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1. Introduction

For modeling the dynamics of an ecological system, Cushing [1] pointed out that it is necessary
and important to consider models with periodic ecological parameters or perturbations which
might be quite naturally exposed (e.g., those due to seasonal effects of wheatear, food supply,
mating habits, etc.). The periodic solution theory of dynamic equations has been developed
over the last decades. We refer the readers to [2-6] for infinite dimensional cases, and to [1, 7-9]
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for finite dimensional cases. Especially, there are many results of periodic solutions (such as
existence and stability) for impulsive periodic systems on finite dimensional spaces (see [7-
9]). There are also some relative results of periodic solutions for periodic systems with time-
varying generating operators on infinite dimensional spaces (see [5, 6, 10-12]).

On the other hand, the ecological system is often deeply perturbed by human exploit
activities such as planting and harvesting. Usually, these activities are considered continuously
by adding some items to [13-15], whereas this is not how things stand. It is often the case
that planting and harvesting of the species are seasonal or occur in regular pulses. These
perturbations may also naturally be periodic, for example, a fisherman may go fishing at the
same time once a day or once a week. Systems with short-term perturbations are often naturally
described by impulsive differential equations, which are found in almost every domain of
applied sciences. For the basic theory on impulsive differential equations on finite dimensional
spaces, the reader can refer to Lakshmikantham’s book and Yang’s book (see [9, 16]). For the
basic theory on impulsive differential equations on infinite dimensional spaces, the reader can
refer to Ahmed’s paper, Liu’s paper, and Xiang’s papers (see [17-19]).

In this paper, we will study the following generalized Logistic system with impulsive
perturbations:

%x(t,y) =AWy, t,D)x(t,y) + f(ty), yeQ, t>0, t#m, ke Zg,
x(t,y) =0, yeoQ, t>0, (1.1)
Ax(t,y) = Bex(t,y) +ck, Y€, t=0m, k€ Za',

where x(t, y) denotes the population number of isolated species at time t and location y, Q is
an open-bounded domain in R?, and 0Q is smooth enough. The operator

A(y,t,D)= > aij(y,)DiDj+ > bi(y,)Di+c(y,t), (y,t) € (Qx [0,+0)), (1.2)

1<i,j<2 1<i<2

where all the coefficients are smooth functions enough and D; denotes the spatial derivative
with respect to y;. f is related to the periodic change of the resources maintaining the evolution
of the population. Time sequence 0 =7) < 7y <--- < Tk --- and 7x — o ask — oo, Ax(Tk, y) =
x(7,y) = x(7k, y) = Bex(7k, y) + cx denote mutation of the isolate species at time 7.

Suppose the first equation of (1.1) is T-periodic and the third equation of (1.1) is Tp-
periodic, thatis, A(y,t+T,D) = A(y,t,D), f(t+T,y) = f(t,y),t >0, and Tj is the least-positive
constant such that there are 6 7ys in the interval (0, Ty) and Txss = Tk + To, Bkss = Bk, Ck+s = Ck,
keZ;.

The first equation of (1.1) describes the variation of the population number x of the
species in T-periodically changing environment. The second equation of (1.1) shows that the
species is isolated. The third equation of (1.1) reflects the possibility of impulsive effects on
the population. As we assumed, these impulsive perturbations are Ty-periodic. Naturally, this
period is distinct from T, the period of the change of environment. Even when we want to
carry out the perturbations according to the period T, we cannot do it since we do not know
T exactly. Thus, it is interesting how the dynamics of the first equation of (1.1) are affected by
the periodic changing of environment together with the periodic impulsive perturbations.
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Define A(t)(y) = A(y,t,D), x(-)(y) = x(-,v), f(-)(y) = f(-,y), (1.1) can be abstracted
impulsive periodic evolution equations of the form

x(t) = A(t)x(t) + f(t), t#7k, (T-periodic) 13)
Ax(t) = Bxx(t) + ck, t =17k, (To-periodic) '

on the Banach space X. It is obvious that the investigation of (1.3) cannot only be used to
discuss (1.1) but also provide a foundation for study of the general impulsive periodic systems.

Assume that T-periodic evolution equation of the form x(t) = A(f)x(t), x € X, t >0, is
well posed, that is, there exists a T-periodic evolutionary process {U(t,0), t > 6 > 0} which
satisfies, among other things, the conditions (1)—(5) of Definition 2.1 which follows. Once the
evolution equations x(t) = A(t)x(t), x € X, t >0,and x(t) = A(t)x(t) + f(t), x € X, t >0, are
well posed, the asymptotic behavior of solutions at infinity, such as stability and periodicity,
is of particular interest, which has been a central topic discussed for the past decade. We refer
the reader to the books [20, 21], and the surveys [22], and the references therein for more
complete information on the subject. Because (1.3) can be used to describe more social and
natural phenomena, it is naturally needed to study the stability and periodicity of solutions for
(1.3).

The aim of this paper is to study the existence and global asymptotical stability of
periodic PC-mild solution of (1.3) without compactness condition. We will show that (i) if
y = T/T, is rational, that is, T and Ty are rational dependent, then (1.3) may have a unique
periodic PC-mild solution which is globally asymptotically stable and (ii) if x (¢, x) is a periodic
PC-mild solution of (1.3) with x(0) = X, then its period must be nTj for some n € N.

This paper is organized as follows. In Section 2, the properties of the impulsive evolution
operator are collected, two sufficient conditions that guarantee the exponential stability of the
impulsive evolution operator are given. In Section 3, the existence of periodic PC-mild solution
which is globally asymptotically stable for (1.3) is obtained. At last, the abstract results are
applied to a special case of (1.1). This work not only provides the theory basis for managing
some single species but is also fundamental for further discussion on the existence and stability
of periodic solution for nonlinear impulsive periodic system with time-varying generating
operators on infinite dimensional spaces.

2. Exponential stability of impulsive evolution operator

Let X be a Banach space, £(X) denotes the space of linear operators on X; £,(X) denotes
the space of bounded linear operators on X. Let £,(X) be the Banach space with the usual
supremum norm. Denote y is rational, let y = p/q, p,q € N, p, q are relatively prime. Denote
T = pvTy = 4T, D = {T1,...,Tps} C [O,T] and define PC([O,T],‘X) = {x: [O,T] — X | xis
continuous at t € [0,T] \ D, x is continuous from left and has right-hand limits at € D}, and
PC'([0,T]; X) = {x € PC ([0, T]; X) | x € PC ([0, T]; X)}. Set

llx|lpc = max{ sup ||t +0), sup [|x(t=0)]| }, Ixllpcr = llxllec + || x| pe- (2.1)
t€[0,T] t€[0,T]

It can be seen that endowed with the norm ||-[|pc (||-|[pc1), PC ([0, T]; X) (PC'([0,T]; X)) is a
Banach space.
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In order to investigate periodic solution, introduce the following two spaces:

T
LL([0, +o0); X) = {f [0, +00) — X | f(t) = f(t+T), fo LF ) |ldt < oo}, o)
PCz([0,+o0); X) = {x € PC ([0, +o0); X)) | x(t) = x(t + "f), t>0}.

Set

T
Il = ’[0 || f(5)]|dt < oo, lxllpc; = max{ sup [|lx(t +0)||, sup [[x(t - 0)| } (2.3)

te[0,T] t€[0,T]

It can be seen that endowed with the norm ||-[l.1 ([Illrc;), L1([0, +o0); X) (PC#([0, +00); X)) is a
Banach space.

The following notation will be used throughout the paper, we recall these concepts in
the following definitions.

Definition 2.1. A family of bounded linear operators {U(t,0), t > 0 > 0} from a Banach space X
to itself is called strongly continuous evolutionary process if the following conditions (1)—(4)
are satisfied:

Mut)=1t=0,

@ u(t,rU(r,0)=U(t,0), t>2r>602>0,

(3) the map (t,0) — U(t, 0)x is continuous for every fixed x € X,

(4) Ut )] < Me“*9 for some M > 1, w € R independent of t > 6 > 0,

further, if
GYU+T,0+T)=U(t0O)forallt >0 >0.

Then the strongly continuous evolutionary process {U(t,0), t > 6 > 0} is called T-
periodic.

Definition 2.2. The evolutionary process {U(t,0), t > 0 > 0} is called exponentially bounded if
@ (U) =inf {w € R: IM > 1 with ||U(t,0)| < Me“"™ for t >0 > 0} < co. (2.4)

Definition 2.3. The linear equation
x(t) =At)x(t), xe€X, t>0 (2.5)

is said to be well posed if there exists an evolutionary process {U(t,0), t > 6 > 0}, which
satisfies the conditions (1)—(4) in Definition 2.1, such that for every 6 > 0 and x € D(A(0)),
the function x(t) = U(t,0)x is the uniquely determined classical solution of (2.5) satisfying
x(0) = x.

Definition 2.4. The function x € X is said to be a mild solution to the linear equation (2.5) if and
only if

x(t) = U(t,0)x(0), t>0>0. (2.6)

We introduce the following assumption (H1):
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(H1.1) A(t) : D(A(t)) — X, t > 0, is a family of linear unbounded operators on X, A(t) is
T-periodic, that is, fort > 0, A(t + T) = A(t);
(H1.2) the linear equation x(t) = A(t)x(t), x € X, t >0, is well posed;
(H1.3) there exists 6 € N such that Tx,s = Tk + Tp;
(H14) for each k € Z+, By € Eb(X) and Bik:is = Bg.
By (H1.1) and (H1.2), {U(t,0), t > 0 > 0} is T-periodic strongly continuous evolutionary

process.
Under (H1), consider

x(t) = A()x(t), t#7%,

(2.7)
Ax(t) = Bex(t), =1k,
and Cauchy problem
x(t) = A(t)x(t), te[0,T]\D,
Ax(ti) = Bex(m), k=1,2,...,p6, (2.8)

x(0) =x.

For every x € X, D(A(t)), t > 0, is an invariant subspace of By; and step by step, one
can verify that the Cauchy problem (2.7) has a unique classical solution x € PCl([0,T]; X)
represented by x(t) = ®(t,0)x, where

D(,): A={(t0)e[0,T]x[0,T]|0<0<t<T) — £(X), (2.9)
given by
u(,o), Tk SO <t ST,
O(t,0) = U(t, 7)) (I+Br)U(7%,0), T1 €0 < T <t < Ty,

ue, ) [ [T (1+B)U (x5, (14B)U(7:,6), 7y <0<mi<-o <m<t<Ten.

9<Tj<t

(2.10)

The operator {@(t,0), (t,0) € A} is called impulsive evolution operator associated with
(U(t,0), (t,6) € A} and {B; )2,

The following lemma on the properties of the impulsive evolution operator
{D(t,0), (t,0) € A} associated with {U(¢t,0), (t,0) € A} and {By; 7 }7-, are widely used in
this paper.

Lemma 2.5. Assumption (H1) holds. The impulsive evolution operator {®D(t,0), (t,0) € A} has the
following properties:
(1) for0<8 <t < T, ®(t,0) € £,(X), there exists Mg > 0such that supyg, 7| D(t, 0)|| < Mz,
() for0<@<r<t<T,r#m, ®0) = D, r)D(r,0),
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() for0<0<t<T,nez, ®t+nT,0+nl) = D(0),
(4)for0<0<t<T,neZ, ®+nT,0) =d(0)[D(T,0)]",
(5) for 0 < 0 < t, there exits M > 1, w € R such that

@, 0)|| < Mexp {w(t—9)+ > 1n(M||I+Bn||)}. (2.11)

O<T,<t

Proof. For (1)-(4), the reader can see [23, Lemma 2.7]. We only need to verify (5). Without loss
of generality, for 7.1 <O < 7; < -+ < Tk <t < T,

o, 0]l = (e m) T + Bl (e 72 -+ 1+ Bl [z, 0)]

k
< Me®®m) [H |+ B, ||Me<TnT51>] (|1 + B:|| Me“ =9

n=i+1

(2.12)

< Mexp {w(t—Q) + Z In (M||I+Bn||)}.

0<T, <t
This completes the proof. O
In order to study the asymptotical properties of periodic solution, it is necessary to

discuss the exponential stability of the impulsive evolution operator {®(t,0), t > 6 > 0}. We
first give the definition of exponentially stable for {®(t,0), t > 6 > 0}.

Definition 2.6. {®(t,0), t > 0 > 0} is called exponentially stable if there exist K > 0 and v > 0
such that

ot 0)| < Ke™™®, t>0>0. (2.13)

Assumption (H2): {U(t,0), t > 6 > 0} is exponentially stable, that is, there exist Ky > 0
and vy > 0 such that

U, 0)] < Koe™"®, t>06>0. (2.14)

Next, two sufficient conditions that guarantee the impulsive evolution operator
{D(t,0), t >0 >0} with rational y is exponentially stable are given.

Lemma 2.7. Suppose y is rational and (H1) and (H2) hold. There exists 0 < A < vg such that

I
[ T(KollT+Bil) " <1. (2.15)
k=1

Then {@(t,0), t >0 > 0} is exponentially stable.
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Proof. Since y is rational, let y = p/q, p,g € N and p, q are relatively prime. Let T= pTo (=4qT),
then (2.7) is T-periodic. Without loss of generality, for 7,1 < 0 < 7; < -+ < T, <t < T4, by (5)
of Lemma 2.5, we have

|@(t,0)] < Koe )0 < IT o1+ Bk||)e)‘(t6)>. (2.16)

O<ti<t

Suppose t € (nT,(n+1)T] and let b = maX g 7 IMo<r<s{ Ko||I + Bk||}. Then

[T (KollT+Bel)e @ < [T (KollT+Bil)e™™ - TT (KollI +Bill)e e

O<Ti<t 0<r<nT nT<m<t
[T (KollI+Bk|)e " be
0<r<npTy
6
H ”I + Bk ||)”p€—)lanbe)»9 (217)
k=1

I'_‘I

[ nq
]‘[ Ko||lI+ Bk||)Ye-”] be'?

< be*
Let K = Kobe'® > 0and v = vy — A > 0, then we obtain ||®(t,0)|| < Ke™* 9, t>0>0. O
Remark 2.8. An exponentially bounded evolutionary process {LI(t,0), t > 6 > 0} is exponential

stability if and only if for some 1 <p < v and all x € X and t > 8 > 0, there is a constant « > 0
such that

f Ut 0)x||Pdt < x| 1x]P. (2.18)
0
Lemma 2.9. Assumption (H1) holds. Suppose
O<pm = mf (Tk —Tk-1) £ sup (Tk — Tk-1) = Yo < 0. (2.19)
k=12,...,6

If there exists a > 0 such that

w+lllln(M||I+Bk||)§—zx<O, k=12,...,6 (2.20)
where
Ui, a+w<0,
= (2.21)
Mo, a+w20,

then {®(t,0), t >0 > 0} is exponentially stable.

Proof. It comes from (2.20) that

In(M||I+Bx|) <-pla+w) <0, k=1,2,...,6. (2.22)
Further,
Z In (M||T+Bg]|) <- Z pla+w) = —p(a+w)N(6,t), (2.23)
O<T<t O<ti<t

where N (6, ) is denoted the number of impulsive points in [6, ).
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For7i.1 <0 <7 <+ <7 <t < T, by (2.19), we obtain the following two inequalities:

t=02> (T —Tko1) +- -+ (Tia — 1) > (N(6,1) = 1),

(2.24)
t-0< (Tk+1 - Tk) + (Tk - Tk—l) + e+ (Ti+1 - Ti) + (Ti - Ti—l) < (N(G, t) + 1)#2
This implies that
m(N@O,t)-1) <t-0<up(N(@6,1) +1), (2.25)
that is,
1 1
—(#t-0)-1<N@O,t) < —(t-0)+1. (2.26)
H2 H1
Then
- (a + w) l(t—@) +1l{=—(a+w)(t-0)-m(a+w), a+w<0.
(@ + )N, 1) < "
o (a + w) ‘LT(t—B) —1] =—(a+w)(t-0)+mw(a+w), a+w>0.
2

=—(a+w)(t-0)+pla+wl

(2.27)
Thus, we obtain
w(t-0)+ > In(M|I+B|)<-a(t-0)+pula+wl. (2.28)
O<ti<t
By (5) of Lemma 2.5, let K = Met“l > 0,v = a > 0, |®(t,0)|| < Ke™* 9, t >0 > 0. O
3. Periodic solution and global asymptotical stability
Assumption (H3): f € LlT([O,+oo);X). Foreachk € Z,6 € N, and ¢, € X, ci.5 = Ck-
Under the (H1) and (H3), consider the following system
x(t) = AM)x(t) + f(£), t#7k,
(3.1)
Ax(t) = Bxx(t) + ¢k, t=1x,
and Cauchy problem
x(t) = A()x(t) + f(B), t€[0,TI\D,
Ax(t) = Bix(7) +cx, k=1,2,...,p6, (3.2)

x(0) = x.

Now we list the PC-mild solution of Cauchy problem (3.2) and T-periodic PC-mild
solution of (3.1).
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Definition 3.1. For every x € X, f € L([0, +o0); X), the function x € PC ([0, T],‘X), given by

x(t)=(I)(t,0)f+J‘ D(t,0)f(0)d0 + > D(t,T)cx (3.3)

0<T <t

fort € [0, T], is said to be a PC-mild solution of the Cauchy problem (3.2).

Definition 3.2. A function x € PC ([0, +o0); X) is said to be a T—periodic PC-mild solutior~1 of (3.1)
if it is a PC-mild solution of Cauchy problem (3.2) corresponding to some x and x(t +T) = x(f)
fort > 0.

In the sequel, we show the existence and global asymptotical stability of T-periodic PC-
mild solution of (3.1).

Theorem 3.3. Assumptions (H1) and (H3) hold. Suppose ||®(T,0)|| = I < 1, then (3.1) has a unique
T-periodic PC-mild solution x5(t) = (P(f, ck))(t), t > 0, given by

xz(t) = Dt 0) [T - ®(T,0)] 'z + f(I)(t 0)f(0)do+ 3 O(t, 7))k = (P(f,c))(t),  (34)

0<7i<t
where
T ~ ~
z =j O(T,0)f(0)d0 + D, (T, 7} )cx. (35)
0 OSTk<T
Further, operator
P: LL([0,+00); X) x X® — PCz([0, +o0); X) (3.6)

is a bounded linear operator, that is, there exists B > 0 such that

I3
170, = Pl <B(als i+l 67
k=1

where B is independent on f and cy.

Proof. By (1) and (4) of Lemma 2.5, |©(T,0)|| = [|®(T,0)[| = 1 < 1, operator [I - ®(T,0)] "
exists, is bounded and

[1-o(T,0)]" Z(D(nT 0). (3.8)

Thus,

1 1
~e@ o)) 1-F

|[1-o(T,0)]" || (3.9)
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For

T
z:j O(T,0)f(0)dO+ >, (T, 7)ck, (3.10)
0

0<Tx <T

operator equation [I — o(T, 0)]x = z has a unique solution x = [I - o(T, 0)] 'z
Let x(0) = X = [I - ®(T,0)] 'z, consider the Cauchy problem

x(t) = A(b)x(t) + f(t), te[0,T]\D,
Ax(t) = Bix(7) +cx, k=1,2,...,p6, (3.11)
x(0) = [I - ®(T,0)] "=
It has a PC-mild solution x7(-) given by
t
xz(t) = D(t,0)[I - (D(T,O)]_lz + J;) D(t,0)f(0)do + Z O(t, )k = (P(focx)) ().  (3.12)
0<Ty<t

By (2), (3), and (4) of Lemma 2.5, one can easily verify that xz(-) is just the unique f—periodic
PC-mild solution of (3.1).

Obviously, operator P : LL([0, +o0); X) x X® — PC5([0, +00); X) is linear.

Fort € [0,T],

1P(f, )@l = 0l < (low,oll|[[1 - o(F,0)] | +1)

([ lo@olsels: 3 @ pllal)

0 OST}(<T

Mj &
< My (1 +1) (alfly +p 3l )-
k=1

Let B = M5z(Mgz/(1-19) + 1), one can obtain the estimation immediately. O

Theorem 3.4. Assumptions (H1) and (H3) hold. Suppose {®(t,6), t > 0 > 0} is exponentially stable,
then (3.1) has a unique T-periodic PC-mild solution x5 (-, X) given by

x7(t,%) = O(t,0)X + Jd Dt 0)f(O)dO + > D(t, 7 )ck, (3.14)
0 0<Ti<t
where
7
x=[I-0(T,0)] "'z z= f o(T,0)f(0)d0 + >, (T, 1} )ck, (3.15)
0 Os-rk<1~"

and there exists B > 0 such that
5
[|c7 (8, %) || < B<q||f||L1T + pZIIckH), (3.16)
k=1

where B > 0 is independent on f and cy.
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Further, for arbitrary xo € X, the PC-mild solution of the Cauchy problem (3.2) corresponding
to the initial value xy satisfies the following inequality:
|x(t x0) = x57(t,X)|| < BiBe™, (3.17)
where x7(-,X) is the T-periodic PC-mild solution of (3.1), By > 0 is independent on xo, f, and ci;
B = |lxoll + qll fllzs + pZ 0 Nk

Proof. Consider the operator series S = >,>, [@D(T,0)]". By (4) of Lemma 2.5 and the stability
of {®(-,)}, we have

I[@(TF,0]"|| = |®(1nT,0)|| < Ke™™ —0 as n— oo. (3.18)
Thus, we obtain
ISl < S [@(T,0)]"] < ke . (3.19)
n=0 n=0
Obviously, the series >,- (K el s convergent, thus operator S € £,(X). It comes from
[I-®(T,0)]S=S[[-®(T,0)] =1 (3.20)
that
S=[1-o(T,0)]" €£(X). (3.21)

Similar proof in Theorem 3.3, it is not difficult to verify that (3.1) has a unique T-periodic PC-
mild solution x7 (-, X) and x5 (-, X) can be given by (3.14) and (3.15).
Next, verify the estimation (3.16). In fact, for t € [0, T], we have

t
[lz (&) || < (| D¢, 0) ||| +IO o ollllf@ldo+ > 1oz llecl- (3:22)

0< <t

On the other hand,

50 < 1= I [ lo@al@le: 3 o) |

OSTk<T

T . 3 5
< ISl [ fo Ke" 9| £(6)]|d6 + Ke”(TTk)pZ”ck”] (3.23)
k=1

o
< K|Sl <q||f||ur + pZIICkH)-
k=1

Let B = K(K]||S|| + 1), one can obtain (3.16) immediately.

System (3.1) has a unique T—periodic PC-mild solution x5 (-, X) given by (3.14) and (3.15).
The PC-mild solution of the Cauchy problem (3.2) corresponding to initial value xo can be
given by (3.3) replacing x with xy. Combining with (3.23), we obtain

5
[l (2, x0) — x5 (8, %) || < Ke""‘[”xo” + K||S|| <q||f||L% +pZ||ck||>:I. (3.24)

k=1

Let B; = max{K,K?||S||} >0, B, = ||x0||+q||f||L%+p22=1||ck||, one can obtain (3.17) immediately.
O
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Definition 3.5. The T-periodic PC-mild solution x7(-,x) of (3.1) is said to be globally
asymptotically stable in the sense that

tliggo||x(t, x0) —x5(t,X)|| =0, (3.25)

where x(-, xp) is any PC-mild solution of the Cauchy problem (3.2) corresponding to initial
value xy € X.

By Theorem 3.4 and Lemma 2.7 (Lemma 2.9), one can obtain the following results.

Corollary 3.6. Assumptions of Lemma 2.7 (Lemma 2.9) and (H3) hold. System (3.1) has a unique
T-periodic PC-mild solution x5 (-,x) which is globally asymptotically stable.

Theorem 3.7. If x(t,X) is a periodic PC-mild solution of (3.1), then its period must be nTy for some
n€ N.

Proof. Let T be the period of x(t) = x(t,x). Then
x((T+1)£0) =x(t+0), t>0. (3.26)

Clearly, T is not an impulsive moment, suppose there are s 7is in the interval (0,T). Let = 7.
We have
x(f +7) =x(11),

L 3 (3.27)
x((T+m)" ) =x(ry) = (I +B1)x(m) +c1 = (I +By)x(T + 1) +c1,

which means that T + 71 is one of the impulsive moments. Clearly, there is no 7xs in the interval
(T, T + 11). For otherwise, suppose t € (T, T + 71) is an impulsive moment, then

x((T+(E-T)) =x()#x@) =x(T+ ({-T)) =x({-T) =x(({-T)"), (3.28)
which is a contradiction. Thus, T+ Ti = Ts+1, Bss1 = B, and ¢,41 = ¢1. Similarly, we have
T + Tk = Tsek, Bsik = Bk, Csik = Ck, ke Za. (3.29)

Now we can claim that s = n6 for some n € N. Otherwise, suppose s = n6 + j for some
ne NU{0}and 1< j< 6. Asaconsequence, nTy < T < (n+ 1)Ty. By (3.29), we have

T + Tk = Tsrk = Tus+jrk = N10 + Tjsk,
Bk = Bssk = Bugsjik = Bjik, (3.30)
Ck = Csik = Cnsijik = Cj+k, k€ Z],

or
(T-nTo) + Tc = Tjok, Be=Bjsk, ok =cjx, k€Zg. (3.31)

Thus T — nTy € (0,Tp) is a period of the impulsive perturbations for the second equation of
(3.1), which contradicts to that Tj is the least-positive period. Therefore,

T +T1 = To+1 = Tns+1 = nT() + T (332)

and T = nT, for some n € N. The proof is complete. O
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4. Example

Consider a special case of (1.1)

%x(t,y) = ((A - AD) +Q(t)x(t y) +sin (t+|yl),

lyl=\/y?+y2€Q, t>0, t#n, ke Z;,

x(t,y) =0, yeoQ, t>0,
0.05Ix(t,y), k=3m-2,

k+m-1
Ax(ty) = 1 -0.05Ix(t,y), k=3m-1, yeQ,t>0,t=Tk=++yr, k,me Zt.

0.05Ix(t,y), k=23m,
(4.1)

where Q C R? is bounded domain and 8Q € C?, A is the Laplace operator in R?, A is a
parameter. For each t € [0,20r], Q(t) € £,(L2(RQ), L2(R2)), sup{||Q(H)|l,t € [0,2r]} < oo, and
Q(+27r) =Q().

Set X = L,(Q), for fixed A > 1, D(A)) = H*(Q) N H&(Q) Define operator Byx = (A -
M)x, x € D(A,). By [24, Theorem 2.5], B, is just the infinitesimal generator of a contraction
Co-semigroup in L,(Q2), that is, | T\ (f)|| < 1. Obviously, for A > 1, By +I = A - (A = 1)I can
generate a exponentially stable Cy-semigroup in Ly(Q) and || T)(#)|| < e”@W-DE

Define operator series

Uno(t,0) = Ta(t - 0),
t (42)

Uy n(t,0)x = I T\(t-7)Q(T) Uy pn-1(T,0)xdr, 0<0<t<2mr, n=1,2,....
0

One can easily verify the following results:
(i) the evolution operator U, (t,0) = > 7, |[Uy.(t0)|, 0 < 8 < t < 2 is uniformly
convergence;

(ii) U, (t, 0) is the unique solution of the integral equation

t

U,(t,0)x =T, (t-0)x + j T\ (t-1)Q(T)U,(T,0)xdT; (4.3)
0

(iii) U, (¢, 0) satisfies:

1) Ut t)=1,t20,

(2) Uy (t, 7)U\(7,0) = U,(t,0),t >T >0 >0,

(3) for every fixed x € X, (t,0) — U, (t, 0)x is strongly continuous,
(4) [UL(t,0)]| < emW-1IRIDE0) £ > 6 > 0,

B) Uy (t+2m,0+2r) =U,(,0), t >6>0.
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Thus, linear equation x(t) = Ay (t)x(t), x € X, t > 0is well posed, where A,(f) = A —
(A=1)I +Q(t). Obviously, for A > 1+ ||Q||, A (t) = A - (A -1 -|Q|)I + Q(t) can determine an
exponentially stable 2sr-periodic strongly continuous evolutionary process {%,(:,-)} in L ().

Define x(:)(y) = x(-, y), f(:)(y) = sin(: + |y|), then (4.1) can be abstracted

x(t) =A(t)x(t) + f(t), t>0,t#7, k€ Zj,

Ax(t) = Bex(t), t=m, k€ Z, “4
where
005, k=3m-2,
Bi =14 -0.05I, k=3m-2, (4.5)

0.05I, k=3m,

and 1y = ((k+m-1)/4)x, k,m € N.

Obviously, 4\ (- + 2or) = HA\(-), Tkes = Tk + 7, Brys = Br and f(- + 2or)(y) = sin(- +
ly| + 2r) = sin(- + ly]) = f(-)(y), that is, f(- + 27r) = f(-). For A > 1+ ||Q|| + A, where A >
In [(1.05)% x 0.95]2/27r = 0.0147, by Lemma 2.7, {®,(-,-)} is exponentially stable. Now, all the
assumptions are met in Theorem 3.4. Thus (4.4) has a unique 2sr-periodic PC-mild solution
X257 (-, ) € PCor ([0 + 00); L2 (L2)) which is globally asymptotically stable.

That is, suppose x(-, i) is the PC-mild solution of the following initial-boundary value
problem:

O et y) = (A= A1) + Q())x(t, ) +sin (£ + [y]),

ot
lyl=\y2+vy3€eQ, t>0,t#n, ke Z],
x(t,y)=0, yeoQ, t>0,

x(0,) = cosly| € LA(®),

0.05Ix(t,y), k=3m-2,
k+m-1

Ax(t,y) = { -0.05Ix(t,y), k=3m-1, yeQ t>0, t=m7 = 1

x, k,meZ;.

0.05Ix(t,y), Kk =3m,
(4.6)

Then, for A > 1+ ||Q|| + A, where A > 0.0147,

1/2
”x(t/y) - x27r(t/y)”L2(Q) = (J‘Q |x(t1y) - xZJr(try)|2dy> — 0 ast— +oo. (47)

From the above discussion, it is not difficult to find that a suitable parameter A chosen
by human, which will guarantee the model (4.1) has a unique 2sr-periodic PC-mild solution
which is globally asymptotically stable. That is, we can use a biological approach to maintain
the balance of a single, isolated species or eradicate pests. It provides us a reliable method for
managing the single and isolated species in the nature.
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