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We consider a nonoscillatory second-order linear dynamic equation on a time scale to-
gether with a linear perturbation of this equation and give conditions on the perturbation
that guarantee that the perturbed equation is also nonoscillatory and has solutions that
behave asymptotically like a recessive and dominant solutions of the unperturbed equa-
tion. As the theory of time scales unifies continuous and discrete analysis, our results
contain as special cases results for corresponding differential and difference equations by
William E Trench.
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1. Introduction

We consider the second-order linear dynamic equation
(r()x2)* +p(Hx° =0, teT, (1.1)

together with its linear perturbation

(r()y®)* +p(H)y° = F(1)y°, teT, (1.2)

where we assume that T is a time scale, that is, a nonempty closed subset of the real num-
bers T that is unbounded above, p: T—R, r: T-R*, f: T—C, are rd-continuous, and
(1.1) is nonoscillatory, that is, rxx” > 0 eventually for all solutions of (1.1). For the theory
of time scales, we refer the reader to [1, 2] and we mention here only that the forward
shift and the derivative of a function z : T—R are given by z7(¢) = z(t) and z(t) = 2/ (¢) if
T=Randz%(t) = z(t+1) and z2(t) = z(t + 1) — z(¢) if T = Z, and that the product rule
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and the quotient rule for differentiable z;,z; : T—R read [1, Theorem 1.20]

A

A A
A A A 21 2122 — 212
(2122)” = z{ 72 + 2729, (; =T A (1.3)
2 22y

where z° = z o ¢ for a function z: T—R. By [1, Theorem 4.61], since (1.1) is nonoscil-
latory, there exists a solution x; of (1.1) such that lim . (u(#)/x;(f)) = oo for all of x;
linearly independent solutions u of (1.1).

Let u be any solution of (1.1) that is linearly independent of xi, that is,

r(ulx) — uxt) = c#0, (1.4)
and define x, = u/c so that
Av A _ . Xa(t)
r(x5x) —xx7) =1, Pgloxl(t) 00, (L.5)

which implies that

1 .
— >0, }gilogo(t) = 0. (1.6)

Q= 2 satisfies Pt =
X1
Note that x; and x; are called recessive and dominant solutions of the nonoscillatory dy-
namic equation (1.1).

The main result of this paper gives conditions on f, x;, and x, that guarantee that
the perturbed equation (1.2) is also nonoscillatory and has solutions y; and y, that be-
have asymptotically like x; and x,. Our results unify corresponding results by William E
Trench for differential equations [3, 4] and for difference equations [5] and extend them
to other dynamic equations, for example, to g-difference equations [6]. Note that the
unification process forces us to give many of the calculations from [5] in a “shifted form”
for the discrete case.

In the next section, we will derive some preparatory results while the main theorem
is stated and proved in Section 3. The paper concludes with some corollaries given in
Section 4.

2. Some auxiliary results

Suppose now and in the remainder of this paper that
y(t) = J f(1)x1(0(7))x2(0(7)) AT converges for all t € T. (2.1)
t

Then

¢(t) :=sup |y(r)| — 0 monotonically as t — co. (2.2)

=t
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LEmMA 2.1. Using notation (2.2) and condition (2.1),
G(t):= thf(r)x%(a(f))AT is well defined forall t € T (2.3)
and satisfies
|G| < % on T. (2.4)

Proof. We use (1.6), the product rule, the definition of the integral, and [1, Theorems
1.75 and 1.16(iv)] to find

- [ romteomio) s ar= - [ vt s
=—J:°[<w-;>%—w<f><;>%>]m ZEQ+L°°W<T>(;)A<T>AT
(2.5)
-5 J v, )y )[(;)(om) - (;)u)}
J y(7) ( ) (T)AT,
and therefore
|G(t)| < 140) (;)A(T) AT
. A (2.6)
B gzb‘f((tt)) A Lm (%) ()hr = g;p"((tt)) " gzb‘f((tt))’
where we have used (1.6), (2.2), and its consequence ¢° < ¢. O

In the sequel, we use the Landau “O” symbol defined in the standard way for asymp-
totic behavior as t— oo and consider the collection of differentiable functions

RB:= {z:T—»[R{:z=O(¢), zA:o<¢z;’f)}, (2.7)

which can easily be seen to be a Banach space when equipped with the norm

lz| |2%]¢°
llzll = llzllg := Hmax{, Riad b S
¢ Pt

LemMma 2.2. Using notations (2.2), (2.3), (2.7), (2.8) and under condition (2.1),

for z € AB. (2.8)

[

u:=y -G satisfiesue®B, lullg=<2. (2.9)
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Proof. Note that the fourth equal sign of the first calculation in the proof of Lemma 2.1
implies

J 1//(1( ) (1)AT, (2.10)

and therefore

()] < g0 | )| =gt | ( ) DAT=4()  (211)

(3)
¢
due to (2.2) and (1.6). By the product rule and (1.6),

ub(t) = y2(t) — 92 (1)G(t) — 9(a (1)) GA(t)
=—f(x1(o())x2(a(t)) — 2 ()G(t) + 9(a(1)) f()x} (0 (2)) = —™(£)G(1),

(2.12)
and therefore
ld(0)| = g2 (0] G0)| < t";(t (2.13)
due to (2.4) from Lemma 2.1. O
For z € B, let us define the operator
@0 [ Talom) - u @Ol f@nlo@)ee@ar.  (214)

LemMA 2.3. Using notations (2.2), (2.3), (2.7), (2.8), (2.14), and under the conditions (2.1)
and

(t):= I |G(1)| ¢(1)9™(T)AT < 00, yi= limsungg < 1 (2.15)
t t—o00
we have that, on [T, co) for sufficiently large T € T,
F B — 9B is a contraction. (2.16)

Proof. Letz € %. For T = t, consider

T
w(z T)(t) = j [x2(0(1)) — 21 (0(0) p(8)] f (7)1 (0(2)) 2(0(1)) A (2.17)
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Then by (1.6), (2.3), and the product rule,
w(z, T)(t) = LT [o(0(7)) — () ]x1(a(7)) f ()21 (0 (7)) 2(a (7)) AT
= [ Tplo(e) - p0)2(o(e) P (e1ne
- [ 1l o261 @ - (g~ sl @Glan
=—[o(T) — 9(1)]z(T)G(T) + LT [¢(0(1)) = 9(1)]2*(1)G(r) AT

T
+J (pA(T)z(T)G(T)AT.
t

We estimate each of these three terms separately

[To(T) - 9)=TG(T)| = |9(T) - 9(0)| D) | _Fass

<2¢(T)|Izll¢(T) < 2|zl ¢*(T)

T)
¢(a(T))
due to (1.6), (2.4), and (2.8);

| (1)z(T)G(1) | < ¢*(7)llzll¢(7) | G(T) |
due to (1.6) and (2.8); and

A
[lplo() =G| = |plats) = (0] 1 £

< lzlg(r)p* (1) |G(z)| for t < a(7),

|G(7)]

due to (1.6) and (2.8). Altogether,

T
[w(z, T)(t) ]| SZIIZII{(/)Z(T)JrL |G(T)|¢(T)¢A(T)AT}.

Thus, using (2.2) and (2.15),

|(L2)(1)| <2llzll$()

so thatwith 8:=2v< 1,

~

’ (£2)(1) ¢(1)

<2|lzll-— < 2llzllv = Ol|zl|.

o(1) o(t)

Next, from the first equal sign in the first calculation of this proof,

o0

(&2)(t) = f [p(o(1)) — p(D)] f (1) (0(2))2(0(1)) AT,

t

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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so that by [1, Theorem 1.117(ii)] and the product rule,

(£ j o> (1) f(1)22 (0(0)) 2(0(1)) At soA(r)jthA(r)z(a(r))Ar
. fo [(2G)2 (1) -2 (2)G(r)} At = —goA(t){z(t)G(t) + Jtm G(T)ZA(T)AT}.
(2.26)
Thus, using (2.7), (2.8), (2.4), (1.6), (2.15),
- 2¢(t) (7)™ (1)
(0] < 9" (0] Izll6(0) U(t)+j 601121 #0250 ad
||z||q) (2.27)
< (D {2¢ t)+¢>(t)}
and therefore,
($2)2 ¢( -
—W o t)\ ||z||{z¢<t>+ 50 }_ 1211 {26() + v} < O]l (2.28)
eventually due to (2.2) and (2.15). Hence, £z € % and
Izl < Ollzll VzeB (2.29)
n [T, ) for sufficiently large T € T. O

3. The perturbation result

In this section, we use the auxiliary results from Section 2 to prove the following main
theorem of this paper.

TaeOREM 3.1. Let x1 and x, be the recessive and dominant solutions of the unperturbed
linear second-order dynamic equation (1.1) satisfying (1.6). Using notations (2.2) and (2.3)
and under the conditions (2.1) and (2.15), there exist solutions y, and y, of the perturbed
dynamic equation (1.2) such that

A A
“otvo@n  (2) - o(ﬁ‘:’fr ), (3.1)
A A
V2 _ 2 »2\" _o(9®
2_1vo@,  (Z) -of o ). (3.2)
wherec?S is defined by
$(1) = ¢ A(1)AT. (3.3)
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Proof. We use the notation (2.7), (2.8), (2.9), and (2.14) and define
Jz:=u+Fz forze®B. (3.4)

By Lemmas 2.2 and 2.3, J : B—RB is a contraction. By Banach’s fixed point theorem, I
has a unique fixed point { € %B. Hence, { = T{ = u+ £{. Define

}/1::X1(1+(). (35)

We show that y; solves (1.2). First, from the proofs of Lemmas 2.2 and 2.3,

0 = —r[ut + (LOP] = rP G+ 1 ((G+{) = 7G(lx+;2 +{ (3.6)
141
~A A
where { := —G({". So we have
it =t (1) 2 ¢ (3.7)
and hence,
rylAzrxlA(l+()—7G(1;f)+( (3.8)
so that, by using (3.6),
~ A
()" = () (1 Q)" g - (CEOEE)
1

G+ + 6P+ D) - [6U+ O+ 8x (3.9

x1x7

= —pyf +r{xf
G(1+()+Z

= —pyf+ritad + [yl + = = = —py +

1X7
and y; indeed solves (1.2). From (2.7) and since { € %, (3.1) holds true. Also, by (2.2) and
since { € B, ry1y] = rxax] (1+)(1+{°) > 0 eventually, say without loss of generality on

[t0, ). So we may define

._ o x(t) (" At
prmplerd) withe= 200, E0= [ oS G0
We have
)/zA=y1A(C+f)+yi’fA=y1A(C+€)+f;1 (3.11)
and hence,

A
(ry)® = (ry2) (e +8)° +ryPe® - yflyif = (=py+ fy))(c+E" = —pyi+ 3,
(3.12)
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so that y, is another (nonoscillatory) solution of (1.2). Next, by (1.6),

t AT
n=xp ¢)= ”L r(Ox (0 (0() (3.13)
and therefore,
N _yietd y1(1+y) (3.14)
X2 X1 @
where
(= CHEO -9 _ EO- i, At/r(1)x1(1)x1 (0(7))
re (1) o(t)
L, xax(e(n) At
o(t) L) [1 y1(1)y1(a(7)) ] r(1t)x1(1)x1 (0(1)) (3.15)
I S L R UE A
= e LO (1 )’1)/1”>(T)(P (1)AT.
Now the first equation in (3.1) and (2.2) imply (see (3.3))
1- % —0(¢) and thus y = O(¢). (3.16)
Then (2.2) together with (3.3) imply ¢ = O((Y)) so that
2 = D(14y) = (1+0(9)) (1+0($)) = 1+0(9), (3.17)

X2 X1

which proves the first equation in (3.2). Finally,

(20 (2) wone (2) 7 -0 00002

X1 @°
(3.18)
because of (2.2), (3.1), and
s (cHE—)lp—(c+i—g)p* -9 b
r 997 Ty
X . R - (3.19)
= (y+1-55) = o4 )o@ + o) = o 24)
¢U y (PA (Pa (/) (/) (Po
So (3.2) is established and this completes the proof. O

4. Applications

In this last section, we state and prove some simple consequences of Theorem 3.1.
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CoROLLARY 4.1. The conclusions of Theorem 3.1 hold if

Jw | £ (@) |x1(a(7))x2(0(7)) AT < 0.
Proof. Clearly, (4.1) implies (2.1). Define
%)::L |f®|x(o()x(o(m)Ar,  Gi= j | £(7)|x}(a(7)) AT,

Then

f(T)|X1(0(T))x2(0(T))AT v(t)
¢(a(1)) p(a(t)’

IA

Gl <6w= |

For T > t, we have by the product rule that
T
[EGIECCICONS:

T ~
- [ 1ol emgomar =~ dmplowm)ar

(4.1)

(4.2)

(4.3)

~ ~ T ~
=—L [(Gg)'(7) - G(x )(pA(T)]AT:—(G<p)(T)+(Gg0)(t)+L G(T)p*(1)AT

Note now that ((A}go)(T)—»O as T— oo since

e(Dy(T) _

0<G(T)p(T) < o(0(T)) <P(T)—0 asT—

(4.4)

(4.5)

due to (4.3) and (4.1). Note also that the quantity on the right of the last equal sign in
the above calculation must have a finite limit as T— oo since the quantity on the left of the

first equal sign converges as T— co due to (4.1). Therefore,

J G(T 7)AT < 00, and thus by (4.3), J |G(1) |9 (T)AT < o0,

Hence, using (2.2),

%:LW| |Z(:)¢A(TAT—J |G(1)|¢*(1)AT — 0 as t — oo

so that (2.15) holds with v = 0.
COROLLARY 4.2. Assume (2.1). If ¢ satisfies (2.2) and

| Lt metm, ) a1
llr:lsogp{ML o(a(0)) AT} —.v<4,

then the conclusions of Theorem 3.1 hold.

(4.6)

(4.7)

(4.8)
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Proof. From (2.4), we have

o) _ (= $(0) 4 - (" 20°(1)
o~ lemlggetmans | Sl et mar (49)
so that (4.8) implies
lilgsungg <29< %, (4.10)
and therefore (2.15) is satisfied. O

COROLLARY 4.3. Assume that a is a positive function tending monotonically to co and define

t
3= | alo(0) f(@ (o(0)x: (o)A (4.11)
IfIS(t)| < A< oo and
. v 9@ _pe L
lugs;lp{(x(o(t)) LO (@20 (0(D) AT} =V< o (4.12)
then the conclusions of Theorem 3.1 hold with
_ 1 PP NG
0= 907 55 ), oty 1
Proof. Using the definition of S, we find that
_ (7t _ (7S
n-| e TUSCOR ) Gt (4.14)
Similar to the proof of Lemma 2.1, using integration by parts, we get
2A 2A
vl <oy 1991 = ooy (4.15)

Hence, we can choose ¢ as in the statement of the corollary in place of (2.2) and all results
as presented in this paper still hold with this ¢. Now

o) L (T4t (D), ® 2A¢A(1)
o0 =50 o 4O | Gyt @19
so that (4.12) implies
. o) .1
lllzlso?pm <2AY< > (4.17)

and therefore, (2.15) is satisfied. O
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