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1. Introduction

It is of interest to note here that the three-point or multipoint boundary value problems
in the continuous case have been studied in great detail in the recent papers [1-11] since
the early 1980s. In numerical integration of differential equations, it is taken by granted
that their difference approximations retain the same existence and uniqueness property
of solutions. However, in the case of boundary value problems, a number of examples
can be cited where this assumption fails. This has led a number of recent investigations
providing necessary and/or sufficient conditions for the existence and uniqueness of the
solutions of discrete boundary value problems (see [12—18]). Then, how do we consider
the three-point or multipoint boundary value problems of difference equations?

Recently, in [19] we have considered the existence of positive solutions for the nonlin-
ear discrete three-point boundary value problem

Ax1+ f(x) =0, k=1,2,...,n,

Xo =0, AX] = Xpt1,

(1.1)



2 Discrete Dynamics in Nature and Society

where ne {2,3,...},1€[1,n] = {1,2,...,n}, ais a positive number, and f € C(R4,R,). For
(1.1), the existence of one or two positive solutions was established when f is superliner
or sublinear.

In fact, system (1.1) can be regarded as a discrete reality model. A horizontal string
of negligible mass is stretched between the points x = 0 and x = n + 1, and concentrated
forces with magnitudes f(x;), f(x2),..., f(x,) and downward directions are applied at
the points x = 1,2,...,#, respectively. Suppose an end of the string is fixed, and another
end of the string has some relation with the points 1,2,...,n — 1, or n. For example, we
can suppose that x,4+; = ax; for some I € [1,n]. By the Hooker law, we can obtain the
discrete three-point boundary value problem (1.1).

In this paper, we will consider a more general nonlinear discrete three-point boundary
problem of the form

Nxp1+ A fi(x) =0, k=1,2,...,m, (1.2)

xo =0, ax; = Xp+1, (1.3)

where A is a positive parameter, a is a real constant number, # is a positive integer, f; €
C(R*,R*) for k € [1,n], and A denotes the forward difference operator defined by Axy =
Xie1 — Xk and AZxp_1 = X1 — 2% + Xk—1-

By a solution x of (1.2)-(1.3), we mean a nontrivial x : [0,n+ 1] — R satisfying (1.2)
with the boundary value condition (1.3). A solution {xk}z;r(l) of (1.2)-(1.3) is called to be
positive if x¢ > 0 for k € [1,n]. If, for a particular A the boundary value problem (1.2)-
(1.3) has a positive solution x, then A is called an eigenvalue and x a corresponding eigen-
function of (1.2)-(1.3). We let

I'={A>0](1.2)-(1.3) has a positive solution} (1.4)

be the set of eigenvalues of (1.2)-(1.3). Further, we introduce the notations

fro = lim M, freo = lim @ for k € [1,n]. (1.5)

u—0" U u—oo

The following is the plan of this paper. It is well known that Green’s functions are
important for the boundary value problems. Thus, in the next section we will give the
Green function of (1.2)-(1.3) by considering the inversive matrix of corresponding vector
matrix equation. The properties of the Green function are also considered in this section.
In this paper, we will be concerned with several eigenvalue characterizations of (1.2)-
(1.3). Such problems have been extensively studied for discrete or continuous two-point
boundary value problems. In Section 3, we will consider the eigenvalue characterizations
of existence of one positive solution. The existence of triple solutions will be established in
Section 4. In Section 5, we will give some remarks which explain some difference between
differential equation and difference equation for the corresponding problem.
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2. Inverse matrix and Green’s function

For the boundary value problems, Green’s functions and its properties are important. To
this end, we let x = col(x;,x5,...,x,) and

F(x) = col (fi(x1), f2(x2)5-.05 fu(xn)), (2.1)
then system (1.2)-(1.3) can be rewritten by the matrix form Ax = AF(x), where A =
(aij)rlxna ajj =2 (l = 1,2,...,1’1), aj,j+l = Aj+1,j = -1 (] =L2,...,n— 1)’ anl = —0, and

other entries are zero.
When |a| < (n+1)/1, we can get that A~! exists. In fact, let B = (b;j)uxn (Where bj; = 2

(i=1,2,...,n), bjjs1 = bjy1j = -1 (j = 1,2,...,n — 1), and other entries are zero) and
H = (hij)nxn (where h,; = —a and other entries are zero), we have A = B+ H and
A'=B+H)"'=(B(E+B'H)) ' =(E+B'H) 'B. (2.2)
Note that B~ = (gij)uxn» where
](n+1—1), <j<izn,
_] ntl (2.3)
. i(n+1—j) 1<i<iji< .
, <i< n
n+1 J
Thus, we have
B 'H=—2p, (2.4)
n+1

where D = (dij)uxn, di = i for i = 1,2,...,n and other entries are zero. It is well known
that

(E+B'H) ' =E+ Y (-DK(B'H)", (2.5)
k=1
it is easy to get
k k —a k
B™'H)" = ”(—) D, 2.
(B'H) =1 (2 26)
and furthermore,
o] 0 k
_1k(p-l\k _ k-1(_92 ) _ a
I;( 1*(B~'H) gll <n+1 D=———D. (2.7)
Thus, we have
E+B'H) '=g+—2 D,
(E+ ) +n+1—la

i (2.8)

-1 _ 1y lp-1_ (. )
A'=(E+B'H) B (g,]+n+1_lagz]>nxn.



4  Discrete Dynamics in Nature and Society

LEmMA 2.1. When |a| < (n+1)/1, the matrix A is invertible and its inversion is

A _ (g f@
A 7<g’]+n+1—lagl])nm' 29)

In view of Lemma 2.1, system (1.2)-(1.3) can be rewritten by x = AA~'F(x) or

AZ (g,] . gl,)f,(x,) i=12,..,n (2.10)
Naturally, we can call that

ia .
mglj, 1< L,]=mn, (211)

G(i,j) = gij +
is the Green function of problem (1.2)-(1.3), where 1 </ < n is a fixed integer, a is a real
constant, and they satisfy the condition |a| < (n+1)/l. For 1 <i,j < n, g;; is defined by
(2.3).

In the following, we will discuss the properties of G(3, j). In this paper, we will be
concerned with the existence of positive solutions for (1.2)-(1.3). Thus, we ask G(i, j) >0
for1 <i,j <n. When 0 <a< (n+1)/1, it easily follows that G(i,j) >0 for 1 <i,j <n.In
the following, we assume that a < 0. Note that

1
N gij =g =g = (2.12)
Thus, we only need to consider the sign of
S (2.13)
n+1 n+1-1a '

By the definition of g;, we have

1 <1+naj(n+l—l))’

g =
n+l ntl—lasl 1 <1+nal(n+1—j)) l<l<i<
n+1 ntl—la )0 ~T'SIED (2.14)
. 1 <1+nal(n+1—l))>0
n+1 n+l-la
which implies that
n+1
a>7l[n(n+1—l)—1]' (2.15)
LEmMA 2.2. Assume that
n+1 n+1
nnr1-h-1] ~*° 71 (2.16)

holds, then the Green function G(i, j) is positive for 1 <i,j < n.
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In the following, we will give the estimation of G(i, f).
When 0 < a< (n+1)/I, we have

1a na
gzj N+l — lagl] &8l (n+1)/21,[ (n+1)/2] n+1— lagll

_ 1 ([n+l](n+l_[n+1"‘>+nal(n+lfl)):M’ (2.17)

n+1 2 2 n+l-Ila

ia 1 (1+a(n+1—l))

>
n+1—-1a%" = ne1 n+1-1la

>

8ij

where [(n+1)/2] is the largest integer part of (n+1)/2.
When a is a negative number and the condition (2.15) holds, we have known that

ia 1 ( +nal(n+1—l)> ,

- . -, 2.18
it i1 - 1% = i1 n+1-1la " (2.18)

and we have also
- ia ‘ 1 n+1 _[n+l a(n+1—l)>_ ,
g']+n+1—lagljﬁn+1<[ 2 —‘<n+1 [2 —‘>+n+1—la =M. (2.19)

3. Existence of one positive solution

In the following, we will ask that the condition (2.16) hold. Let E be the Banach space
defined by E = {x | x: [1,n] — R} with norm [|x|| = maxef1,n] [xk], and let
P={x€E|x=0, ke[l,n]},

1
C—{x€E|x>0 ke [Lal; x> olxl}, (3-1)

where § = m/M when 0 <al <n+1 and § = m'/M’ when a is a negative number and
(2.15) holds. Define an operator T': P — E by

Txi=A> GG, j)fi(x;), i=12,..,n (3.2)
j=1

Then for x € P, we have

n+1

0<ac< s
=7

Z :

J

AM > fi(x;j)
I Tx|| = max | Tx;| < =nl I
ielin] AM’ij(xj), - <a<0,
=1

I[n(n+1-1)-1]

. (3.3)
Am> fi(xj), 0<a< n—Jlrl,
Txiz J:nl 1
, e _ n+
/lmj;f](x]), l[n(n+1—l)—1]<a<0’

which imply that Tx; > || Tx||, thatis, TP C C.
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THEOREM 3.1. Assume that fi(u) is nondecreasing for all k € [1,n] and there is ko € [1,n]
such that f,(u) >0 for u > 0. Then there exists ¢ > 0 such that the interval (0,c] C T.

Proof. Let L >0 be given and denote

C(L)={xeC| x| <L} (3.4)
Define
L

= - — . 3.5
‘ maxie(1,n] 2. j-1 G(i> j) fj(L) (3:3)

Then we have
Tx; <A > G, ) fi(L) SC.H??X]ZG(i,j)fj(L) =L (3.6)

j:1 el l,n j:1

for A € (0,c] and x € C(L). By Schauder fixed point theorem, T has a fixed point in C(L).
The proof is complete. 0

The following theorem is immediately obtained by using Theorem 3.1.

THEOREM 3.2. Assume that all conditions of Theorem 3.1 hold. Then Ay € T implies that
(0,A0] CT.

THEOREM 3.3. Assume that all conditions of Theorem 3.1 hold and let A be an eigenvalue of
(1.2)-(1.3) and let x € C be a corresponding eigenfunction. Further, let || x|| = d. Then,

d d
0 — <A< 7 — . (3.7)
maxie(1,n] 2. j-1 G(i, j) fj(d) maXie(1,n) 2 j-1 G(i, j) f;(8d)
Proof. In fact, from
d=||Tx|| :A,IET%?X]ZG(irj)fj(xj)’ (3.8)
i N =1
we can obtain that
d
A= e , 3.9
maxie(1,,) 2.j-1 G(, j) fj (x;) 39
which implies that
d <A d (3.10)

< 7 — .
maxie(1,1 27— G(, j) f;(d) maXie(1,,) 2.;-1 G(i, j) f;(6d)

The proof is complete. 0



Huting Yuan etal. 7
By Theorems 3.1-3.3 and the definition of G(j, j), we can also obtain the following
theorem.
THEOREM 3.4. Assume that all conditions of Theorem 3.1 hold. Then the following hold:
(a) if

u
S (3.11)

is bounded for u € (0, o), then there exists ¢ € (0,00) such that T = (0,¢) or (0,c];

(b) if

lm =——— =0, (3.12)
u— oo Z] lfl(u
then there exists ¢ € (0,00) such that T = (0,c];
o) if
u
lim ————— = oo, 3.13
u1—>nolo Zj:l f](u) ® ( )
thenT = (0,00).

Proof. (a) and (c) are clear. In the following, we will prove that (b) is a fact. By
Theorem 3.1, we know that there exists ¢’ > 0 such that (0,¢’] C I'. Note that from the
condition

li .
ulf?ogj lf,(u =0 (3.14)

and Theorem 3.3, we can get that I is bounded. Let ¢ = supT and suppose that the eigen-
values sequence {Ax};; of (1.2)-(1.3) is strict increasing and satisfies limy_., Ax = ¢, the
sequence {x(® } g, 1s the corresponding solutions sequence of {Ax}; ;. Then, we have

18] = | Tx®|| = & max > GG, j) ; (xﬁk)) > hemin{m,m'} > f;(8]|x®]]),
i€lln] 5 =1 (3.15)

(k)
Aemin{m,m’} < ||x I

— 2 fi Gl

which implies that

& (3.16)
-1 £ (8][x®1)) '
is bounded below. By this and the condition
lm =——— =0, (3.17)

U—oo Z] lf:l(u
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we get that {||x®||} is bounded. For every i e [1, n] choosing the subsequence {x(ki)}
(ki) (k)

such that limy, . x;"" = limsup,_ . x;" = x ) then x(© isa positive solution of the equa-
tion
Tx;i=c > G(i,j) fi(x;), i=12,...,n (3.18)
j=1
The proof is complete. 0

In the following, we do not require the monotonicity of fi for k € [1,n], but a fixed
point theorem will be used. It can be seen in [20, 21].

LemMA 3.5. Let E be a Banach space, and let C C E be a cone. Assume Q, Q, are open
subsets of Ewith0 € Qy, Q) C Oy, andlet T: Cn (Qa\ Q) — C be a completely continuous
operator such that either (a) [|Tyll < llyll, y € Cn oM, and [Tyl = ||yll, y € CN 0Qy,
or (b) ITyll = lIyll, ye CnoQy, and | Tyll < llyll, y € CNIQy. Then, T has a fixed point
mnCn (62 \ Ql)

For the sake of convenience, we set

i€[l,n] iz

Ag = max Z G(i.j),  Bo= min > G(i ). (3.19)
"l

THEOREM 3.6. Suppose that there exist two positive numbers a and b such that a + b and

b < 2 (3.20)
Bo minge(1,n),ue(sxx]n(0b] fr(t) — AomaXke(in),ucfoq) fi(t) '
Then for every A satisfying
b a
; <A< , 3.21)
Bominge(1,1], uesxx]n[0,b] fi(14) Ao maxie(1,n],xe0,a] fi(U (
the boundary value problem (1.2)-(1.3) has a positive solution.
Proof. Assume that a < b and choose x € dC,. Then we have
n
Tx; <A ) <AA < 3.22
. keu,rnr}lgc)é[o a] g hj) =g [153?2[0#1](]‘(’6) ¢ (3.22)
which implies that || Tx|| < [|x|| for x € dC,. Let x € 0Cy, then we get that
Tx; > ABy min fr(u) = b forx € 9C,, (3.23)

ke[1,n],ue[dy,y]n[0,b]

which implies that || Tx|| < ||x]| for x € dCy. The proof is complete by Lemma 3.5. When
a > b, the proof is similar. O
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The following theorem is immediately obtained by using Theorem 3.6.

THEOREM 3.7. Assume that there exists ko € [1,n] such that fi,(u) >0 for u >0 and that
froo and fox are finite for any k € [1,n]. Then for each A satisfying

1 1
- <A< 3.24
0By minke(1,1] fioo Agmaxke(1,n fro (3:24)
or
1 1
; <A< , (3.25)
0By minge(1,4] fro Apmaxge[1,n froo
the boundary value problem (1.2)-(1.3) has a positive solution.
Proof. 1f the condition (3.24) is a fact, we can choose € > 0 such that
1 1
- <A< . (3.26)
OBy ( minke(1,) froo — €) Ao (maxke(in fro+¢)

Let H; > 0 such that fi(#) < (maxe[1,0) fro+€)u for 0<u < H, and k € [1,n]. Forx € C
which satisfies ||x|| = H;, we have

n
Tx; < A( max_fko +e> lx]| Z G(i,j) < )LA()Hl( max fk0+s> < Hjy, (3.27)
kelln) ia kelln]

which implies that || Tx|| < ||x|| for x € dCp,.
Choosing H, >0 such that f(u) > (minge(1,) fko — &)t for x > 6H, and let H, =
max{2H,,H,}, for x € dCg,, we have

n
Tx, > A( min, fom — s) 16l S GG, j) = )t( min fie 75)51{230 SHy,  (3.28)
kelln] P kelln)

which implies that || Tx|| = ||x|| for x € dCp,.
When the condition (3.25) holds, the proof is similar. The proof is complete. O

By Theorem 3.6, we can similarly obtain the following results. Their proofs will be
omitted.

THEOREM 3.8. For every k € [1,n], fro =0, and fre = 00 or fro = 0 and fre = 0, then
I'=(0,00).

THEOREM 3.9. For every k € [1,n], fro = © 0r freo = 0, then there exists A* > 0 such that
(0,A*) cT.

TueoRrEM 3.10. Forevery k € [1,n], fro =0, or fieo = 0, then there exists A** > 0 such that
(A**,00) CT.

THEOREM 3.11. Forevery k € [1,n], fio = 0, or freo = L, then (0,1/(A¢L)) C I. For every
ke [1,n], fro =1, or fre = oo, then (0,1/(Aol)) C T.
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4. Existence of triple positive solutions

In this section, we will consider the existence of triple positive solutions for the system
(1.2)-(1.3). To this end, we firstly give the definition of a concave nonnegative continuous
functional and the Leggett-Williams fixed point theorem.

Let E be a Banach space, and let P C E be a cone. By a concave nonnegative continuous
functional ¥ on P, we mean a continuous mapping y : P — [0,+0c) with

v(px+ (1 —w)y) = py(x)+(1—wy(y), x,y€P, uclo,1]. (4.1)
Let &, a, 3 be positive constants, we will employ the following notations:

Pe={yeP:lyl<é&, Pe={yeP:lyl<é&,

_ 4.2
P(y,a,B) ={y € Pg:y(y) = a}. (42

Our existence criteria will be based on the Leggett-Williams fixed point theorem (see
[22]).

LemMA 4.1. Let E be a Banach space, P C E a cone of E, and R > 0 a constant. Suppose there
exists a concave nonnegative continuous functional y on P with y(y) < || y|| for y € Pg. Let
T : Pr — Pr be a completely continuous operator. Assume there are numbers r, L, and K
with 0 <r <L <K < R such that

(H1) theset {y € C(y,L,K) : w(y) >L} is nonempty and yw(Ty) > L for all y € P(y,L,K);

(H2) ITyll <r for y € P,;

(H3) w(Ty) > L forall y € P(y,L,R) with || Tyl > K.
Then T has at least three fixed points y1, y», and y; € Pg. Furthermore, y1 € Py, y, € {y €
P(y,L,R):y(y) > L}, and y3 € Pr \ (P(y,L,R) UP,).

We use Lemma 4.1 to establish the existence of three positive solutions to (1.2)-(1.3).
E and P are defined by the above section.

THEOREM 4.2. Assume that fi(u) is nondecreasing for k € [1,n] and that fre. = fro = 0 for
k € [1,n]. Suppose further that there is a number L > 0 such that fi(L) >0 for k € [1,n].
Let R, K, L, and r be four numbers such that

R2K>§2L>r>0, (4.3)

maxke(1,1] fx(*) _ MaXke[1n] Sfk(R) - Bominge(1, fx(L)
r R A()L '

(4.4)

Then for each A € (L/(Bymingeqy,n) fk(L)), R/(Agmaxieq,q fx(R))], there exist three non-
negative solutions xV, x?), and x'® of (1.2)-(1.3) associated with A such that x,il) <r<
x,(f) <L< x](f) <Rfork e [1,n].

Proof. Note that if f¢(L) > 0, then by the monotonicity of f, fc(R) >0 for any R greater
than L. In view of fro = 0, we may choose R = K > L such that the second inequality in
(4.4) holds, and in view of fxo = 0, we may choose r € (0,L) such that the first inequality
in (4.4) holds. Let us set A, = L/(Byminke[1,s) fk(L)) and A, = R/(Ag maxke[, fx(R)).
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Then Aq,A; > 0. Furthermore, A1 < A, in view of (4.4). We now define for each A € (A1,1,]
a continuous mapping T': P — P by

n

Z z])fJ x] i=1,2,...,n, (4.5)

and a functional y : P — [0, 0) by

y(x) = min x. (4.6)
ke(1,n]

In view of fie = fko = 0 and (4.4), we have

z (i, ) fi (x;) <A Jmax fi(R ) > G, j) = AaAo max fR) =R, (47)
=1 =1 €[L,n

for k € [1,n] and all x € Pg. Therefore, T(Pg) C Pg. We assert that P is completely con-
tinuous on Py because E is a finite-dimensional space.
We now assert that (H2) of Lemma 4.1 holds. Indeed,

Txi =MD G(,j)fj(xj) <AA¢ max fi(r) <1Ap max fi(r) <r (4.8)
; ke[ L) ke[1,n]

=1

for all y € P,, where the last inequality follows from (4.4).

In addition, we can show that the condition (H1) of Lemma 4.1 holds. Obviously y(x)
is a concave continuous function on P with y(x) < x|l for y € Px. We notice that if u =
(1/2)(L+K) for k € [1,n], then u € {x € P(y,L,K) : w(x) > L}, which implies that {x €
P(y,L,K) : w(x) > L} is nonempty. For x € P(y,L,K), we have y(x) = minge[,n %k = L
and ||x]| < K. In view of the conditions of Theorem 3.7, we have

y(Tx) = Aklen[},rrll]j; G(i,j) fi(xj) = ABg klendg]fk(L) > A1Bo kren[}a]ﬁ((L) =1, (4.9)

forall x € C(y,L,K).
Finally, we prove condition (H3) in Lemma 4.1. Let x € P(y, L, R) with || Tx|| > K. We
notice that (4.5) implies

I Tx|l < Amax{M, M’} > f;(x;). (4.10)
j=1
Thus,
y(Tx) =\ rr[nn ZG(z ) fi(xj) = Amin{m,m }ij xj) = 08l Tx|| >0K >L. (4.11)
j=1

An application of Lemma 4.1 stated above now yields our proof. O
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THEOREM 4.3. Assume that fi(u) is nondecreasing for k € [1,n] and that fre > fro >0
for k € [1,n]. Suppose there is a number L > 0 such that fi(L) >0 and 0 < fio < fkeo <
Bominge(i,y) fk(L)/(AoL). Denote that

. max, u
lim keln) fi(u) _ L
u—0 u

(4.12)
iy kel fi(4) _ L.
Uu— 00 u
Let R, K, L, and r be four numbers such that
L
R2K>52L>r>0, (4.13)
R
e BB e, (4.14)
w <ite (4.15)
where € is a positive number such that
By mi L
I + & < BomiNkeltol filL) (4.16)

AoL

Then for each A € (L/(Bymingeqi,q] f(L)),1/(Aok)), system (1.2)-(1.3) has at least three
nonnegative solutions xV, x?, and x® associated with A such that x,(cl) <r< x}({z) <L<

x,(f) <Rfork e [1,n].

Proof. Note that if fi(L) >0, then ft(R) >0 for any R greater than L. Let A; =
L/(Byminke[1,) fk(L)) and A, = 1/(Aol). Then Ay,4; > 0. Furthermore, 0 < A; < A, in
view of the condition 0 < [; < I, < Byminge(1,n] fx(L)/(AoL). For the positive ¢ that sat-
isfies (4.16) and any A € (A1,1,), there is R > K > L such that (4.14) holds, and there is
r € (0,L) such that (4.15) holds.

We now define for each A € (A;,1;) a continuous mapping T': P — P by (4.5) and a
functional y : C — [0,+) by (4.6). For all x € Pg, we have

Tx; =1 > G, ) fi(x) s)tkmaitx f(R) > Gi, j)
j=1 €lLn] j=1 (4.17)
< AA() km[ellx] fk(R) < AzA()(lz +€)R =R,
el|l,n

Furthermore, condition (H2) of Lemma 4.1 holds. Indeed, for x € P,, we have

(Ay)(1) =2 2. G0, j) f(x;) = A max filr) 3., G(in )
j=1 o j=1
<A, km[?x] fi(r) <AAo(h+e)r<r.

(4.18)

Similarly, we can prove that the conditions (H1) and (H3) of Lemma 4.1 hold. An appli-
cation of Lemma 4.1 now yields our proof. O
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THEOREM 4.4. Assume that fi(u) is nondecreasing for k € [1,n] and thereis ky € [1,n] such
that fi,(0) > 0. Suppose there exist four numbers L, R, K, and r such that (4.3) and (4.4)
hold. Then for each A € (L/(By minke[1,q] fk(L)), R/(Ag maxke[1,n] fx(R))], system (1.2)-(1.3)
has at least three positive solutions XD, x@ and x® associated with A such that 0 < x(V <
r<x? <L<x® <Rforke[l,n].

The proof is similar to Theorem 4.2, and hence is omitted.

5. Some remarks

The second-order difference equation
A’xp1 +Af (koxg) =0, k=1,2,...,n, (5.1)
is the discrete analog of equation
X'()+Af(6x)=0, te][0,1]. (5.2)

The three-point or multipoint boundary value problems in the continuous case have
been studied in great detail in the recent papers [1-11] since the early 1980s. For the
continuous case, the boundary value condition (1.3) is of the form

x(0) =0, x(1) = ax(n), ne<(0,1). (5.3)
When we consider the existence of positive solutions of problem (5.2)-(5.3), a >0 is
clearly a necessary condition.

Remark 5.1. When

n+1
nn+1-1)—1] <a<b, (54)

our theorems cannot be similarly established for the continuous case.

Remark 5.2. In Section 2, we obtain the Green function by using matrix’s method. Such
method is different from the continuous case.
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