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1. Introduction

We consider the following nonlinear Volterra discrete equation of nonconvolution type:

Xi = bi - ai,jfi—j(xj)l l = O/ 1/ 2/‘ LR
% (11)

xi,bi,ai,jEIR, bi7£0, vVi=0,1,2,....

The existence problem for solution of Volterra discrete equations arises in the nonlinear implicit
case. For linear implicit equations and nonlinear explicit equations, the problem is easily
solved. Recently, some local and global existence theorems for Volterra discrete equations in
the general case are given in [1, 2].
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From now on, we assume that there exists a strictly increasing function f(x) such that

0< fi(x) < f(x) forx>0,

i>0. (1.2)
0> fi(x)> f(x) forx<0,

Note that (1.2) implies that
f(0)=0, fi(0)=0, i>0. (1.3)

The above difference equation can be considered as the discrete counterpart of the Volterra
integral equation whose importance in the applications is well known (see, e.g., [3, 4]), and
arises also in the application of numerical methods to Volterra integral and integrodifferential
equations. The theory of the qualitative behavior of this type of nonlinear difference equation
is very important, in particular for the study of numerical stability of such methods (see, e.g.,
[6-11] and the references therein).

In this paper, we study some sufficient conditions for the boundedness of the solutions
(if they exist) of (1.1), subject to (1.2), and their asymptotic behavior as i — +oo. In particular,
in Section 2 we investigate the asymptotic behavior when |fi(x)| is upper bounded by a linear
function. The case of nonnegative coefficients is investigated in Section 3 and, with additional
monotonicity assumptions, in Section 4.

2. Case of |f;(x)| < |x], i>0
Assume that, in (1.1) with (1.2), the following additional hypotheses hold:

il;lg ai;>-1, |fi(x)| <|x|, for any x € (-o0,+00), i > 0. (2.1)
12

Observe that the second part of (2.1) is true if in (1.2) f(x) = x. The following lemma can be
easily proved.

Lemma 2.1. If

ai; >0, then |x| < |x + a;ifo(x)

7

2.2)
a;; <0, then (1+ay)|x| < |x+ aiifo(x)|,
forall x € R.

Here and in the sequel we assume a sum with a negative superscript to be zero. By using
(2.1) and Lemma 2.1, from (1.1), we have that

il
|xi| < (8] + X 1@ ] |x], >0, (2.3)
j=0

and we set
~ b; - ai i

R R B VP 2.4
" 1+min (0, aiy) i 1+ min (0, a;;) J=t 24)

This inequality will be useful in order to find sufficient conditions for the boundedness of x;
and for its convergence to zero as i tends to infinity.
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Theorem 2.2. Consider (1.1) with (1.2) and (2.1), if there exists a positive constant A such that

sup |dij| <A<+, Vix1,
0<ji<i-1

~ . i1
B = sup|b;| < +oo, AozsupZ|ﬁi,j| <1

i>0 i>iy j=io
for some positive integer iy, then x; is bounded and

(1+A)"B

|xl~| < o, 1210

- Ao
Moreover, if
limb; =0, lim |a;;/| =0 Vj>0,
then lim;_,x; = 0.
Proof. Let us consider (2.3), by using (2.5), we have that
|xo| < [bo| < B,
| 1| < |B1| + |@io||x0| < B+ AB = (1+ A)B,

| 2| < |Ba| + @20 | %0 + |@21]|x1]| < B+ AB+ A(1+A)B = (1+A)°B,...,
|xl~| < |bl| +Z|F1i/]-||x]-| < B+ZA{(1 +A)]B} =B+ {(1 +A)Z —1}B = (l +A)lB,
=0 j=0

In particular, assume that the third part of (2.5) holds, then
gl i-1
i< { B+ Sl |+ Sfaslinl, vz
j=0 j=io
and thus,
ip<j<i

j=0

~ i1 J—
|Ms@M+zwmm@+MmMML

Hence, the following inequalities hold for each k < i:

gt . gt -
uusﬁw+zwmm@+meuAsQM+zwmm@+meu¢

io<j<k ig<j<i

j=0 j=0

For this reason,

~ ip—1 J—
max |xj| < {|bi| +Z|ﬁi,j||x,~|} + Agmax |xj|,

ip<j<i 20 ig<j<i

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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from which we obtain that

B+3 AL+ AYB} (14 A)oB
max|x;| < { } _ _) <+oo, 1> (2.13)
io<j<i 1- AQ 1- AO

Thus, |x;| is bounded and satisfies (2.6).

Assume that X = limsup,_,  |x;| >0and putr = supiziozj 10|al]| ¥ = 1+min(0, inf;», a; ;)
and M = sup,.|x;|. Then, since |x;| is bounded and the third of (2.5) holds, we have that M <
+ooand 7 < y. Let’s take any € > 0 and consider a continuous function F(x) = (¥ +x) (X +x) +2x
on [0, e]. Then, by F(0) =7 x < yX, there exists a constant 0 < ¢y < € such that

F(eo) = (T+e0) (X +eo) +2€) < yx. (2.14)

For the above ¢ > 0, there exists a positive integer i; > iy such that |x;| < X + ¢y and > i- lo|al il <
T + €p, for any i > i;. By assumption (2.7), we have that for e; = €9/ (1 + M) > 0, there exists a
positive integer i, > i; such that

i1
|bi| < e1, Zlai'fl <e forany i>i. (2.15)
=0

Then, fori > i, and ¢; = b; — Z” 1al,jfi_j(x]~), we have that

i-1
|EZ| < |b1| + <Z|alr]|>M <€ +€1M = €y,
S - (2.16)

|x,-| < Z|ai,j||fi,]~(xj)| + |g,| < (7+ €0)(f+€0) + € <E—€0, i> iz,
j=i2

which is a contradiction with the limsup definition. Hence, X = 0 and we obtain lim;_,.x;
=0. O

Note that the third part of (2.5) is equivalent to 7 = supizioz
infisi a;;).

The theorem above gives some conditions on the coefficients a;; of (1.1) for the
boundedness of x; which supplement the results in [12, Theorem 2.1]. Moreover, it worths
while to compare our result with the ones in [9, Theorem 3.1] and [5, Theorem 4.1]. In order
to do that, we assume a;; = 0, b; = 0 and then x; is given. In this case, following the line of
the proof of Theorem 2.2, we can still show that x; vanishes as i — oo provided that (2.5) and
the second part of (2.7) hold. Observe that this represents an additional result with respect to
[9, Theorem 3.1] and [5, Theorem 4.1] which, involving the sum of the coefficients a@;; on the
second index, enlarges the set of conditions for x; to be bounded and convergent to zero. As an
example, for equation

i- Z0|a,]| <y =1+min(0,

-1

=S o1

0
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(3.2) in [9] or the sufficient condition in [5] is not satisfied, however (2.5) is fulfilled. Moreover,
it is easy to see that, in the convolution case a;; = a;_j, the third of (2.5) coincides with the
known one [5, 10]

+00

Sl <1, (2.18)

1=0

and the second part of (2.7) is implied by (2.5).

Theorem 2.2 turns out to be quite useful in the linear case when (1.1) represents the
linearized equation for the global error of a numerical method applied to a Volterra integral
equation. In this case, b; represents the local truncation error of the method at the step i. Thus,
if b; is bounded for all i and if (2.5) holds, then the error x; is bounded and the bound is given
in (2.6).

The following theorem provides some sufficient conditions on the coefficients of (1.1) for
the summability of {x;};5, which turn out to be less restrictive of those stated by [13, Theorem
2.8].

Theorem 2.3. For (1.1) with (1.2), assume (2.1). If
B=>|bi| <+, A=sup > |a,|<1, (2.19)
i=0 J20 i=j+1
then X 720|xi| < B/(1-A) < +oo, and consequently, lim;_,o, x; = 0.
Proof. By (2.3),

i i i

k-1
PNEAEDNCA RPN CAIIES]

k=0 k=0 k=0 j=0

<Z|b >+Zl<2 Iﬁk,f|>|xj| (2.20)

=0 \k=j+1

(250) (o 3:51) (31),

Therefore, by (2.19), we have that

IN

IN

i i g B
3 x| < Zico|be] - <P e, (2.21)
k=0 {1 - (supjzozli';],r1 |ak,]-|> } 1-A
and then, lim; ...x; = 0. O
In the case (1.1) is linear,
i
Xi = bi - Zai,]‘x]', i > 0, (222)

the following theorem is easily proved.
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Theorem 2.4. For the linear equation (2.22), assume inf;>pa;; > —1, and for

y =1+ min <0, lilggai,i>/

At s — i
G =—1 1 L]Y 4, i-22j20,
1 (2.23)
G = + Qi-1,i-1 — Qiji-1 i1,
Y
=, G="T07 in
Y
(i) Suppose that
sup |&j| =C<+eo, D =sup|di| < +oo. (2.24)
0<j<i-1 0

Then, |xi| < (1+C)'D, i > 0. In particular, if there exists a positive integer iy such that

i1
Co =sup > || <1, (2.25)
i>ig j=io
then x; is bounded and
1+C)*D
) < SO0 L s, (2.26)
1-Cy

Moreover, if
io—1
lim (b; —b;i1) =0,  lim <Z |ai,j|> =0, (2.27)
1—00 1—00 ]:0
then lim;_,x; = 0.
(ii) If
3%0|biv1 = bi + [bo]

C=sup Y |&;| <1, D= < +oo, (2.28)
720 i=j+1 Y

then X7%0|xi| < D/ 1- E) < +oo, and consequently, lim;_.,x; = 0.
Proof. By (2.22), we obtain that

i-2

(1+aii)x; = (b —bia) + (1 + @icric — @) xia + D, (@i — ai)x;, i>1 (2.29)
=0
Then, we have that
i-1
il < ldif + 2181 |x], iz (2.30)
=0

Thus, analogously to the proofs of Theorems 2.2 and 2.3, we obtain the conclusion of this
theorem. O
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3. Nonnegative coefficients

In this section, we focus on the solutions of (1.1) with (1.2) and
ai,]- > 0, i > ] > 0. (31)

Such discrete equations are useful, above all, in the investigations on the behavior of the
solution of some numerical methods when used to solve nonlinear heat flow in a material with
memory (see [14] and the bibliography therein). Let us start with the following lemma, which
describes some aspects of the solution of (1.1)-(1.2) with (3.1) when x; has a sign eventually
constant for all i > 0. The utility of this lemma is not in itself, but as an instrument to prove
some of the next theorems (see Theorems 3.4, 4.1 and 4.3).

Lemma 3.1. Let {x;}i5, be the solution of (1.1) and assume that

(i) |bi| < Band a;j < Aj for eachi,j > 0;

(ii) there exists ig > 0 such that x; > 0 (resp., x; < 0) for any i > iy,

then

|G| <C, 0<x;<¢ (resp.,02>x;>¢;) Vi> i, (3.2)

where ¢; = b; — Z;‘:Olai,j fi-j(xj) and C is a positive constant.

Moreover, assume that one of the following conditions holds:

(1111) limiHmEi = 0,

(iiiz) a = liminf;_., (liminf; ., a;;) > 0 and there exists a strictly increasing function i (x) on
(=00, +o0) such that f(0) = 0 and infj»fi(x) > f(x), x € [0,+00) (resp.,infj>of;(x) <
i(x), x € (-o0,0]),

then lim,gooxi =0.

Furthermore, if, in addition to (iiiy), there exists a positive constant & such that f(x) > éx, x €
[0, +00) (resp., f(x) < 6x, x € (-o0,0]), then 3.7, |xi| < (sup,,; [cil) / (6a) < +co.
Proof. Since a;; < Aj, |b;| < Band f(x) is a continuous function, then |¢;| is bounded. Assume
that there exists a nonnegative integer iy such that x; > 0 for any i > iy (the analysis of the case
x; < 0foralli > iy is analogous). Then, by the fact that, for the main hypothesis (1.2), f;_j(x) > 0
whenever x > 0, we have

io-1 i
0<x; = {bi - Zai,jfi—j(xj)} - Zai,jfi—j(xj) <G, i>ip. (3.3)
=0

J=io

Hence, the first part of the lemma is proved. Consider now the two cases (iii;) and (iiip)
separately.
Case (iii1): lim;_¢; = 0 of course implies lim;_,,,x; = 0.
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Case (iiiy): put limsup, ,  x; = X. Assume that x > 0, and let {x;, }”, be a subsequence of

{x;}Z;, such that limy_.,x; = X. Then, one can prove that lim supkéoozz.k:ioj_f(xj) = +o0. By (1.1)

and assumptions, we have
i
Xj, + Zaik,if(xj) < Eik- (34)
j=io
Therefore,

ik ik
+oo > lim supg;, > limsup {xik + > ai i f (%)) } >X+ {lim inf <lim infai,]-> }lim sup . f(x;)
- j—oo i—oo —

k—oo k—oo j=io k—oo j=io

(3.5)

which is a contradiction because liminf; . (liminf; .,a;;) > 0 and lim supkﬁwz;k: o j_f (x) =
+o00. Hence, we have x = lim;_,x; = 0.

In addition, suppose that there exists a positive constant 6 such that f(x) > 6x, x €
[0, +00). Then, we have that B

X; + 6Zai,]-xj < Ei, i > io. (36)

Thus, from a = liminf; ., (liminf; .a;;) > 0, we conclude that 0 < 372, x; < (supiZiOE,-)/ (6a) <
+00.

The proof is completely analogous when there exists a nonnegative integer iy such that
x; <0 for any i > ip. O

Remark 3.2. Observe that in the linear case (2.22), the last conditions of Lemma 3.1 are satisfied
whenever 6 =1 and f(x) = x.

Hereafter, we investigate on the boundedness of the solution of (1.1)-(1.2) when
f(x) #x, lir_n f(x) > —oo. (3.7)

Lemma 3.3. Let {x;}i2, be the solution of (1.1) with (1.2) and (3.7), and assume that

i
sup|b;| < +oo, A= supZai,j < 400, (3.8)
i>0 i>0 j=0

then |x;| is bounded.
Proof. Let b be the bound for |b;], i > 0 and lim, o f(x) = = > —o0. Let us write Zj’:oai,ifi—i (xj)
as the sum of the following two contributions:
xi = bi = 3 ai firj (x7)
j=0
(3.9)

ip in
=b; - Zai,ﬁfi—ﬁ (le) - Zai,k/fi—k, (xkz>f
= =1
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where f;_;(x;) 20,1=1,...,ip, fix(xx) <0, 1=1,...,i,, and i, + i, = i + 1. Therefore, since
(1.2), (3.1), (3.7), and (3.8) hold, we have that

xi <b= Y aig fir (i) b= aixf(xi) <b+Ap;
=1 =1

' ' (3.10)
—_— Ip —_— —_— IP —_— —_
Xi 2 =b=Yai;fij(x;) 2 b= f(b+ph) Y ai; > ~b-Af(b+pL).
I=1 I=1
Thus, x; is bounded and the proof is complete. O
As an example we consider the equation
X = 1—Z;HL"1 (3.11)

. _ 27
= (i+1)207 1+x;

in this case f(x) = e* -1, b= supolbil =1, A = supizoz;zol/((i +1)2"7) = 1, and p =
limy_, o, (e* — 1) = —1. Hence,

—% <x; <0. (3.12)

Another example is given by the explicit equation

13 e¥i -1
-1)' - = —— (3.13)
10]:0 1+1)2 11+x7
Here b = 1 and \ = 1/40, hence
1, 140 39
-1-— -1)<x < —. 14
1 40(6 1) <x <10 (3.14)

From Figure 1 it is clear that the bounds established by Lemma 3.3 (represented by dotted
lines) may be quite sharp. We are able to prove the following result.

Theorem 3.4. Assume that f(x) # x is continuous on (—oo, +c0),

i-1

7=limsup ) a;j <+, —7f(-7f(L))>L, forany L<0, (3.15)
i—o0 j=0
limb; =0, lima;; =0, (3.16)

forall j > 0. Then lim;_,,x; = 0.

Proof. Let x = liminf; ,,,x; and assume x < 0. Since we are in the hypotheses of Lemma 3.3,
|xi| is bounded and then M = sup,,|f (xi)| < +oo. For any fixed e > 0, consider a continuous
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0.5t
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_1 ..........................
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0 1.0 2‘0 3‘0 4‘0 50
Figure 1: Plot of (3.13) and its bounds given by (3.14).

function F(x) = —(r+x) f(—(F+x) f(x —x) +x) —2x on [0, ¢]. Then, by F(0) = -7 f (-7 f (x)) > x,
there exists a constant 0 < ¢y < € such that

F(eo) =—(T+eo)f(—(T+eo)f(x—ep)+ep) —2€ > x. (3.17)
For the above ¢g > 0, there exists a positive integer iy such that x; > x — ¢g and Zj;%)a,-,j <T+eo,

for any i > ig. By Assumption (3.16), we have that for e; = €9/ (1+M) > 0, there exists a positive
integer i; > iy such that

i1
|bi| < e, Za,-,]- <e foranyi>i. (3.18)
i=0

Then, fori >1i; and ¢; = b; — Z;lz_()lai,j fi-j(xj), we have that

i1—1
Gi| < |bi| + ajj |M<e+eM=eg. (3.19)
]

j=0

Let us rewrite (1.1) in the following form:
iP in
Xi =& = 2 ai fioii (X)) = D @i fir (X)), (3.20)
I=1 I=1
where f; j(x;) >0, forl=1,...,i, and f; k(xx) <0, forl=1,...,i, and i, +i, = i—i; + 1. Thus,

x; < Ei — Zai,klf(xk,) <€) — (7 + eo)f(g - 6'0), Vi>i (321)
1=0

and, since f(x) is an increasing function, we have that, for all j; > iy,

f(xj) < feo= (7 +e€0) f(x - €0))- (3.22)
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Since we are in the hypothesis that the coefficients a; ; are nonnegative, it follows that

_gai,jlf(sz) > —gai,jlf(eo - (74_ eo)f(z_ 60))

(3.23)
>—(T+e0)f(eo— (T +e0)f(x—e€)).
In conclusion, from
—Zpai,jlf(le) > —(F + €0)f(€0 - (F + €0)f(£ - €0)) = P(Eo) + 2€p (324)
1=0

and by using (3.20), (3.19), and (3.17), the following inequality holds:

X; > Ci — iai,]-,f(xj,) >—-eo— (T+e)f(eo— (T+eo)f(x—€)) =F(ep) +e9>x+e. (3.25)
1=0

This result contradicts the liminf definition. Hence, x > 0, so x; are eventually nonnegative.

Since it is easy to see that we are in the hypotheses of Lemma 3.1 (case (iii)), then lim;_,o,x;
=0. O

Remark 3.5. Once again, in the convolution case, the first part of (3.15) implies the second one
of (3.16).

For the special case f(x) = (e™ —1)/a, & > 0, we establish the following sufficient
condition from Theorem 3.4.

Theorem 3.6. Suppose that f(x) = (e®™ —1)/a, a > 0and assume that
(3.16), the first part of (3.15) with ¥ <1 (3.26)
hold, then the solution x; of (1.1) tends to zero as i tends to infinity.

Proof. Put ¢(x) = -7 f(x), —oo < x < +oo. Since ¢'(x) = —re™ < 0 for x € (—oo, +o0), hence ¢(x)
is a strictly monotone decreasing function in (—oo, +o0). Now, we will prove that ¢(p(x)) > x,
for —c0 < x < 0.
Let g(x) = ¢(p(x)) — x for —oo < x < 0. Then we have that
r{l-exp(-7(e™-1))}

800 = o o (3.27)

g'(x) =7{re™ exp (r —7e™)} - 1.

By recalling that 7 < 1 and x < 0, we have 0 < 7e™* < 1. Since the function ye™ is increasing for
0 <y <1, there results (re™)e " < e7!. Thus, g'(x) <Texp(r-1)-1<7-1<0. Hence, we
have that ¢(p(x)) > x, for —oo < x < 0. Thus, for f(x) = (e** —1)/a with a > 0, the second of
(3.15) is true and, by Theorem 3.4, we have lim; ,,,x; = 0. O

Remark 3.7. From the proof of Theorem 3.6 it is clear that the second part of (3.15) is satisfied
by f(x) = (e** - 1)/a(a > 0). By playing with a, this allows us to consider a wide variety of
functions f; which satisfy (1.2). For instance, in the cases @ = 1/2 and a = 1 the stained areas
in Figure 2 represent the admissible regions for the functions f;, i =0,1,..., respectively (the
solid lines show, as an example, the graphs of f;(x) = x/(1+x?) and f;(x) = (e* —1)/(1 + x?)).
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B Region fora=1/2 [ Regionfora=1

filx)=(e*-1)/(1+ x?)
() (b)

filx) =x/(1+x?%)

Figure 2: Plots of some admissible regions for f; according to Theorem 3.6.

4. Monotonic nonnegative coefficients

In this section, for (1.1), first, we consider the case that
0<ajj<aij, 0<j<i-1, |fiax)|>]fi(x)], i>1. (4.1)

We provide the following theorem which generalizes [15, Theorem 2.1] to the nonlinear case.

Theorem 4.1. In addition to condition (4.1), suppose that
bi>bi.1>0 (TESp,, b; <bj_1 < 0), i>1. (4.2)

Then, any solution x; of (1.1) satisfies 0 < x; < b; (resp., 0 > x; > b;), i > 0. Moreover, if |b;| < B,
foralli >0, a=liminf; . (lim;_a;;) > 0 and there exists a strictly increasing function f(x) on
(=o0, +o0) such that f(0) = 0 and infj>ofj(x) > f(x), x € [0,+00) (resp., infj> fj(x) < f(;), x €
(—=00,0]), then lim;_,ox; = 0. B B

In addition, if there exists a positive constant 6 such that f(x) > 6x, x € [0,+o0) (resp.,
f(x) <6x, x € (-00,0]), then 3. 7%|xi| < (sup;slbil)/ (6a) < +o0.

Proof. We prove the theorem in the case b; > b;_1 > 0, i > 1, the proof for b; < b1 <0, i > 1is
perfectly symmetric. Then by (1.1), we have that

xo + aoofo(xo) = bo >0, (4.3)

hence, for the properties of fi(x) described in (1.2), it has to be xg > 0.
Proceeding by induction, suppose that x; >0, 0<j<i-1, i > 1. By (1.1),

i1
xi + aiifo(xi) =bi — Zai,jfi—j (x7),
=0
! (44)
0=2xi1—bi + Zaiflrifi*ifl (%)),
=0
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and hence, by adding the two relations and taking into account that, for the second part of
(4.1), fi-j1(x) > fi_j(x), we have that

i-2
xi + aiifo(xi) > (bi—bi1) +xi1 + > (i — aij) fij (x;)
=0 (4.5)

>bj-bi1>20, i>1.

So we have that x; >0, i > 0 and, from (1.1), x; <b;, i > 0.
Thus, we are in the hypotheses of Lemma 3.1 part (iii) and, hence, we get the thesis. [

Observe that when (1.1) is linear, the last condition of Theorem 4.1 is satisfied by
choosing 6 = 1 and f(x) = x. In this case, the hypotheses of Theorem 4.1 include, as
particular cases, those of [15, Theorem 2.1]. In particular we note that, as Theorem 4.1 prove
the summability of the solution x;, it is interesting when applied to the equation satisfied by the
fundamental matrix of a Volterra difference equation (see, e.g., [15, equation (1.4)]). Namely,
in [15] it is underlined that such a result can be employed in the study of the stability of some
numerical methods.

A simple application of Theorem 4.1 in the linear case is given by the following example.

Example 4.2. Let us consider the difference equation

i
xi=b- Zcxi, i>0, (4.6)
=0
whose solution is given by
X = L’l’ i > 0. (47)
(1+0)"

Then, for a > 0 and b > 0, all the conditions in Theorem 4.1 are satisfied with 6 = 1, which
implies lim;_,,x; = 0 and X,/5x; < (b/a) < +oo. Observe that in this case the bound coincides
with the exact value of the sum of the series.

Next, we provide the following theorem whose proof is a direct extension of the proof of
Crisci et al. [6, Theorem 2.1], which gives a priori bound for the solution x; of (1.1) depending
on the forcing terms b;.

Theorem 4.3. In addition to the conditions (4.1), assume that

i-1
sup > |bj.1 — bj| < +oo. (4.8)
i>1 j=0

Then, any solution x; of (1.1) is bounded and satisfies

i-1
|x1~| SZ|bi+1_b7|+|bO|’ 1>0. (4.9)
j=0
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Moreover, suppose that a = liminf;_ (lim;_.,a;;) > 0 and there exists a strictly increasing function
f(x) on (—oo,+00) such that f(O) = 0 and infj> fi(x) > f ), x € [0,+00) (resp., infj>ofi(x) <
f(x) x € (—o0,0]), then lim;_ o, x; = 0.

In addition, if there exists a positive constant 6 such that f(x) > 6x, x € [0,+o0) (resp.,
]_‘(x) < 6x, x € (—00,0]), then 3 Zg|xi| < (2/6a)(2]?‘§0|b]-+1 - bj| +|bo|) < +oo.
Proof. Consider the two possible subcases: (a) xo > 0, and (b) xo < 0.

(a) Assume x( > 0.

If x; >0, 0<j<i thenby (1.1), we get b; > 0 and 0 < x; < b;. Hence, (4.9) holds if
{x; } is oscillatory about 0. Let 719 = —1 and denote by [; the time moment of the first passage
of the solutlon x; through the zero, that is,

xj >0 formy+1=0<j<h, x4 <0. (4.10)

The time moment of the following passage through the zero of the solution after [; is denoted
by m;, that is,

xj<0 forh+1<j<my, Xpq1>0. (4.11)
In a similar way, we introduce the indexes ,, m,, p > 1 as follows:

xj 20 form, 1 +1<j<I, x1,+1 <0,

(4.12)
x;j<0 forl,+1<j<m,,  Xmu >0.
(1) Consider that m + 1 <1i < Ix,1, hence x; > 0. Then, from (1.1), we have that
i my
xi=bi— Y, aijfi-j(x) = Yaifi-i(x)),
jzkarl j=0
My lk
0 = X, — b + Z Ay fmi—j (X7) + Zamk,ifmk*i (1),
j=lk+1 j=0
I Mg-1
0=—xp +by, = D aifii(x) = D anifii (%)),
j:mk,1+1 j:O
M1 bt (4.13)
0=2Xm, = bm, + Z Ay fmia-i (x]) + Zamk Vi S ](x])’
j=l1+1

0= Xmy — bml + Z aml]fml ](x]) +Zam1]fm1 ](x])

] l1+1

Iy
0=-x, +b, - Zah,jfh—i(xj)'
j=0
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lr
j=m,_1+1

negative ones. Now observe that, for [y + 1 < j < my, by using (4.1) and the fact that my < i,
we have |f,,—j(x;)| > |fi-j(xj)|, furthermore x; < 0, because of (4.12), hence both f;_;(x;) and
fmi—j(xj) are less than or equal to zero, thus f,,,_;(xj) < fi_j(x;). By using these considerations
it is easy to see that the following inequality holds:

where every summation of the type 3, involves only positive x;, while Z]"i’l ., the

; [@myj fon-j (x}) = @i fij (x7)] < ; (@myj = aij) fij (x;)- (4.14)
j=l+1 j=l+1

With analogues considerations we get

Ix
= 0 anifui (%)) = amgj i (x7) + @i fiej (x5)]
j:mk_1+1
Ix
<= D0 (@)= am;+aij) fij(x)),
j=mk_]+1
(4.15)
I
= Dl fu-i (%)) = @myj fmj () + -+ + @i fij ()]
=0
Iy
<= = o+ ai) fij (%))
i=0
By adding each side of (4.13) and taking into account (4.14), (4.15), it comes out that
0<x; <{bi=byy +by, —byy  +-—byy + by } + { X, — X0 + X, =+ + Xy — 21, }
i my
= D aiifii(x) + D (@mej— aig) fioj (%))
j=my+1 j=l+1
Ix
- D (@j—amj+aij) fij(x))
j:mk_1+1
M1
+ 0 (@merj = an + amj— aig) fioj (xp) (4.16)
j=lk,1+1

mq
+ D (G = A+ Ay j = Qi+ + A j = aij) fi (%)
j=h+1
Iy

= (1 = Ay j + Al = Ay + = A+ i) fij (X))
j=0
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By using the monotonicity of a;; stated by (4.1) and the main hypothesis (1.2), taking into
account (4.12), we have that

i-1
0<x; <bi—by, +by, = by, +--—bp +by, <> |bj—bja| +|bo|. (4.17)
=0
(2) Consider that [ + 1 < i < my, hence x; < 0. Proceeding as above, we have
i-1
OinZ—Z|bj—bj_1|+|b0|. (418)
=0

Hence, from (1) and (2), we obtain (4.9). Part (b) of the proof is essentially mirror-like of part
(a) and leads once again to (4.9). Thus, any solution x; of (1.1) is bounded and satisfies (4.9).

Moreover, suppose that a = liminf;,(lim;..a;;) > 0 and there exists a strictly
increasing function f(x) on (-oo, +o0) such that f(0) = 0 and inf;5of;(x) > f(x), x € [0,+c0)
(resp., infj»o f;(x) < f(x), x € (-0,0]).

If there exists a nonnegative integer i such that x; > 0 (resp., x; < 0) for any i > iy, since
|bi| < Z;;}Jlbj =bj_1|+|bg| and 0 < a;; < ayj, for all j, we are in the hypotheses of Lemma 3.1 part
(iiip) and we obtain lim;_,,,x; = 0. On the contrary, if such an index does not exist, let xo > 0
and consider the extract subsequence {x;, }:’:0 of all the positive values in {x;};,. Assume that

x =lim sup,,_,,.,%i, > 0, then
14
limsup D' f(x;,) = +oo. (4.19)
p—too j=07
Taking into account (4.12), there exists an index k > 0 such that m +1 < ip < i1, then X, plays
the role of x; in (4.13) and, analogously to (4.16), we have

Ix

Ip
xi,+ D i ifi () + D, (@)= A+ aiy ) fi () +

j=mk+1 j=mk,1+1
Iy
+ Z(alh]- - aml/j + alz,]‘ - amz,]- + = amk,]' + aip,j)fip_]’ (x])
j=0

<A{bi, = b, + by, —bp,, +--- = by, +by}

n

+ { e = X+ Xy = Xy = X1 )+ D (A j — i) fi-i (X))
=l +1
= (4.20)
M1
+ D (@myj = A+ Ay — ai, ) fi (X))
j=lk,1+1

my
+ Z (@, = Qoj + Ay j = ALyj oo F Ay j = @i ) i (X7)
j=h+1
i1
< bi, = by + by, = by, + -+ = by, + by, < D' |bja1 = bj| + |bo| < +00.
=0
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Hence, since f(x) < fj(x), for all x > 0, we have that

Iy

ip
Xyt ) @i f )+ DL (G = Qi+ ai) f(x5) + o

j:mk+1 j:mk,ﬁ-l
(4.21)
I ip—1
+ Z(all,j = Qi+ an,; = Amy,j+ = Ay j + aiprj))_‘(xj) < Z |bj+1 - b;l + |b0| < 400,
j=0 j=0

and so, since only positive quantities are involved, we get

i1

ip I Iy
a< Z ]_‘(xj)+ Z ]_‘(x,-)+~~~+Z£(xj)> SZ|bj+1—b,~|+|bo|<+oo. (4.22)
=0 =0

j:mk+1 j:mk,1+1

Passing to the lim sup as p — +oo, we have that

ip Ix h
alimsup< > fx) + > f(x)) +~~~+Zi(xj)> < +o0. (4.23)
j=0

p—>+00 j=mk+1 ]'=mk_1 +1

Taking into account that all the x; involved in the summations above form the extract {x;, yre

p=0
of the positive values in {x;};5, we get lim supp#rwz];':() ]_f (xl-].) < +o00, which is a contradiction
with (4.19), so X = 0. An analogous proof on the extract subsequence of all negative values of
{x:};5 leads to liminf, . 4x;, = 0. The same happens when x; < 0. Hence, in conclusion, we
obtain that lim;_,x; = 0.

In addition, suppose that there exists a positive constant 6 such that f(x) > 6x, x
[0,4o0). Then, by (4.22) and the fact that a is strictly positive, we conclude that 0
SZomax(0,x;) < 1/6a(XZlbjr1 — bj| + |bo|). Similarly, we obtain that 0 > 3.7 min(0, x;)
—1/6H(Zﬁ0|b]'+1 - b]| + |b0|) Hence, Z?:O|xi| < 2/6&(Zﬁ0|b]+1 - b]| + |b0|) < +co.
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