—1 X-1
Choose x_; and x; so that
A
xo > 1, xo = x2}. (2.9)
From this and (2.8), it follows that
Ay
Xp > (?) xﬁll =x211 > >x31, (2.10)
x4
and consequently,
M
Xp>xy', mneN. (2.11)

Letting n— oo in (2.11), it follows that

X, — +00, asn-— oo, (2.12)

from which the result follows. O

2.2. Case p? < 4r. Here, we investigate the behavior of the positive solutions of (1.1) for
the case p? < 4r.

THEOREM 2.2. Assume that p? < 4r. Then all positive solutions of (1.1) are bounded.
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Proof. From (1.1), we have that for every k € N, the following holds:

p p-r/p\ P
A X,
X1 = A+ o —A+< 7t n-l ) (2.13)
Xn—-1 n—1 Xn—2

p—r/p\ P
A Xn—1
r/p r/p r/p)

p—r/p P
L A N A 5_r/(p r/p)
- xr/p xr/(p r/p) x;_

1 n—2

“r/(p—r/p)\ PP\ P
A +( A ( Xp_2 )P e )
r/p r/( -/, ) r/(p—r/(p—r/p))

- p
A A A PP\ PR p—r/(p—r/p)\ P~T/P
=A+ T r/(pr/p)+(...+<pk + rn—k ) ) ,
X X X

n—1 n—2 Xy—k n—k—1
(2.14)
where the sequence py is defined by
’

DPk+1 = = po=0. (2.15)

First, assume that p? < r, then from (2.13), it follows that for n > 3,

p
A 1 1 1 P

Xpe1 = A+ (xr/Pl + xr/prxrz) <A+ (Ar/p—l + Ar/p—p+r> , (2.16)

from which the boundedness follows in this case.

Now, assume that p? > r. We show that there is a kg € N such that py,—; < p and pg, >
p. Assume, to the contrary, that pi < p for every k € Ny. Since 0 = py < p1 = r/p, and the
function f(x) = r/(p — x) is strictly increasing for x < p, we have that the sequence py is
strictly increasing. Since the sequence py is bounded above by p, it converges, say, to p*,
and it is a solution of the equation

x> —px+r=0. (2.17)

However, in view of the assumption p? < 4r, the equation does not have real solutions.
Hence, there is the least kg € N such that px,—1 < p and pg, = p. From this, (2.14) with
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k = ko, and by using the fact x, > A for n = 1, it follows that

Xn+1

p=r/(p-r/p) PP F

P=Pko-
=A+ (A +(A + (A ! .
= 7p r/(pfr/p) - ” P -
xnfl ‘xn—z Jg;‘lgko )éi’lgko xnr—ko—l
p-r/p-rip) P70 P

P=Pko-1
A 1 1 1 1
A+t Ar/p-1 + Ar/(p=r/p)-1 A W"’W o >

(2.18)

for n = ko + 2, finishing the proof of the theorem. O

2.3. Case p? > 4r,r < 1. Here, we study the case p* > 4r,r < 1.
Assume first that p > 1+ 7. Then

+./p% —4r _
/\1=p \P >1+r+|1 r':]_ (2.19)

2 2

Hence, similar to the proof of Theorem 2.1, we can obtain the following result.
THEOREM 2.3. Assume that p > 1+, r < 1. Then (1.1) has positive unbounded solutions.
The next theorem concerns the case p =r+1, r € (0,1].

THEOREM 2.4. Assume that p =r+1 and r € (0,1]. Then (1.1) has positive unbounded
solutions.

Proof. Let xy >x_1. Note that (1.1) in this case is
r+1

Xy = A+ 21—, (2.20)

r
n—1

Equation (2.20) can be written in the form

r
Xns1 _ £+( Xn ) , (2.21)
Xn Xn Xn—1
from which it follows that
X Xn ) xo \"
”—”><—"> >---><—°) >1, ne N, (2.22)
Xn Xn—1 X-1

Hence, x,41 > x, for n € Ny. Assume that x,, is bounded. Then, there is a finite posi-
tive lim,,— X, = ¢. Letting n— oo in (2.20), we obtain ¢ = A + ¢, which is a contradiction.
Hence, all the solutions of (2.20) with xy > x_; are unbounded. O

Now, we assume that 2,/r < p < 1+rand r € (0,1). The following theorem holds true.

THEOREM 2.5. Assume that 2\/r < p<1+randr € (0,1). Then, every positive solution of
(1.1) is bounded.
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Proof. First, note that in this case, both roots of the polynomial P(A) are real, and more-
over,

0<A<Ai <. (2.23)

Further, (1.1) can be written in the following form:

x/\1+/12

X1 = A+ 2 (2.24)
n—1
From (2.24), it follows that
A /12 /12
xﬂ;’l _ ,\+( -’;n ) < Al-M +( 3;” ) , (2.25)
xi' xn X,L X,
forn e N.
Let
X
Yn= "1 (2.26)
Xn—1
Let (z,),en be the solution of the difference equation
Zp=AlM 4z (2.27)

with zy = yo. By (2.27) and induction, we see that y, < z,, n € N. Hence, it is enough to
prove that the sequence (z,),cy is bounded. Since the function

flx) =AM +x%, x€(0,00), (2.28)

is increasing and concave (we use here the condition A, € (0,1)), it follows that there is
a unique fixed point x* of the equation f(x) = x and that the function f satisfies the
condition

(fx)=x)(x—x*) <0, x€(0,00)\ {x*}. (2.29)

Using this fact, it is easy to see that if zy € (0,x*], the sequence (z,),cy is nondecreas-
ing and bounded above by x*, and if zy = x*, it is nonincreasing and bounded below
by x*. Thus, for every z; € (0,), the sequence (z,),cn is bounded. Hence, there is a
positive constant M such that

Xy <Mx,, neN. (2.30)
From (2.30), it follows that
M
0

X, < MAM/A=0) A o max{l,M}1/(17’1‘)max{1,x0}, (2.31)

from which the result follows. (I
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In the next theorem, we summarize Theorems 2.1-2.5 into a result regarding the
boundedness character of positive solutions of (1.1).

THEOREM 2.6. Consider (1.1) where A, p, and r are positive real numbers. The following
statements are true.
(@) If p>>4r>4,0rp>1+r,r € (0,1], then (1.1) has positive unbounded solutions.
(b) If p?> < 4r, or 2./t < p<1+r1, r € (0,1), then all positive solutions of (1.1) are
bounded.

The following result gives some more information of some unbounded solutions of
(1.1) for the case p=r+ 1,7 € (0,1).

THEOREM 2.7. Assume that p =r+1 and r € (0,1). Then every positive solution of (2.20)
diverging to +oo satisfies the following condition

Xn

lim
n=oXy_1

=1 (2.32)

Proof. First, note that we can assume that A = 1 in (2.20) since, by using the change
Xn = Auy, the equation is reduced to this case.
Hence, from (2.20), we have that

r
Kol 1+( % ) , neN. (2.33)
Xn Xn—1

In view of the assumption r € (0, 1), similar to the proof of Theorem 2.5, the bounded-
ness of the sequence x,,/x,_; can be proved.
Since x,, tend to +oo, it follows that

lim L = o, (2.34)

n—o0 X,
Hence, the sequence ¢, = 1/x, is a zero sequence. Now, consider the difference equations
Yn=Ynot»  Zn=€+z;y, (2.35)

with xo/x_1 = yo = zp. Without loss of generality, we may assume that ¢, < ¢ for every
n € Np. It is easy to see by induction that

Yn < <z, neN. (2.36)

Xn—1
Since y, = y(’)", we have thatlim, .« y, = 1. On the other hand, as in Theorem 2.5, we have
that z, converges to the positive solution x*(¢) of the equation x — ¢ — x” = 0. Because the
function x — € — x” is continuous on RZ, it follows that x*(e)—x*(0) = 1, as e—0. This
finishes the proof. U

3. On the equation x,; = max{A,xf/x,Z_l }

In this section, we study the boundedness character of positive solutions of (1.2), where
A, p,r € (0,0), which is closely related to (1.1).
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The following result is main in this section. Since the proof of the result is similar to
the proofs of Theorems 2.1-2.5, we will only point out important differences.

TaeoreM 3.1. Consider (1.2), where A, p, and r are positive real numbers. The following
statements are true.
(@) If p>>4r>4,0rp>1+r,r € (0,1], then (1.2) has positive unbounded solutions.
(b) If p> < 4r, or 2./t < p<1+r1, r € (0,1), then all positive solutions of (1.2) are
bounded.

Proof. (a) The proof of this statement is a direct consequence of the proofs of Theorems
2.1, 2.3, and 2.4. It should be only noticed that for a solution (x,) of (1.2), inequalities
(2.1) and (2.22) hold for the corresponding values of parameters p and r in Theorems
2.1,2.3,and 2.4.

(b) Assume first that p? < 4r. Similar to (2.14), it can be proved that

- P—Pk-1 p—r/(p=r/p)y p—1/p~ P
e 1A A A
Xn+1 = MAXAA, Y700, “o-rp) ] P >
Xn1 Xn—2 Xn—k n—k—1

(3.1)

where (pk) ken, 19 defined in (2.15), from which the boundedness of (x,,) follows by mak-
ing use of arguments similar to those ones in the proof of Theorem 2.2.

Assume that2,/r < p<1+randr € (0,1]. LetA; and A, be as in the proof of Theorem
2.5. From (1.2), it follows that

Ay A2
A
x”):rl :max{A,< ))CL” ) }smax{Al)",(i”) }, (3.2)
Xn' xn' \x,1, X,
forn e N.

Letu, = xn/x,’}l_l and (v,) ey, be the solution of the difference equation

vy =max {A"M,v2 1, neN, (3.3)

with vy = . Similar to the proof of Theorem 2.5, it follows that the sequence (v,) is
bounded, and as a consequence that solutions of (1.2) are bounded in the case. O

Remark 3.2. Theorem 3.1 extends Theorems 1 and 2 in [14].
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