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erators A(t) is considered. The second order of accuracy difference scheme for the ap-
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1. Introduction

It is known (see, e.g., [1, 2]) that various mixed problems for the hyperbolic equations
can be reduced to the initial-value problem
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u0) =9,  u(0)=

1), (1.1)

<

for differential equation in a Hilbert space H. Here, A(t) are the self-adjoint positive
definite operators in H with a t-independent domain D = D(A(?)).
A function u(t) is called a solution of the problem (1.1) if the following conditions are
satisfied:
(1) u(t) is twice continuously differentiable on the segment [0,T]; the derivatives
as the endpoints of the segment are understood as the appropriate unilateral
derivatives;
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(ii) the element u(t) belongs to D for all t € [0, T'], and the function Au(t) is contin-
uous on the segment [0, T];
(iii) u(t) satisfies the equation and the initial conditions (1.1).

A large cycle of works on difference schemes for hyperbolic partial differential equa-
tions (see, e.g., [3—6] and the references given therein), in which stability was established
under the assumption that the magnitudes of the grid steps 7 and / with respect to the
time and space variables is connected. In abstract terms this means, in particular, that the
condition 7||A; ;|| —0 when 7—0 is satisfied.

Of great interest is the study of absolute stable difference schemes of a high order of
accuracy for hyperbolic partial differential equations, in which stability was established
without any assumptions in respect of the grid steps 7 and h. The stability inequalities for
solutions of the first order of accuracy difference scheme

T2 (Ugp1 — 2up + ug—1) + Axtigsr = fio
A =A(t), szf(tk), th=krt,1<k<N-1,Nt=T, (1.2)

7wy —ug) +iAY?uy = iA(l)/zu0+l//, Uy =¢

for approximately solving problem (1.1) were established without any assumtions for the
first time in the paper [7].

The study of the high order of accuracy of absolute stable difference schemes for ap-
proximately solving problem (1.1) in the case of A(¢) = A has been studied in the papers
[3, 8-11]. The second order of accuracy difference schemes

2
~ T
T2 (Upy1 — 2ug + ug_1) + Aug + ZAzukH = fi,

fe=f(t), tk=kr,1<k<N-1,N7=T,
_ . it
77wy — up) +iAY? <I+ SAVZ)ul =z,
2 = ([+itAV)y + ng+ (A2 = 1A ug,  fo= f(0), 1o = @,
] (1.3)
772 (U1 — 20k + tg—1) + ZA(ukH +2uk + uk-1) = fio

fi=f(t), ti=kr,1<k<N-1,Nr=T,
TN uy —ug) + %Al/z(ul +up) =z,

. = (1+§Av2)w+gfo+ (iAl/z— %)uo fo= f(0)uo = ¢

was presented in the paper [8]. The stability estimates for the solution of these difference
schemes; and its first and second order difference derivatives were established. Unfortu-
nately, these difference schemes are generated by the A"2. In paper [9], the first order of
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accuracy difference scheme

T2 (U1 — 20k + Uk—1) + Aty = Jre>
fk=f(tk), tk=kt,1<k<N-1,Nt=T, (1.4)

TN —uo) =y, uy =g,

and second order of accuracy difference scheme

2
T2 (Ugep1 — 2up + up—1) + Aug + %Azukﬂ = fi
fk:f(tk), th=kt,1<k<N-1,Nt=T, (1.5)

(I+7*A)t (41 —up) = %(fo —Auw)+v, fo= f(0),uy = ¢,

1 1
sz(uk“ —2up+up_1) + EAuk + ZA(ukH tup ) = Jr
fi=f(t), ti=kt,1<k<N-1,Nt=T, (1.6)

(I+T2A)T71(bl1 — Ll()) = %(fo —Auo) +v, f() = f(O), U = ¢

for approximately solving this initial-value problem were presented. These difference
schemes were generated by the integer power of A. The stability estimates for the solution
of these difference schemes were established.

In papers [10, 11], the high order of accuracy two-step difference schemes generated
by an exact difference scheme or by the Taylor’s decomposition on three points for the nu-
merical solutions of this problem was presented. The stability estimates for the solutions
of these difference schemes were established. In applications, the stability estimates for the
solutions of the high order of accuracy difference schemes of the mixed type boundary
value problems for hyperbolic equations were obtained.

We are interested in studying the high order of accuracy two-step difference schemes
for the approximate solutions of the problem (1.1) in a Hilbert space H with self-adjoint
positive definite operators A(f). In paper [12], second order of accuracy difference
scheme

T2 (uk+1 —2ui + uk,l) +Ak+1/2471 (uk+1 + uk) +A,1<121/2Ak 1/2 (uk + uk,l)

A, AL )AL T (e — i)
+27 71(A11</+21 AI/Z)AkjﬁzT Y — uk)
+ AR A2 T AL - AL AL (ke — )
=27 (fiern + finn) + 27N (AL = AL ) A D fiorns 1<k <N =1, up = u(0)

~ T _ T ,
T uy —uo) + 51‘\1/22 Y +uo) + E(A}ﬁ) AT (un — uo) = *fl/z +AVSAT Y uy
(1.7)
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generated by Crank-Nicholson difference scheme was presented. The following theorems
under the same smoothness assumption on A(t)A~1(0) (see, e.g., [12]) on the stability es-
timates for the solution of this difference scheme and its first and second order difference
derivatives were established.

TueoREM 1.1. Let u(0) € D(AY2(0)). Then for the solution of the difference scheme (1.7),
the stability estimate

N-1
H{uk_ukil} ‘
T 1 C

holds, where M does not depend on ug,ug, fsr12 (0<s<N—1) and 7.

N-1
e M| 1472l + il + 3 [ ollr | 1)

+||u”
T s=0

TueOREM 1.2. Let u(0) € D(A(0)), u'(0) € D(AY2(0)). Then for the solution of the differ-
ence scheme (1.7), the stability estimat

H{Am(o) Uk — Ug—1 }11\]1

T

C:

A4 (e + ) + AL AL 4 (ug 1)
+ 7 AL, — AL AL (e — we)
+27 T A — AP AT (ke — )

AL AT 2 A AP AT (i)

{72 (s — 20 + ) 1y c

n—2
< M[||A(0)uo||H +]|AV2(0)uy | +(1)1<1521<>§(||J§+1/2||H + z [|fos1/2 — fs—1/2||H:|
- s=0

(1.9)

holds, where M does not depend on ug, ugy, fs+12 (0 <s <N —1) and 1.

Note that the difference scheme (1.7) for approximately solving problem (1.1) in the
case of A(t) = A is (1.6). So, these stability estimates are generalization of the results of
paper [9] in the general case of A(t).

In the present paper, the difference scheme (1.5) for approximately solving problem
(1.1) in the general case of A(t) is presented. Unfortunately, the stability estimates for
1 (g — ukfl)/‘r}llv_l llc, and II{uk}If]_lllcf cannot be obtained for the solution of this
difference scheme under the same conditions of Theorem 1.1. Nevertheless, the stabil-
ity estimates for || {4}, (ux — w1 /7)1 e, AR Y e, and {772 (uksr — 20 +
uk,l)}ll\] 1 ¢, are obtained for the solution of this difference scheme under the same con-
ditions.
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2. The construction of one difference scheme of a second order of accuracy

By papers [13, 14], we have the equivalent initial-value problem for a system of the first
order linear differential equations

% =iAV2(t)w(t), 0<t<T, u(0)=ugp u'(0)=up,
(2.1)
% = iA2(tyu(t) — A"V2(O[AV ()] v(E) — A2 f(8).

For construction of a two-step difference scheme, we consider the uniform grid space
[0,T], ={tx =kt, 0<k<N, Nt =T} (2.2)
Using the central difference formula for the derivative and (2.1), we can write
TN u(te) —u(teer)) = iA*v(t-12) +0(12), 1<k<N,
T (v(te) = v(tr1)) = AP u(te12) — Ag LAY v (o) (2.3)
—iA " fi+o(1?), 1<k<N, vo = —iAy V2up,

where

A=A (6p), (AP = A (), fio= fltean)

o1 = (tk - g) Ao = A(0). (24
Using the Taylor expansion, we can write
T u(t) —ultinr)) = o () — %u”(tk) +o(s?), 1<k<N,
wltic2) = 5 (w(t) +w(tir)) +o(r2), 25)
wlte-) = (wlt) = Sw (1)) +o(x?).

Applying (2.5), and the formulas

u' () =AYV () v(n), ' () = f(t) — Alt)ultx), (2.6)
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we get
T (ultk) —u(te))
= > Axu(n) +i(A,1/2 i g(A}gz)’)v(tk) - Zfirole), 1=k<N,
T (v(te) = v(tk-1))
= iAu(t) + S A (t) - 27 AL (A (v(8) +v(te)

—iA,:l/ka+o(TZ), 1<k<N, vo = —iAy up,

v(t) = ’Ak+1/2( Nu(te) —u(te-1)) - %Aku(tk) + gfk) +o(7?), 1<k<N.

(2.7)

Neglecting the small terms o(72), we obtain the following difference scheme:
T Mg —up ) = fAkuk +1<A1/2 (A,i/z),)vk - %fk, uy=u(0),1<k<N

T (V= 1) = zAl/Zuk+%Akvk—Z*IAI;I/Z(A}{/Z),(vk+vk,1) —iA{"*fi, 1<k<N,

- _ T T
Ve = flAk:{fz (T 1(uk —Up_q) — 5Akuk+ Efk>’ 1<k<N,
— _1A0 172 6
(2.8)

for the approximate solution of the initial-value problem (1.1).

Using (2.8) and eliminating v, collecting uy on the left side and # on the right side of
the equation, and rearranging the terms in (2.8), we obtain two-step difference scheme
of a second order of accuracy

T2 (k1 — 20 + ug—1)
4 T 4
= |:AII<{+—21 ts (Allcfl) ] ‘{ — Al e + [EAkH >4k WAl ]
_ _ T B
X Akféfz [T 1(Hk+1 —uy) — EAk+1Mk+1 + Efk+1:| +Ak+1{2ﬁ<+1}
- {[Al+ AR |atp @) ads,
— ot (Al - AP+ () - @) | A,

-1 T T -1

X | T (uk — uk_l) — EAkuk + Efk +2 (Ak+1uk+1 —Akuk)

2" fix1— fi), 1<k<N-1, up = u(0),

_ T _ T ,
7 (ur —uo) + 51‘\1/22 Mug +uo) + E(A}g) A1/12/2T Mg —ug) = fl +A}f§ /12/2”0
(2.9)
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for the approximate solution of the initial-value problem (1.1). Note that the difference
scheme (2.9) for approximately solving problem (1.1) in the case of A(t) = A is (1.5).
Let us establish the formula for the solution of this difference scheme (2.9).
Making the transformation 7, = ux +vi and g, = ux — vx in (2.8), we obtain the fol-
lowing system of the difference equations:

T (e = i) = (A1/2+%Ak>71k+¢2, 2<k=<N,
n = K(B+u0+C+u6+D+f1),

T (e — ) = ( 1A1/2+§Ak>/4k+§0;, 2<k<N,

(2.10)
p; =K(B ug+C uy+D fi),
T _ Y -
op = 2 (Al/z) Vi — Efk FA2(AY) 27 (v +vkmr) F AL S
- T T
Vi = —zAkjﬁz (T’l(uk —Up_1) — EAkuk + Efk>’ 2<k<N,
where
73 !
K- [1+ LAyT I A1 12(412) +7A}/2(A}/2) ] ’
Bt =1- %Al T zA;‘/Z (AV?)" = irAl?,
C* = TA%/2A61/2 (AI/Z) AT 1/2 (AI/Z) Ay 1/2 — TiAy 172 (2.11)
+1 A l/Z(Al/Z) A 1/2 +1*A A 1/2 A%/Z(A}/Z),AEI/Z’
4
D — ZA1 A1 20412 4 3 (AI/Z) AT 5 iTAT 2,
From this, it follows the system of recursion formulas
72 ! 72 !
N = (1 - —Ax - irA,‘f) Moy + (I — Ay ITA1/2> ¢/, 2<k<N,
2 2
. B » (2.12)
U = (1 - %Ak+ iTA}(/z) w |+ (1 —Ak +11A1/2> ¢, 2<k<N.
Hence,
k k
M= P (n + 3 Ru(0gs, = PLRy + 3 R (K)g,.  (213)
m=2 m=2
Here,

PE(k) = XiXE - XE,  RE(k) = XEXE, - XE, (2.14)
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where

2 -1
Xz = (1— %Ak + irA,‘f) : (2.15)

Then, using the formula vy = (1/2)(5, +u, ), we obtain

we=2"1 { [P} (k)KB~ + Py (K)KB*]uo + [P} (K)KC~ + Py (K)KC*]u
k (2.16)
+[Pf(k)KD™ + P (k)KD*] fi + > [R(k)g,, +R;1(k)go;]}-
m=2

Furthermore, by making the transformation k — m = s, we obtain

=2 { [P} (k)KB~ + Py (K)KB*]uo + [P} (k)KC~ + Py (K)KC* Ju
k-2 (2.17)
+[P{(k)KD™ + P (k)KD*] fi + > [EF (K)o + E; (K)gp_.] }

s=0
where
+ . T —1/2( 4172\ T 12N\ | 4-1/2
Pr—s = 1[ + EA’H (Ak—s) - lj(Akfs) ]Akfm/z

T

T
2Ak—suk—s + Efk—s]

X |:T_1 (”k—s - ”k—s—l) -
T 120 412N 4-1/2 - T T
* IEAk,é (Ak/,s) Ak,éfl/z [T 1(”1(7571 - uk*S*Z) - EAkfsflukfsfl + Efkfsfl
LAy
+ (— 5 FiTAL, )fk,s,

ES(k) =X XX Ey (k) =X,
(2.18)

Finally, from the last formula, it follows that
AL (= we)
= Aiizl/z(ZT)”{[[Pz(k) — P} (k= 1)]KB™ +[P; (k) — P, (k— 1)]KB" |uo
+[[P{ (k) ~ P{, (k= DIKC™ + [Py (k) — Py, (k — 1)]KC"Jug

+[[P{(K) ~ Py (k= DIKD + [P (k) ~ P, (k— DIKD* f

k-2
+[Eg (K)o +Ey (k)gi ]+ > [Ef (k) — EX (k= 1)] g
s=1

k-2
+ z [E;(k) —E_ (k- 1)](/’;—5}'
s=1 (2.19)
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In the following section, these formulas will be used to establish the stability inequality
of the difference scheme (2.9).

3. Stability of difference scheme (2.9)

First of all, let us give some subsidiary conditions for operators A(t) that will be needed
below. Let A(t) be self-adjoint positive definite operators in H with a t-independent do-
main D = D(A(t)) : A(t) = 8I > 0. Then, the following estimates hold:

“/2( 4A) <1, a=0,1,2, (3.1)

<(4-V2)a+4(v2-3), a=3,4, (3.2)

"‘A“/2<I+ L) )
4
) o —a

2

=<

+1, «=0,1,2. (3.3)

T“AzQ( —Ak +itA}?

Let the operator function A?(t)A™(z), p € [0,2] satisfies the conditions

[|[[AP(t) — AP (s)]AP(2)]] < M, ||t —sll, (3.4)
I[(A2(1)" = (4°()) 1A (2)|| < M, It = s, (3.5)
where M, is a positive constant independent of t, s, z for t,5,z € [0,T]. From this, it

follows that the operator function AP(#)A™P(z) has a finite variation on [0, T], that is,
there exists a number P, such that

N
z [(AP(sk) — AP (sk-1))AP(2)|| < P, (3.6)

for any 0 = 59 < s; < --- <sy = T. Here, P, is a positive constant independent of s,
S15...,SN, and z.

Furthermore, let the operator functions (AP(t))'A™P(z) and AP(p)(A’(t))'A~P7"(2)
satisfy the conditions

1(4P (1)) AP (2)|| < M3, (3.7)

|AP(p)(A"(£)) AP~ (2)|| < My, (3.8)

where M3 and My are positive constants independent of ¢, z for t,z € [0, T] and t, z, p for
t,z,p € [0, T], respectively.
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Finally, let P (k) = X,:—'X,:il <Xy and Ef (k) = XX, - X
(I—-(1%/2)Ar = ITA]/2) . We have

such that X =

S

||AKPE ()AL < eMlZf-‘:MI(A,LALl)AEI\I’ (3.9)

2
< (“ : “+1)eMIZL'“A?*A?—l)A&"‘, a=0,1,2, (3.10)

|| AkEs (k) A2

- M -
1A12,,0) [P () - Py (k= DAL | < 22 MSbial-aLoa’s, )

41200 B (k) — B (k= D] (4] )" oo

(3.12)
< L\ZW MEEN A4y 2010,

THEOREM 3.1. Let u(0) € D(AV2(0)) and fi € D((AY?)"). Then, for the solution of the
difference scheme (2.9), the stability estimate

N
A2 U — U1
k-1/2 .
1

+ A e,

sM[||A<o>uo|\H+||A“2 il + ma Ul + 12T il + 11 - fslnH]
! (3.13)

holds, where M does not depend on ug,ugy, f; (1 <s < N), and 7.

Proof. Firstly, the estimate || {A,lc/_z1 (U — uk,l/‘r)}llv lc, will be obtained. Applying for-
mula (2.19), we can write

A2t W — tk—1) = T+ Jok + sk + Jak + Jok, (3.14)
where

Jik = A2, 1) H{[P{(k) - P{_ (k- 1)]KB~ + [P} (k) — P, (k — 1)]KB* }ug,

{
Jok = A, (20) T H{[PE(K) = Py (k= D)]KC™ + [P (k) — Py (k= 1)K C* g,
Tk = A2, 20) H{[P{ (k) = Py (k= DIKD™ + [Py (k) = Pi_y (k= D]KD'} i,
[

Jak :Ajlc/_zl/z(z’r ! E ng +E07(k)§02]’
k-2
[ES (k) —Ef((k—1)]or_ S+Z 1(k=D]gf 5}

Jsk —Ak 1/2(ZT {
- (3.15)
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Now, let us estimate the terms ||J,ukllzr, m = 1,5, separately. Let m = 1. Then applying
estimates (3.1), (3.2), (3.4), (3.8), and (3.11), we get

HthH = 2||A11</21/2 77!
<2/|A%,,20) T [Pf (k) = Py (k= DAY |Akb~ AT ||| A1Ag [ Aowol |
)7 [P (k) = P} (k= D]AT!]

[P (k) = P{_y (k= 1D]KB o[y

= 2||A11</21/2

d

T o T iy L T 12y 412y B
A] 1+ZA1+EA1 (Al )+?A1 (Al )

_Ti T A—1720 4172\ _ . 4172
X 1 2 A] + 2A1 (A] ) 1TA1

14145 1 Aosoll

L3
T4

1 5T 3
e+ )0 | T (1M 3 sl = el
(3.16)

Let m = 2. Then applying estimates (3.1), (3.2), (3.4), (3.7), (3.8), and (3.11), we get
okl = 201432, 20) " [PE(K) = Py (k= DK C wg

< 21|Ai%,(20) 7 [P (k) = Py (k= DA AR CAg V21| Agug

< 2|42, 1) [P (k) = Py (k= DAL

X ’

T o T2y L T a2 412y -
Al 1+ZA1+EA1 (Al ) +7A1 (Al )

3 ’ ’ ’
% [TA%OA&NZ—TZ(AYZ) A1—1/2 (A}/Z) Aal/z_iAal/er%A;l/z (A}/Q) Aal/z

72 S T s 1/2 1/2 12,/
+iT A" - i AV (A1) A ]A 1AL 41,y
3 M3> M3 1
<=M M+—)+-—"F2+
=2 ”[( ! 45 T1-M,
3M, 72 M3 : ”
X(iz + M4(1+3M1) 3 M4(\/S+M4>>:|€MP1||A(1) M0||H

= C||A *uol| -
(3.17)

Let m = 3. Then applying estimates (3.1), (3.2), (3.4), (3.7), (3.8), and (3.11), we get

el = 2[4, 20) 7 [P (k) — Py (k - 1)]KD’f1||H
<2||Allc/21/2 ) [Pk(k) Py (k Al

X ‘

-1

T T  _ 7 T ’
A [1 AT A (AY) + ?4}/2 (A7) ]

T4 T3 , 2
X |:ZA1 _ ZAII/Z(Ai/Z) +7+7(A1/2) A 172 1TA 1/2:|

1l
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3 5 51 M, 372 My (M4 +M3) ] M P
S(Myp+1 My+ M) + =~ RS Mk
<5 (Mip+1)+ [2 7 (Mat+M3) 41-M, 4 1-tm J°

< (filleg + 117 AV filly) = Csll1fillgg + 117 (A1) Al ].

(3.18)
Let m = 4. We have that
Ja = A2, 20)  ES (K)o, +Eg (K) g ]

_ [iiA}fUz(Xk — XA (A +£A,1(C21/2(X,§ +X7) (A2 ]
XAIH}{EZ%—FI’&AIIJEI/Z (X — XA (Am) A 162%
AL 06 X0 AT+ A 58+ X0) (A1) A A
i igAllc/fl/z (X§ — X )AL 2 (Al/z) Ap 1/12/2Ak—1“k—1 o
+ %A}c/fl/z[X,j( — A+ 1) + X (A2 + 1) 1 (A2 ALV fi

2 2
+A2 1) [X,j ( - % + iTA,;W) +X; ( - % - irA,;VZ)]fk

+A? g (Xk — XA (AVY) AL .
Then applying estimates (3.3), (3.4), (3.7), and (3.8), we get

T
aillir = 1A AL 2 I N+ DIXENAY (0) Al

Uk — U— T _ _
X ||A11<121/2 1/1%2” Allc/zl/zi1 + *||A11</—21/2Ak 1/2||||Xk 1]
> ||A1/2 1/2),A’1 ||||A1/2 1/2 || ‘AI/Z U — Uk-1
k-1/2 k—1/24Yk-3/2 k-3/2 T
T
—(A2 AN + A2 e DAY Ak Ay

T
A2 A PN AR Al A1tk

TZ
1AL A P+ 201482 DAY ATl el

+7llAZ A I RIX + AKX D il

2
T
A A NI AL ARl e Ly

Uk—1 — Uk—2

1/2
+[|A
k—3/2 T

H ‘

< TC4[ Hie = W1 H

Allc/—zl/Z
H
3
+ [ Axuk] | + [Ak-1 vl + 1 fiel g + ] feer |l + 5M1/2||fk||H]’
(3.20)
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1
C4:max{(M1/2+1)2M4,§(M1/2+1)M3}. (321)

Let m = 5. It is clear that

where

Jsk = Sik + Sk + Sak + Sak + S5k + Sex + Sz (3.22)

k-2
S = A0 S B )~ B2k~ D] (12472 + )+ [E ()~ By (k- 1)
s=1

( A2y : )}(sz) A2 (ks — wies1),

Sk = A, (21)” ’Z [ES (k) — EZ (k= D]+ [E (k) — EC (k= 1)]}

S = Ap(20 7 S [B 0~ B (k-] (- iS4, 2+

A 1/2(A1/2) Aklgz 1T l(uk_s_l—uk—s—Z)a

k=2
)[E (k) —E- (k- 1)]

s=1 2

(Ta Z)ww AT

Suk = AY?,(21)” zZ [Ef (k) —Ef (k= 1)] +[E; (k) — E;_,(k—1)]}

k-2 2
Ssc = A2,00 " Y (B0 - B k- D) (- 5402+ )
s=1

1/2( A172 1/2
X Ak (A )Ak s— 1/22Ak s—1Uk—s—1>

T

. - 7
# B 00— B DI (3402 + 5 ) HAL2) 402,05 e

k-2 2
Sot = 42,00 1Y { (B2 )~ By k- 1) (- T - irag?)
s=1

B () — o (k=1)] ( =it W)}f,{_s,

S = A2, (21) zZ{ [Ef (k) — Efy (k= 1]+ [Es (k) — By (k= 1)]}

( Akl/Z(A1/2)> 1221/22ﬁ<s1

(3.23)
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Now, let us estimate the terms ||S |l fr, m = 1,7, separately. Let m = 1. Then applying
estimates (3.4), (3.8), and (3.12), we get

|[Sukll <2 ZA11</21/2 27)71[E;r(k) (k= 1D)]ACS 1z

s=1

X (—z§+ Al/z)(Al/Z) A2t (ks — uk—s—1)

H
= ZZ (14122200 (B ()~ By (k= D]ag |
+||All‘/21/2 ) [E+(k)_Es+1(k )]Akl/ZTH

><||Al/2 ALY AL AL s AL AR 7! (s = i)y

< TCSZ ||A]1(/,2571/2771 (”k—s - uk—S—l)HH’
s=1

(3.24)

where
3 2 M, P
C5 = E (M1/2 + 1) Mye™ . (325)

Let m = 2. Then applying estimates (3.4), (3.8), and (3.12), we get

k-2
ZA]1</21/2 2T)—1[E;—(k)_ ( _ 1)]TAk1/2(A1/2)

s=1

152l =2

—1/2 -1
X Akfsfyzf (uk—s—l - ”k—s—Z)

H

< ZTZ |AY?,,27) [ES (k) — EX (k= 1)] AL
X||A”2 (A2) AL A AR S AY st (ks — s Ly

|Sakll;y < Csz”Ak T (ks — ko) |l
s=1
(3.26)

Let m = 3. Then applying estimates (3.7) and (3.12), we get

k-2

[IS3kllyy <2 ZAi”m 1) ' [Ef (k) - EL (k- 1)]A?

[ A 1/2 (AI/Z) (AI/Z) ]Ak 1§%rl/22Ak sUk—s

H
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<ZZ||A11</21/2 TES () - Ef (k= D]A |
k-2
x| |( Al/z Ak s+1/2||||Ak sthi—s|| g <TCGZHAk sthi—s|| >
s=1
(3.27)
where
C6 = Z(Ml/z + 1)M4€M1P1. (328)
Let m = 4. Then applying estimates (3.7) and (3.12), we get
k-2
[18aklley = 2| 3 AYZ(20) T ES (k) = By (k= D14
s=1
T
<[ A2y - T a2 At A
" (3.29)
= 2erlAk 12(20)  [ES () — B (k= DA ]|
k-2
[ (A2) A Ak s [l = CéZHAk s-1tk—s1| |-
Let m = 5. Then applying estimates (3.7) and (3.12), we get
k-2
1S5ty = 720 (142, 220) T ES (k) = EL (k= DA ]|
s=1
+IAL2, @) ER (k) = B (k= DI21I1AZ) Al el
k-2
= Tc6z || fe—sll -
s=1
(3.30)

Let m = 6. It is easy to show that —(12/2)Ax_s +iTAY% = —T + (X,j_s)fl. Makings— 1 =m
for the first term in the parenthesis in Sg, we get

A1) 12 [E: (k) = ELy (k= DIAC? + [E2 (k) - EL (k= DI(XG) ™ ) fies

s=1
=AY ,0) M [Ef (k) — EX (k= 1] fir

+ A, (21)° E; (k) - Ef_5(k—1D)]f
k-2
11/21/2(27 IZ [ES (k) = Ef (k= D] (fres—1 — frs)-

(3.31)
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Then applying estimates (3.3) and (3.4), we get

1
1S6ell1 = S 1142 A 1 IITAXE N + 211X )

X (el + X - 1% AL

+ 3 [ A 12 A |+ (1) 5:32)
s=1

I I fies = fiosaally

3 k-2
< 30 1) il U+ 3 Vs iy |

Let m = 7. Then applying estimates (3.7) and (3.12), we get

k-2
IS7lly = 7 [[AVA,(20) 7 [ES (k) — EXy (k- D] A |

s=1

(3.33)

x[|( Al/z Ak el fis-illg < Céz”fk ol

Using formula (3.22), the triangle inequality, and the last seven estimates, we obtain

IIIskIIHSTC7Z AR 27" (s = ) g + AR 077 (et = us2) [
s=2

Al + A el + L+ Lol ] (3:34)

3(Myat 1) [ka 1||H+||f1||H+z||fs £ IM

where

C7 = max{@,%(?s}. (335)
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Using formula (3.14), the triangle inequality, and the estimates for ||J,ukllz, m = 1,5 , we
obtain

Uk — Uk—1
iz |
< CillAouolly + Caol A ugllgy + sl Allys + 1122 (AY?) fill ]

+1Ca[||A2 o7 (e — et |y + Akl + A7 (et — i) ||,

Ay el ol 5 Mol el

k-1
+ TC7Z [||Asl£21/2‘[7l (15— ”s—l)”H + ||A5us||H + ||Asl£23/2771 (g1 — ts—2) HH
s=2

+ ||As,lu5,1||H + ||fSHH + ||f5*1||H]

k-1
3 b+ il 15 il |

(3.36)
From the above result, it follows that
U — U1
iz, =
< G| Baasolly + 1436l 41 A1) fll + ma (3.37)
k k
+ 1 (A7 (e — e ) |l + 1 Asus ) + D11 fo —fs—lllH}»
s=1 §=2
where
Cg=maX{Cl,Cz,C3+3(M1/2+1),C4+C7}. (338)
Second, let us estimate || {Akuk}lf] llz. Applying formula (2.17), we can write
Agur = Y+ Yor + Ya + Yy, (3.39)
where
Tik = Ax2 7 [P} (k)KB™ + Py (k)KB*up,
Jok = A2 [P (k)KC™ + Py (k)KC* | ug,
Jsk = A2 [Py (k)KD™ + P (k)KD*] fy, (3.40)
k-2

T = 427 3 [EL (K)o + E; (R) g -

s=0
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Now, let us estimate the terms || Y,ukllzr, m = 1,4, separately. Let m = 1. Then applying
estimates (3.1), (3.2), (3.4), (3.8), and (3.9), we get

1V1elly = 1AL 0 PEOKB o

< |l (RAT[[|A KB A7 ][] A1Ag [l Aouol | (3.41)

5t 3
< (1+2M) +3 | ldouol,, = Colldoull

1—-1M,
Let m = 2. Then applying estimates (3.1), (3.2), (3.3), (3.4), (3.7), (3.8), and (3.9), we get
1Ykl < 1142, 2Pk (K C uil < [|AkPE(R)AT[|ALKC ug |
<[5 ) 5w ) Srmionan] o
x eMP| AV ugl = Crol |AY *ug)| -
Let m = 3. Then applying estimates (3.1), (3.2), (3.4), (3.7), (3.8), and (3.9), we get

1Ykl < [[APE(RKD™ filly < [|AePE ()AL [l AKD™ ]| fill 4

5 15 1 3
< [Z + T(§M4 + *M3) + ZTZ(ME +1VI41\/13)]€M‘P1 (3.43)

< (1Al + 172 (AY2) filly) = Culll Ally +1172(AF) All]-
Let m = 4. We have that
Yy = Qux + Qax + Qsx + Qui + Qsi + Qek + Qs (3.44)

where
k-2

Q1k=Ak2—1Z[E;(k)( 1Ak1/2 22)
s=1

FE R (5 A2 4 T ) (A1) A2 s s,

k-2
Qo = A2 IZ —Ef (k) +E; (k)]2 (AL Aklﬁzvzf Yu—so1 — tk—s-2)5

k-2

Qs = —AR2” 12[5* k)( i A,(V2 ;)

B (i5A 2+ T) | A1) A2 S A
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k-2

Q4k=—Ak2-IZ[E:(k)( AL+ 22)

s=1

T
B () (iS4, )](A“z)Aklﬁzl/ZEAk_s_luk_s_l,

Qs - 42 [0~ 2+ D) B (a2 ) | a2 T

s=1

k-2 2
Qo = A2 [E;(k) ( - %Ak—jf + L )
s=1

_ T _
v (157 5 A2 A2 n S e

k-2 2 2
Qi = A2 [E;(k (lTAk V2 _ 5 ) +E;(k)( itA M r )]fk,s.
s=1

(3.45)

Now, let us estimate the terms ||Quull, m = 1,7, separately. Let m = 1. Then applying
estimates (3.4), (3.8), and (3.10), we get

k— 2
1Qully = 3 STIAE: (AL L+ AE! (04 2] ]

s= 1

><||A‘/2 ALY ALl AL AL AR o7 (s = i)

Qx| = *CézHAk T (ks — w1y

(3.46)
Let m = 2. Then applying estimates (3.4), (3.8), and (3.10), we get
ksz
11 Qakl gy = ZEHAkEJr JALLINAYZ (A2) Al
s=1
XA 12 A AR 17 (s = i) (3.47)
oy K2
||Q2k||H = ?C6Z ||A]1</,2373/27_1 (”k—s—l - uk—s—2)||H~
s=1
Let m = 3. Then applying estimates (3.7) and (3.10), we get
=
||Q3k||H—z§ IAKES ()AL 2Tl +[|AKES (K)7|]
= (3.48)

k-2
x[]( Am Ak s+1/2||||Ak stks|lg <TCIZZ||Ak stks||>
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where

Let m = 4. Then applying

3
C12 = §M3€M1P1.

estimates (3.7) and (3.10), we get

1 Quill = zfllAkE* RAL ALY A yallll Akl

k-2

s= 1

. k-2
< gCuZ

s=1
Let m = 5. Then applying

k2

HAkfsflukfsleH'

estimates (3.7) and (3.10), we get

IIstIIHSZ [AKES (A 7l + ARES )7 111 (A Aol sl

s= l
k-2

< Tclzz ka

Let m = 6. Then applying

k—

~slla

estimates (3.7) and (3.10), we get

2

T
[1Qtl 1 = 3% IIARES ()AL ol 11 (AZ) A2 ol i Ly

s=

1

k-2
T
< 56122 Il fe—s—11l -
s=1

Let m = 7. We have

k-2

Qi = A2 [F(k)( — +iTAy 1/2) (k)( i —iTAL 1/2>]fk,s.

s=1

Using similar manner in Qg, we get

k—

2

T
Q{1 = 2. ZI1AES (ATl (AKZ) Al feesen

S§=

I\JM—A

1

[||fk||H+eM1PI||f1HH+eMlplz||fs I IM

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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Using formula (3.22), the triangle inequality, and the last seven estimates, we obtain

k-1

HY4I<||H = TZ |: C6 |Asl/21/27 1(”5 - ”571)”141 + ||A51£23/2T71 (51— ”sz)HH)
s=2

+ %C12(3||A5u5||H + ||A5_1u5_1||H +3||f$||H+ Hf;—1||H):| (3.55)

k
A Ul 2l S il |

Using formula (3.14), the triangle inequality, and the estimates || Y, g, m = 1,4, we
obtain

||Akuk||,,sc9||Aouo||H+cm||A“2 olli + Culllfill +1172 (A7) fillg ]
2 _ —
+72 [§C6(||A51£21/2T l(us_usfl)||H+||Asliz3/ZT sy = usa)|lgy)
s=2
1 2
+Coa (Al + 311A sl + 1l + 211511 |

1 k
3 Wl sl S il |
s=2
(3.56)

From the above result, it follows that

sl = o w143 412 A1) Al + a1

=

k
et (A0 us—us1>||H+||Asus||H>+Z||fs—fs1||H],
— s=2

(3.57)
where

Ciz= maX{C%C]o,CH +€M1P1, %CG,ZC]Z}. (3.58)

Combining estimates (3.37) and (3.57), we get

|

172 Uk — Uk-1
Al

H+||Akuk||H

- cl4[||Aouo||H+ AV + 122 (A1) il

k
+max||f5||H+z HAsl/zl/zT ! ”s_”s1)||H+||A5“5||H)+z||fs_fs1||H:|
s=1 s=2

(3.59)



22 Discrete Dynamics in Nature and Society

for any k,1 < k < N. Here,

1

Cu=— .
14 1—T(C13+Cg)

(3.60)

Applying difference analogy of the integral inequality, we obtain

A2 U — U1 N
k-1/2
k=1llc,

- A,

<cls[||Aouo||H+||A“2ua||H+||r AV All + ma Al + X115~ - M

(3.61)

where
Ci5 = Ci4€F70, (3.62)
Theorem 3.1 is proved. O

Tueorem 3.2. Let u(0) € D(A(0)), u'(0) € D(AY?(0)), and fi+1 € D. Then for the solu-
tion of the difference scheme (2.9), the stability estimate

e 2 (wer — 2k +ue1) o ||c <M[||A(0)”0||H+||Al/2(0 ”o||H+ [max ||fk||H

+ max ||72Ak+1ﬁ<+1llH+2||fs fe- 1||H:|
s=1
(3.63)

holds, where M does not depend on ug,ugy, f; (1 <s < N), and 7.

Proof. Using (2.9), we get

U1 — 2Ug + Ug—1
TZ

H
< | 5+ SI1AL2) AN 1A A Ak AL ARyl
#| 5 IR ALl S ak) At
F ALY ALY AL A
[+ 2R A+ SR AP AL AL

1
# AR A AR+ SIIALZ) = (AF2) VG vl
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#2122 A ArsnAzhl+ S aE2) Alp
< A2 AanAgh ] |ai =2 |
| SICARR) AL+ SIIALR) AL AL2) A
x[[A | Allcfl/zw‘
H
# [ IAR2) A+ SN ALY AN AL AL
+2I(AV - AP ALBISINAL) - (42 14 |
x || A 1/12/2” Al%vz%“
| A 4w Ah
+ 2l ACINAZ AR A A [l A fen L
# [0 TR AR+ T AR AL AL AL
# ZIALRY AL |1 et
[ ALl + S AR AL AL
#2IAYE - AP AL+ ST = A TGl
(3.64)

for any k,1 < k < N. In a similar manner as the proof of estimates (3.37) and (3.57), we

get

TAk1

Uk — Uk—1 H
H

< 2G| 1ol + 14320 + 172 (A2)fully + ma |l

k k
Z ||As 127 1 ”s_”sI)HH"'”AS“SHH)"'Z”](S_](S1||H}>
s=1 s=2
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|72 ARk

< 20 w145 sl + 2817 il + ma

k k
+ 7 (1AL 27" (s = ue) g + [Asusl[r) + D NI~ fslllH],
s=1 s=2
(3.65)

respectively. Now, putting them in (3.64) and applying estimates (3.4), (3.5), and (3.7),
we get

Uk+1 — 2Uk + U Uk+1 — U,
w $C16[||T2Ai+1uk+1||H+ TApyy LK + || Ak vk ||
T H T H
Uyl — U Uk — Up
+HA11<121/2 bl k‘ +|\Ak”k||H+HA11</—21/2 e
H T H
1Ak Sl + ol + 1l |
(3.66)
where
1 71 1 37 72 1 71 72
Ci6 = {7+7M,7+—M +—M3, =+ -Ms+—M;3+1Mp,
16maX4232438322343T1/2
L My + )My + M, (Msp +1)M i(M MM +1))
5 Mz 1+ MMz b s \Ms+ oMo (M )
11 T 2) 3T ?opT LY }
\/3<2M3+4M3 , 1+ 4M3+ 1 3;2(M3+M1/2)+ 4(M3+M1/2) .
(3.67)

Using estimate (3.37), we get

U1 — 2Ug + Uk

max >
T

1<k<N-1

H

N
< Cor ot + 7+ e sl + L+ 3 1~ il |

s=1

(3.68)
where
Ci7 = 5Ci5Cy. (3.69)
Theorem 3.2 is proved. O
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