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1. Introduction

Initiated by Hilger in his Ph.D. thesis [1] in 1988, the theory of time scales has been
improved ever since, especially in the unification of the theory of differential equations in the
continuous case and the theory of difference equations in the discrete case. For the time being,
it remains a field of vitality and attracts attention of many distinguished scholars worldwide.
In particular, the theory is also widely applied to biology, heat transfer, stock market, wound
healing, epidemic models [2-5], and so forth.

Recent research results indicate that considerable achievement has been made in
the existence problems of positive solutions to dynamic equations on time scales. For
details, please see [6-13] and the references therein. Symmetry and pseudosymmetry have
been widely used in science and engineering [14]. The reason is that symmetry and
pseudosymmetry are not only of its theoretical value in studying the metric manifolds [15]
and symmetric graph [16, 17], and so forth, but also of its practical value, for example, we can
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apply this characteristic to study graph structure [18, 19] and chemistry structure [20]. Yet,
few literature resource [21, 22] is available concerning the characteristics of positive solutions
to p-Laplacian dynamic equations on time scales.

Throughout this paper, we denote the p-Laplacian operator by ¢,(u), that is, ¢,(u) =
lul"u for p > 1 with (p,) ' =gp,and 1/p+1/q=1.

For convenience, we think of the blanket as an assumption that a, b are points in T, for
an interval (a, b) we always mean (a, b) N T. Other type of intervals is defined similarly.

We would like to mention the results of Sun and Li [11, 12]. In [12], Sun and Li
considered the two-point BVP

(0o (12 )" + hOF @ ®) =0, te [a,bls, (11)

u(a) — BO<uA(a)> =0, u®(o(b)) =0,

and established the existence theory for positive solutions of the above problem. They [11]
also considered the m-point boundary value problem with p-Laplacian

(9 (22 ®))" + RO fCu®) =0, te©T)s,

2 (1.2)

BO=0,  ul)= 3 cu),
i=1

and gave the existence of single or multiple positive solutions to the above problem. The main
tools used in these two papers are some fixed-point theorems [23-25].

It is also noted that the researchers mentioned above [11, 12] only considered the
existence of positive solutions. As a results, they failed to further provide characteristics of
solutions, such as, symmetry. Naturally, it is quite necessary to consider the characteristics of
solutions to p-Laplacian dynamic equations on time scales.

Let T be a symmetric time scale such that 0,T € T. we consider the following p-
Laplacian boundary value problem on time scales T of the form:

(9 <uA(t)>>v +h(t)f(u(t) =0, te[0,T]y,

u(0) = u(T) =0, u(0) = —u®(T).

(1.3)

By using symmetric technique, the Krasnosel’skii’s fixed point theorem [24], the generalized
Avery-Henderson fixed point theorem [26], and Avery-Peterson fixed point theorem [27],
we obtain the existence of at least single, twin, triple, or arbitrary odd positive symmetric
solutions of problem (1.3). As applications, two examples are given to illustrate the main
results and their differences. These results are even new for the special cases of continuous
and discrete equations as well as in the general time-scale setting.

The rest of the paper is organized as follows. In Section 2, we present several fixed
point results. In Section 3, by using Krasnosel’skii’s fixed point theorem, we obtain the
existence of at least single or twin positive symmetric solutions to problem (1.3). In Section 4,
the existence criteria for at least triple positive or arbitrary odd positive symmetric solutions to
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problem (1.3) are established. In Section 5, we present two simple examples to illustrate our
results.
For convenience, we now give some symmetric definitions.

Definition 1.1. The interval [0, T]y is said to be symmetric if any given t € [0,T], we have
T-tel0,T]y.

We note that such a symmetric time scale T exists. For example, let

T = {0,0.05,0.1,0.15} U [0.22,0.44] U {0.5,0.85,0.9,0.95,1} U [0.56,0.78]. (1.4)

It is obvious that T is a symmetric time scale.

Definition 1.2. A function u : [0,T]y — R is said to be symmetric if u is symmetric over the
interval [0, T]y. Thatis, u(t) = u(T —t), for any given t € [0, T]r.

Definition 1.3. We say u is a symmetric solution to problem (1.3) on [0, T]} provided that u is
a solution to boundary value problem (1.3) and is symmetric over the interval [0, T].

Basic definitions on time scale can be found in [6, 7, 28]. Another excellent sources on
dynamical systems on measure chains are the book in [29].
Throughout this paper, it is assumed that

(H1) f:[0,00) — [0, 00) is continuous, and does not vanish identically;

(H2) h € Ca([0,T], [0, 00)) is symmetric over the interval [0,T]; and does not vanish
identically on any closed subinterval of [0,T]y, where Ciq([0,T], [0, 00)) denotes
the set of all left dense continuous functions from [0, T] to [0, o).

2. Preliminaries

Let E = Ciq([0, T]1, R) and equip norm

lull = sup [u(t)],
t€[0,T] ¢ (2.1)

then E is a Banach space. Define a cone P C E by

P={u€eE | u(0)=u(T)=0,u is symmetric, nonnegative, and concave on the interval [0,T]}.
(2.2)

Assume that 7,7 € (0,T/2); with 7 < r. By using the symmetric and concave
characters of u € P and u(0) = u(T) =0, it is easy to obtain the following results.
Lemma 2.1. Assume that v,n € (0,T/2) withn <r.Ifu € P, then

() u(n) > (/r)u(r);
(ii) (T/2)u(r) > ru(T/2).
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From the previous lemma we know that [|u|| = u(T/2) for u € P.
The operator A : P — E is defined by

t T/2
I (pq< h(r)f(u(r))Vr)As, te
0

S

|
Ij¢q<f;/2h(r)f(u(r))Vr> As, te [%,T]T.

It is obvious that A is completely continuous operator and all the fixed points of A are the
solutions to the boundary value problem (1.3).

In addition, it is easy to see that the operator A is symmetric. In fact, for t € [0,T/2],
we haveT —t € [T/2,T], by using the integral transform, we have

Au(t) = (2.3)

T s
Au(T -t) = ITth (IT/Zh(r)f(u(r))Vr> As
t T-s
= f tpq< h(r)f(u(r))Vr> As
0 T/2
(2.4)

t T/2
r—I-r Jo(pq< h(T - r) f (u(T - r))Vr> As

S

t T/2
= J‘()% <’[ h(r)f(u(r))Vr) As = Au(t).

s

Hence, A is symmetric.

Now, we provide some background material from the theory of cones in Banach spaces
[24, 26, 27, 30], and then state several fixed point theorems needed later.

Firstly, we list the Krasnosel’skii’s fixed point theorem [24].

Lemma 2.2 (see [24]). Let P be a cone in a Banach space E. Assume that €1, Q, are open subsets of
Ewith0 € Qp, Q1 C Q. If A: PN (& \ 1) — P is a completely continuous operator such that
either

(i) | Ax|| < |||, for all x € PN dQy and || Ax]|| > ||x||, for all x € P N3, or

(ii) [|Ax|| > [lx], for all x € P13 and || Ax]|| < ||x||, for all x € P N3y,

then A has a fixed point in P N (Q\ Q).

Given a nonnegative continuous functional y on a cone P of a real Banach space E, we
define, for each d > 0, the set P(y,d) = {x € P : y(x) < d}.
Secondly, we state the generalized Avery-Henderson fixed point theorem [26].
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Lemma 2.3 (see [26]). Let P be a cone in a real Banach space E. Let a, p, and y be increasing,
nonnegative continuous functional on P such that for some ¢ > 0 and H > 0,y(x) < p(x) < a(x)
and ||x|| < Hy(x) forall x € P(y, c). Suppose that there exist positive numbers aand bwitha < b < ¢

and A : P(y,c) — P isa completely continuous operator such that

(i) y(Ax) < ¢ forall x € OP(y, c);
(ii) p(Ax) > b for all x € OP(pB,b);

(iii) P(a, a) #0 and a(Ax) < a for x € OP(a, a),

then A has at least three fixed points x1, x, and x3 belonging to P(y, ¢) such that

0<a(x1) <a<a(xy) with B(xz) <b < P(x3), y(x3) <c. (2.5)

The following lemma can be found in [21].

Lemma 2.4 (see [21]). Let P be a cone in a real Banach space E. Let a, p, and y be increasing,
nonnegative continuous functional on P such that for some ¢ > 0 and H > 0,y(x) < p(x) < a(x)

and ||x|| < Hy(x) forall x € P(y, c). Suppose that there exist positive numbers a and bwitha <b < ¢
and A : P(y,c) — P is a completely continuous operator such that:

(i) y(Ax) > ¢ for all x € OP(y, c);
(ii) p(Ax) < b for all x € OP(p,b);

(iii) P(a, a) #0 and a(Ax) > a for x € OP(a, a),

then A has at least three fixed points x1, x,, and x3 belonging to P(y, c) such that

0<a(xy) <a<a(xy) with B(xz) <b < P(x3), y(x3) <c. (2.6)

Let p and ¢ be nonnegative continuous convex functionals on P, 1 is a nonnegative
continuous concave functional on P, and ¢ is a nonnegative continuous functional,
respectively on P. We define the following convex sets:

P(¢,),b,d) = {x € P:b < \M(x),p(x) <d),
2.7
P(¢,p, A, b,c,d)={xeP:b<A(x),p(x)<c d(x)<d}, 27

and a closed set R(¢, ¢, a,d) = {x € P:a < p(x),p(x) < d}.
Finally, we list the fixed point theorem due to Avery-Peterson [27].
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Lemma 2.5 (see [27]). Let P be a cone in a real Banach space E and B, $, A, ¢ defined as above,
moreover, ¢ satisfies (X' x) < X(x) for 0 < X' < 1 such that, for some positive numbers h and d,

Mx) <o(x), x| < hp(x) (2.8)

forall x € P(¢,d). Suppose that A : P(¢,d) — P($,d) is completely continuous and there exist
positive real numbers a, b, ¢, with a < b such that

(i) {x e P(¢,B, N, b,c,d) : AM(x) > b} #0 and L\(A(x)) > b for x € P($,p,\,b,c,d);
(ii) M(A(x)) > b for x € P(¢, A, b, d) with p(A(x)) > c;
(iii) 0¢ R(¢p, ¢, a,d) and A(A(x)) < a for all x € R(¢p, ¢, a,d) with p(x) = a,

then A has at least three fixed points x1,x,, x3 € P(¢, d) such that

P(x;) <d fori=1,2,3, b < A(x1), a<(xa), A(x) <b with ¢(x3) < a.

(2.9)
3. Single or Twin Solutions
Let
- fQ) fw)
=1 o = : :
f= M T w G

We define iy = number of zeros in the set { fo, foo} and i,, = number of infinities in the set
{fo, fo ). Clearly, ig, i, = 0,1, or 2 and there exist six possible cases: (i) ip = 1 and i, = 1; (ii)
ip = 0and iy, = 0; (iii) ip = 0 and i, = 1; (iv) ip = 0 and iy, = 2; (V) ip = 1 and iy, = 0; (vi)
ip = 2 and iy, = 0. In the following, by using Krasnosel’skii’s fixed point theorem in a cone,
we study the existence of positive symmetric solutions to problem (1.3) under the above six
possible cases.

3.1. For the Caseiy=1and i, =1

In this subsection, we discuss the existence of single positive symmetric solution of the
problem (1.3) under ip = 1 and i, = 1.

Theorem 3.1. Problem (1.3) has at least one positive symmetric solution in the case iy = 1 and
i =1

Proof. We divide the proof into two cases.

Case 1 (fo = 0 and f,, = o0). In view of fy = 0, there exists an H; > 0 such that
fu) < @,(e)pp(u) = @p(eu) for u € (0,Hy], where ¢ arbitrary small and satisfies 0 <

(T/2)pq(J1*h(r)Vr) < 1.
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If u € P with ||u|| = H, then

[Aull = sup [Au|
te[0,T]

()

T/2 T/2
=J0 (pq< h(r)f(u(r))Vr)As

s

T/2 T/2
§e||u||J‘O ¢q<f0 h(r)Vr>As

T T/2
< ||u||7wq< 0 h(r)Vr>

< [feell-

(3.2)

We let Qp, = {u € E : |lu]| < Hy}, then ||Au]|| < ||u|| for u € PN 0Qyy,.
From f,, = oo, there exists an H, > 0 such that f(u) > ¢,(k)p,(u) = ¢,(ku) for
u € [H}, o), where k > 0, and satisfies the following inequality:

2k 1z
1 (pq< h(r)Vr> >1. (3.3)
T n
Set
, T
H, = max{ZHl,Hzﬁ}, Qm, ={u€E:|u|| <H}. (3.4)

If u € P with ||u|| = Ha, then, by Lemma 2.1, one has

> = — > . .
, [1”11,11}’12]Tu(t) T u( > H2 (3 5)
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For u € PN 0Qp,, in terms of (3.3) and (3.5), we get

|Aul| = sup |Au|
te[0,T]

> Au(n)

7 T/2
= J‘O(pq< h(r)f(u(r))Vr> As

S

7 T/2
> foq;q( h(r)f(u(r))Vr> As (3.6)

n

n T/2
> f 0q <I h(r)(pp(ku(r))Vr> As
0 1

2kn? 1z
> =] ||u||<pq< h(r)Vr>
n

> [Jul].

Thus, by (i) of Lemma 2.2, problem (1.3) has at least single positive symmetric solution u in
PN (Qpy, \ Qu,) with H; < ||lul| < Hy.

Case 2 (fo = oo and f,, = 0). Since fy = oo, there exists an Hz > 0 such that f(u) >
¢pp(m)e,(u) = ¢, (mu) for u € (0, Hz], where m is such that

2 2 T/2
%(p& h(r)Vr) >1. 3.7)
n

If u € P with ||u|| = Hs, then, by (3.7), one has

|Au|| = sup |Au|
te[0,T]

1 T/2
> fo‘”"< h(r)f(u(r))Vr> As

1

T/
> 71(,0,,( 2h(r)<p,, (mu(r))Vr> (3.8)

n

2 T/2
> nm?’lnunsoq(f h<r>w>
n

2 [[uall.

If we let Qp, = {u € E : ||u]| < H3}, then ||Au|| > ||u|| for u € P N 0Qp,.
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Now, we consider f., = 0. By definition, there exists H; > 0 such that
f(u) <p(8)pp(u) = p(6u) for u € [Hy, o0), (3.9)

where 6 > 0 satisfies
T/2
671"% <I h(r)Vr) <1. (3.10)
0

Suppose that f is bounded, then f(u) < ¢,(K) for all u € [0, c0) and some constant
K > 0. Pick

T/2
H, = max{2H3, ¥¢q< h(s)As> } (3.11)
0

If u € P with ||u|| = Hy, then

IAull = Au( 3 )
< j:/zsoq <fz/2h(r)f(u(r))Vr>As

T T/2
< K—(pq< h(s)As>
2 0

< Hy

(3.12)

= [lull.

Suppose that f is unbounded. From f € C([0,+o0), [0, +o0)), we have f(u) < C; for
arbitrary u € [0, C4], here C; and Cy are arbitrary positive constants. This implies that f(u) —
+oo if u — +oo. Hence, it is easy to know that there exists Hy > max{2Hj3, (T/2n)H,} such
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that f(u) < f(Hy) for u € [0, Hy]. If u € P with |lu|| = Ha, then by using (3.9) and (3.10), we
have

IAul = au( 3 )
_ fom(pq < f :/Zh(r) f(u(r))Vr> As

T/2 T/2 (3.13)
< fo lpq< h(r)f(H4)Vr>As

0

T T/2
< 6H4§(pq <J h(r)Vr>
0

< ull.

Consequently, in either case, if we take Qp, = {u € E : ||u|| < Hy}, then, for u € P N 0Qp,, we
have ||Aul|| < ||u||. Thus, condition (ii) of Lemma 2.2 is satisfied. Consequently, problem (1.3)
has at least single positive symmetric solution u in P N (ﬁH4 \ Qp,) with Hs < |lu|| < Hy. The
proof is complete. O

3.2. For the Case iy =0 and i, =0

In this subsection, we discuss the existence of positive symmetric solutions to problems (1.3)
underip=0and i, =0.
First, we will state and prove the following main result of problem (1.3).

Theorem 3.2. Suppose that the following conditions hold:

(i) there exists constant p' > 0 such that f(u) < ¢,(p'A1) for u € [0,p'], where Ay =
-1

(T/2)0,(Ji*h(r)Vr))

(ii) there exists constant q' > 0 such that f(u) > ¢,(q'A2) for u € [(211/T)q',q'], where
A2 = (npg([T2h(r)Vr)) ", furthermore, p' #,

then problem (1.3) has at least one positive symmetric solution u such that ||u|| lies between p' and q'.
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Proof. Without loss of generality, we may assume that p’ < ¢g'.

11

LetQ, = {u € E: |jul| <p'}. For any u € PN 0Q,, in view of condition (i), we have

IAull = Au( 3 )
- f:/zsoq <f:/2h<r>f<u<r>>Vr>As

T T/2
Sp’Alz(Pq< . h(T)VT)

= P ,
which yields

|Aul| < [lul| for u € PN oL2y,.

Now, set Qy = {u € E : ||lu|| < 4'}. For u € PN 0Q,, Lemma 2.1 implies that

2n : T
T4 <u(t)y<q forte [q,E]T.

Hence, by condition (ii) we get

JAul = Au( 3 )
K2 <f:/2h(r)f(u(r))Vr> As

T/2
> q’Azmpq< h(r)Vr>

1

!

= q‘
So, if we take Q, = {u € E : [|ul]| < 4'}, then

|Aull > lul, uePnoQ,.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Consequently, in view of p' < ¢/, (3.15) and (3.18), it follows from Lemma 2.2 that problem

(1.3) has a positive symmetric solution # in P N (ﬁq/ \ Q). The proof is complete.

3.3. For the Caseiy=1andi, =0o0riy=0and i, =1

O

In this subsection, under the conditions iy = 1 and i, = 0 orip = 0 and i, = 1, we discuss the

existence of positive symmetric solutions to problem (1.3).
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Theorem 3.3. Suppose that fo € [0,¢,(A1)) and fo, € (¢p((T/21m)A2),0) hold. Then problem
(1.3) has at least one positive symmetric solution.

Proof. 1t is easy to see that under the assumptions, conditions (i) and (ii) in Theorem 3.2 are
satisfied. So the proof is easy and we omit it here. O

Theorem 3.4. Suppose that fo € (¢,((T/2n)A2), ) and fo, € [0,¢,(A1)) hold, then problem (1.3)
has at least one positive symmetric solution.

Proof. Firstly, lete1 = fo—¢,((T/2n)A2) > 0, there exists a sufficiently small g’ > 0 that satisfies

T
(;];((uu)) > fo—€1= <pp<EA2) forue (O,q’]. (3.19)

Thus, u € [(217/T)q, q'], we have
T !
£ > (300 )00 2 9y (Ao, (320)

which implies that condition (ii) in Theorem 3.2 holds.
Nextly, for &2 = ¢, (A1) — foo > 0, there exists a sufficiently large p” (> q') such that

fw
Pp (u) ~

foo+€2=0p(A1) forue [p” o). (3.21)
We consider two cases.
Case 1. Assume that f is bounded, that is,

f(u) < (Pp(Kl) for u € [0/ OO), (322)

here K; > 0 some constant. If we take sufficiently large p' such that p' > max{K;/A,p"},
then

F) < 9p(Kn) < gy (Aap))  for e [0,p]]. (3.23)

Consequently, from the above inequality, condition (i) of Theorem 3.2 is true.
Case 2. Assume that f is unbounded.

From f € C([0, o), [0, 0)), there exists p' > p” such that

fw) < f(p) foruel0,p]. (3.24)
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Since p' > p”, by (3.21), we get f(p') < ¢, (A1p'), hence

f) <f(p) <pp(Mp) forue[0,p]. (3.25)

Thus, condition (i) of Theorem 3.2 is fulfilled.
Consequently, Theorem 3.2 implies that the conclusion of this theorem holds. O

From the proof of Theorems 3.1 and 3.2, respectively, we have the following two
results.

Corollary 3.5. Suppose that fo = 0 and condition (ii) in Theorem 3.2 hold, then problem (1.3) has at
least one positive symmetric solution.

Corollary 3.6. Suppose that fo, = 0 and condition (ii) in Theorem 3.2 hold, then problem (1.3) has
at least one positive symmetric solution.

Theorem 3.7. Suppose that fo € (0,¢,(A1)) and fo, = oo hold, then problem (1.3) has at least one
positive symmetric solution.

Proof. First, in view of f,, = oo, then by inequality (3.7), we have || Au|| > ||u|| for u € PNoQH,.
Next, by fo € (0,¢9,(A1)), for €3 = ¢, (A1) — fo > 0, there exists a sufficiently small p' € (0, H>)
such that

£ < (fo + 3)gp () = gp(Ars) < gy (Asp)) for ue [0,p], (3.26)

which implies that (i) of Theorem 3.2 holds, that is, (3.14) is true. Hence, we obtain ||Au|| <
|lu|| for u € P N 0Ly . The result is obtained and the proof is complete. O

Theorem 3.8. Suppose that fo = co and fo, € (0,¢,(A1)) hold, then problem (1.3) has at least one
positive symmetric solution.

Proof. On one hand, since fy = oo, by inequality (3.9), one gets [|Aul| > ||u||, u € PN 0Qy,. On
the other hand, since f. € (0,¢,(A1)), from the technique similar to the second part proof
in Theorem 3.4, one obtains that condition (i) of Theorem 3.2 is satisfied, that is, inequality
(3.14) holds, one has ||Au|| < |lu|l, u € P N 0Q,, where p' > Hj. Hence, problem (1.3) has at
least one positive symmetric solution. The proof is complete. O

From Theorems 3.7 and 3.8, respectively, it is easy to obtain the following two
corollaries.

Corollary 3.9. Assume that f,, = oo and condition (i) in Theorem 3.2 hold, then problem (1.3) has
at least one positive symmetric solution.

Corollary 3.10. Assume that fo = co and condition (i) in Theorem 3.2 hold, then problem (1.3) has
at least one positive symmetric solution.
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3.4. For the Case iy =0and i, =2o0oriy=2and i, =0

In this subsection, under iy = 0 and i, = 2 or iy = 2 and i, = 0, we study the existence of
multiple positive solutions to problems (1.3).

Combining the proofs of Theorems 3.1 and 3.2, it is easy to prove the following two
theorems.

Theorem 3.11. Suppose that ig = 0 and iy, = 2 and condition (i) of Theorem 3.2 hold, then problem
(1.3) has at least two positive solutions uy,u € P such that 0 < ||uz]| < p' < ||uz|.

Theorem 3.12. Suppose that iy = 2 and i, = 0 and condition (ii) of Theorem 3.2 hold, then problem
(1.3) has at least two positive solutions uy, uy € P such that 0 < ||u1]| < ' < ||uz]|.

4. Triple Solutions

In the previous section, we have obtained some results on the existence of at least single or
twin positive symmetric solutions to problem (1.3). In this section, we will further discuss the
existence of positive symmetric solutions to problem (1.3) by using two different methods.
And the conclusions we will arrive at are different with their own distinctive advantages.

Based on the obtained symmetric solution position and local properties, we can only
get some local properties of solutions by using method one; however, the position of solutions
is not determined. In contrast, by means of method two, we cannot only get some local
properties of solutions but also give the position of all solutions, with regard to some subsets
of the cone, which has to meet some conditions which are stronger than those of method one.
Obviously, the local properties of obtained solutions are different by using the two different
methods. Hence, it is convenient for us to comprehensively comprehend the solutions of the
models by using the two different techniques.

In Section 5, two examples are given to illustrate the differences of the results obtained
by the two different methods.

For the notational convenience, we denote

T/2 T/2
Mg = rl(pq< . h(T)VT>, N§ = Tl‘/’q< h(?’)VT>,

1
(4.1)

T/2 T/2 T T/2
Lé = T(Pq< h(T)VT), LQ = r(Pq< h(r)VT), Wé = E(Pq< h(r)Vr> .

0 r 0

4.1. Result 1

In this subsection, in view of the generalized Avery-Henderson fixed-point theorem [26], the
existence criteria for at least triple and arbitrary odd positive symmetric solutions to problems
(1.3) are established.

For u € P, we define the nonnegative, increasing, continuous functionals y, §, and a by

YW = maxu®) =u(n), Py = min u) =u(n), w2

a(u) = tg{}ﬁ)}(qru(t) =u(r).
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It is obvious that y(u) < p(u) < a(u) for each u € P. By Lemma 2.1, one obtains ||u|| < C*y(u)

forall u € P, here C* =T/2n.
We now present the results in this subsection.

Theorem 4.1. If there are positive numbers a', b', ¢’ such that a' < (2r/T)b' < (2r/T)(c'Ng/M;).

In addition, f(u) satisfies the following conditions:

(1) f(u) <p(c'/ M) foru € [0,(T/2n)c'];
(i) f(u) > @, (b'/Ny) for u € [V, (T/2n)V'];

(iii) f(x) < @, (a'/Le) foru € [0, (T/2r)a].

Then problem (1.3) has at least three positive symmetric solutions uy, up, and usz such that

0 < max u;(f) < a’ < max uy(t),
te[0,r] te[0,r]p
min u(t) <b' < min wuz(t), max uz(t) < c'.
te[n,T/2] 2( ) te[n,T/2] 3( ) te[0,n] ¢ 3( )

(4.3)

Proof. By the definition of completely continuous operator A and its properties, it has to be
demonstrated that all the conditions of Lemma 2.3 hold with respect to A. It is easy to obtain

that A: P(y,c) — P.
Firstly, we verify that if u € 0P(y, ¢), then y(Au) < ¢'.
If u € 0P(y, ¢'), then

u) = max u(t) =u(n) =c.
Y() = max u(t) = u(n)

Lemma 2.1 implies that
T T ,
< — = —
Il < 5 u(n) = ¢!
we have

T T
0<u(t)<—c, te [0, —] .
21 2]

(4.4)

(4.5)

(4.6)
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Thus, by condition (i), one has

y(Au) = max Au(t)
te[0n]y

= Au(n)

i T/2
_ f0<pq< h(r)f(u(r))Vr> As

n T/2
sfoq)q< . h(r)f(u(f)Wf)AS (4.7)

< 19q <fz/zh(r)<pp< a >w>

c T/2
=— h(r)Vr
M; Mg < . >

=c.

Secondly, we show that f(Au) > b’ for u € OP(B,b').
If we choose u € OP(p,b'), then f(u) = minse[,,r/2,u(t) = b'. In view of Lemma 2.1, we
have

flull < —u(n) =— (4.8)
So

! T ! T

Using condition (ii), we get

B(Au) = Au(n)

7 T/2
Zf (pq< h(r)f(u(r))Vr> As
0 i
T/2 )
> ntqu h(r)tpp< b )Vr> (4.10)
n
b/ T/2
> ﬁg’l‘/’q< h(T)VT’>
i

=?.
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Finally, we prove that P(a, a') #@ and a(Au) < a’ for all u € 0P (a, a').

In fact, the constant function a’'/2 € P(a,a’). Moreover, for u € 0P(a,a’), we have
a(u) = maxeor,u(t) = a’, whichimplies 0 < u(t) < a’ fort € [0, r]y. Hence, ||ul| < (T/2r)u(r).
Therefore

T T
Su(t)< —a, t = . :
O_u()_zra, E[O,Z]T (4.11)
By using assumption (iii), one has

a(Au) = (Au)(r)

r T/2

-| soq<f h<r>f<u<r>>>VrAs
0 s
r T/2

§I0¢q< . h(r)f(u(r))Vr)As
T T/2 a

SI0¢q< . h(r)<pp<L—§>Vr>As
a T/2

= L—ér(pq<J‘O h(r)Vr>

=a.

(4.12)

Thus, all the conditions in Lemma 2.3 are satisfied. From (H1) and (H2), we have that the
solutions to problem (1.3) do not vanish identically on any closed subinterval of [0,T].
Consequently, problem (1.3) has at least three positive symmetric solutions u;, uy, and u3
belonging to P(y, '), and satisfying (4.3). The proof is complete. O

From Theorem 4.1, we see that, when assumptions as (i), (ii), and (iii) are imposed
appropriately on f, we can establish the existence of an arbitrary odd number of positive
symmetric solutions to problem (1.3).

Theorem 4.2. Let [ =1,2,...,n. Suppose that there exist positive numbers a;, b,

s17 7S

!
./ Cs, such that

2r 2r N, 2T 2r N,
a, <?bg1<——§c’ < a, <7b’s <——§C’52<a’53<---<a’5

51 T Mg 51 S2 2 T ]\/1'g (413)

I

In addition, f(u) satisfies the following conditions:
(1) f(u) < @p(cy, /M) foru € [0,(T/2n)c,];
(i) f(u) > @p(by, /N) for u € [b,, (T/2n)b,];
(iii) f(u) < @p(ay,/L;) foru € [0,(T/2r)ay,].

Then problem (1.3) has at least 21 + 1 positive symmetric solutions.
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Proof. When I =1, it is clear that Theorem 4.1 holds. Then we can obtain at least three positive
symmetric solutions u1, 1y, and us satisfying

0< rr[1a>]< ui(t) < ag < rr[10a>]< uy (),

min  u(t) < Zot min  us(t), max us(t) <c (4.14)
el /2, N el T/, €Ol o
Following this way, we finish the proof by induction. The proof is complete. O

Using Lemma 2.4, it is easy to have the following results.

Theorem 4.3. Suppose that there are positive numbers a', b', ¢’ such that a' < (Lo/Mg)b' <
(2n/T)(Le/M;)c'. In addition, f(u) satisfies the following conditions:
(i) f(u) > @p(c'/N¢) foru € [, (T/2n)c'];
(ii) f(u) < @p(b'/M;) for u € [0,(T/2n)b'];
(iii) f(u) > ¢@,(a'/Le) foru € [a',(T/2r)a'].

Then problem (1.3) has at least three positive symmetric solutions uy, up, and uz such that

0< maxui(t) <a < max uy (t),
te[0,r]p te[0,r] (4 15)
min uy(t) <b' < min us(t), max uz(f) < c'. '
te[n,T/2]y te[n,T/2]y te[0n]y

From Theorem 4.3, we can obtain Theorem 4.4 and Corollary 4.5.

Theorem 4.4. Let1=1,2,...,n. Suppose that there existence positive numbers a , b\ , ¢\ such that

25 Loc!
a’<£b’<—n Loy

!
WEMRIT N, TSRS TN, ST

A

(4.16)

In addition, f(u) satisfies the following conditions:

(i) f(u) > (pp(c’)tl/Ng)for uce [C}LI, (T/271)C'M]}
(i) f(u) < pp(b) /M) for u € [0,(T/2n)b) ;
(iii) f(u) > (pp(a’)u/Lg)for ue [a’ll, (T/Zr)a’)q].

Then problem (1.3) has at least 21 + 1 positive symmetric solutions.

Corollary 4.5. Assume that f satisfies the following conditions:

(1) f0=oorfoo=oo/

(ii) there exists co > 0 such that f(u) < ¢,((21/T)(co/My)) for u € [0, co],

then problem (1.3) has at least three positive symmetric solutions.
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Proof. First, by condition (ii), let b' = (21/T)co, one gets
v T,
f(u) < (PP<M§> forue [0, Eb], (417)

which implies that (ii) of Theorem 4.3 holds.
Second, choose K3 sufficiently large to satisfy

T/2
K3Lg = Ksrgy <f h(r)Vr> > 1. (4.18)

Since fo = oo, there exists r; > 0 sufficiently small such that
f(w) > ¢, (K3)p,(u) = ¢,(Kzu) forue [0,r]. (4.19)

Without loss of generality, suppose r; < (LgT/2rM;)b'. Choose a’' > 0 such that a’ < (2r/T)r;.
Fora' <u < (T/2r)a’,wehave u <rjand a' < (Lg/M;)b'. Thus, by (4.18) and (4.19), we have

! T
f(u) > ¢, (Kzu) > ¢p(Ksa') > ¢, <Li> foru e [a’, Za’] , (4.20)
0
this implies that (iii) of Theorem 4.3 is true.

Third, choose Kj sufficiently large such that

T/2

KN, = szpq< h(r)Vr> > 1. (4.21)

n

Since fo, = oo, there exists r;, > 0 sufficiently large such that
fu) > @p(Ka)gp(u) = ¢, (Kou) for u>r,. (4.22)

Without loss of generality, suppose r, > (T/2n)b'". Choose ¢’ = r;. Then
' C, ! T !
fw) > ¢p(Kou) > ¢p(Kac') > ¢, ﬁé forue |c, ZC , (4.23)

which means that (i) of Theorem 4.3 holds.
From above analysis, we get

2 !
0<a’<£b’<—q£

M <TG (4.24)

then, all conditions in Theorem 4.3 are satisfied. Hence, problem (1.3) has at least three
positive symmetric solutions. O
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In terms of Theorem 4.1, we also have the following corollary.

Corollary 4.6. Assume that f satisfies conditions

(i) fo=0,fu=0;

(ii) there exists co > 0 such that f(u) > ¢,((2n/T)(co/N¢)) for u € [(21/T)co, co],

then problem (1.3) has at least three positive symmetric solutions.

4.2, Result 2

In this subsection, the existence criteria for at least triple positive or arbitrary odd positive
symmetric solutions to problems (1.3) are established by using the Avery-Peterson fixed point
theorem [27].

Define the nonnegative continuous convex functionals ¢ and p, nonnegative
continuous concave functional A, and nonnegative continuous functional ¢, respectively, on
P by

¢(u) = max u(t) :u<§), p(u) = max

te[0,T/2]; te[r,T/2]

ut (O = [ut ()],
(4.25)
Mw) = gu) = _min u(t) =u(n).

Now, we list and prove the results in this subsection.

Theorem 4.7. Suppose that there exist constants a*, b*, d* such that 0 < a* < (2n/T)b* <
(2n/T)(Ngd*/Wy). In addition, suppose that W; > (pq(j‘z/zh(s)Vs) holds, f satisfies the following
conditions:

(i) f(u) < @p(d/Wy) foru € [0,d°];
(ii) f(u) > ¢p(b*/N;) for u € [b*,d*];

(iil) £(u) < pp(a*/My) for u € [0, (T/2)a"],

then problem (1.3) has at least three positive symmetric solutions uy, uy, us such that
llwil| <d*, i=1,2,3, b* <ui(n), uy(n) <b*, uz (1) < a*. (4.26)

Proof. By the definition of completely continuous operator A and its properties, it suffices to
show that all the conditions of Lemma 2.5 hold with respect to A.
Forall u € P, A(u) = ¢(u) and |lu|| = u(T/2) = ¢(u). Hence, condition (2.8) is satisfied.
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Firstly, we show that A : P(¢,d*) — P(¢,d*).
For any u € P(¢$,d*), in view of ¢(u) = ||u|| < d* and assumption (i), one has

T
|Au|| = Au<5>

T/2 T/2

Jo <I h(r) f(u(r)) Vr>

fm < mh () f (u(r)) Vr> (4.27)
0

0

. T T/
5 <o hr)Vr>

From the above analysis, it remains to show that (i)—(iii) of Lemma 2.5 hold.

Secondly, we verify that condition (i) of Lemma 2.5 holds, let u(t) = kb* with k =
We/N¢ > 1. From the definitions of Ng, W;, and f(u), respectively, it is easy to see that u(t) =
kb* > b* and p(u) = 0 < kb*. In addition, in view of b* < (Nz/W;)d*, we have ¢(u) = kb* < d*.
Thus

{ue P(§,,A,b%, kb, d*) : A(x) > b*} #0. (4.28)

For any u € P(¢,, A, b*, kb*,d*), then we get b* < u(t) < d* for all t € [r,T/2];. Hence, by
assumption (ii), we have

A(Au) = Au(n)

7 T/2

: fosoq< s h(r)f(u(r))Vr>As
n T/2

> f g <f h(r)f(u(r))Vr)As (4.29)
0 1

b* ( T/2
> —np h(r)Vr>
N; "\ ),

=b".

Thirdly, we prove that condition (ii) of Lemma 2.5 holds. For any u € P(¢, \,b*,d")
with f(Au) > kb*, that is,

T/2
B(Au) = |(Au)A(r)| - (pq<f h(s) f(u(s))Vs> > kb*. (4.30)
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So, in view of k = W; /N, W; > (pq(fz/zh(s)Vs) and (4.30), one has

A(Au) = Au(n)

1 T/2
=f0soq<f h<r>f<u<r>>Vr>As

n T/2
> fowq< h(r)f(u(r))Vr>As

1 (4.31)
7 T/2
> f (pq< h(r)f(u(r))Vr> As
0 r
> nkb*
> b*.

Finally, we check condition (iii) of Lemma 2.5. Clearly, since ¢(0) = 0 < a*, we have
0¢R(¢p,p,a*,d*). If u € R(p,¢p,a*,d*) with ¢(u) = mine,r/2,u(t) = a*, then Lemma 2.1
implies that

T *
—a.

o (4.32)

T
lull < 5=u(n) =
2 (D)

This yields 0 < u(t) < (T/2n)a* for all t € [0,T/2];. Hence, by assumption (iii), we have

7 T/2 a*t T/2
M(Au) = Au(n) < I0¢q< ) h(r)f(u(r))Vr> As < ngqy,( ) h(r)Vr> =a*. (4.33)

Consequently, all conditions of Lemma 2.5 are satisfied. The proof is completed. O
We remark that condition (i) in Theorem 4.7 can be replaced by the following condition

(0):

. fw) 1
Jim oo (@) < (p,;(wg ) (4.34)

which is a special case of (i).

Corollary 4.8. If condition (i) in Theorem 4.7 is replaced by (i), then the conclusion of Theorem 4.7
also holds.

Proof. By Theorem 4.7, we only need to prove that (i’) implies that (i) holds, that is, if (i")
holds, then there is a number d* > max{(T/2mn)a*, (W;/N;)b*} such that f(u) < ¢,(d*/ W)
foru € [0,d*].
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Suppose on the contrary that for any d* > max{(T/2n)a*, (W;/N;)b*}, there exists
uc € [0,d*] such that f(uc) > ¢,(d*/W;). Hence, if we choose

T W,
! * * =
¢, > max{ —212 ar, _Ng b } (n=1,2,..)) (4.35)

with ¢}, — oo, then there exist u,, € [0, ¢),] such that

fuy) > (Pp<1fv_n§>/ (4.36)
and so
nh_rﬂof(u") = oo. (4.37)

Since condition (i') holds, then there exists T > 0 such that
u
fu) < (P’”(Wg) for u € (1, 0). (4.38)

Hence, we have u,, < 7. Otherwise, if u,, > 7, then it follows from (4.38) that

£ () s<pp<;‘v—’;> swp(%>, (4.39)

which contradicts (4.36).
Let W = maxye[or f (1), then f(u,) <W (n =1,2,...), which also contradicts (4.37).
The proof is complete. O

Theorem 4.9. Let 1 =1,2,...,n. Suppose that there exist constants aj, b}, d; such that

L 2m ., 2ndiNg
0<a1<Tb1<T Wg

21] d;N‘g
T W;

2.
<ay< oy < <a@j<--<a. (4.40)

In addition, suppose that W; > (pq(fz/ *h(s)V's) holds, then f satisfies the following conditions:

(i) f(u) < gp(d; /W) for u € [0, d;];
(i) £ () > @, (6] /Ny) for u € [}, d}1;
(i) f (1) < pp(al /M) for u € [0, (T/2n)a]],

then problem (1.3) has at least 21 + 1 positive symmetric solutions.

Proof. Similar to the proof of Theorem 4.2, we omit it here. O
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5. Examples

In this section, we give two simple examples to illustrate that the conclusions we will arrive
at are different with their own distinctive advantages.

Example 5.1. Let

T = {0,0.05,0.1,0.15,0.45,0.48,0.5,0.55,0.52, 0.85,0.9,0.95, 1} U [0.22, 0.44] U [0.56,0.78].
(5.1)

Consider the following boundary value problem with p = 3:

(1)) shosaen = e, -

w(0)=u(1)=0,  u®(0)=-u"(1),

where

{t +p(t), t € [0,0.5]r,
h(t) =
1-t+p(1-t), te[051]g,

(0.16, u €[0,0.6],
0.6,1],

[

[ (5.3)
[1,5],

[

[

1049.6u — 629.6, wue€
f(u) =1 420,
2.8364u +405.82, ue

=
m

5,60],
576, u € [60, c0).

Note that T = 1. If we choose 7 = 0.1, r = 0.25, then direct calculation shows that

1/2
M; =1y, <f h(r)Vr) =0.05, (5.4)
0
and N; = 0.0489, L; = 0.125, W; = 0.2500. If we take a' = 0.3,b' = 1, ¢’ = 12, then

¢N,
TEY L9173, (5.5)

2r 2r
"=0. —b' =09714 < —
a O3<Tb 0.9 T M,
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Furthermore,

f(u) =016 <5.76 = (pp<i,> u € [0,06],
:
fu) =420 > 4182 = g, (i>, uell,5], (5.6)

C/
f(u) <576 < 57600 = wp(ﬁg)’ u € [0,60].

By Theorem 4.1 we see that the boundary value problem (5.2) has at least three positive
symmetric solutions u1, 1>, and u3 such that

0<u1(0.25) < 0.3 <up(0.25),  u2(0.1) <1<us3(0.1),  uz(0.1) < 12. (5.7)

Yet, (pq(jl/ 2h(s )Vs) = 0489 > W; = 0.25, hence, the existence of positive solutions of
boundary value problem (5.2) is not obtained by using Theorem 4.7.

Example 5.2. Let

={0,0.05,0.1,0.15,0.45,0.46,0.48,0.5,0.52,0.54,0.55,0.85,0.9,0.95, 1}

(5.8)
U[0.22,0.44] U [0.56,0.78].
Consider the following boundary value problem:
v
(o (w2®))” +h f @) =0, 1€ 1), .
u@0) =u(1)=0,  u*(0)=-u(1),
where
t+p(t), t€1[0,0.5],
ny=14 ""° ’ (5.10)
1-t+p(1-t), te[051].
Note that T = 1. If we choose 1 = 0.45, r = 0.48, then a direct calculation shows that
1/2
M; = q(pq< h(r)Vr) = 0.225,
0
(5.11)

0.5

N;=00981, L;=024, W;=025 W;=025>0218= ¢q<j h(r)Vr
0.45
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Let € be an arbitrary small positive number, a*, b*, and d* are arbitrary positive numbers with

0<a <2 <2t (5.12)
< < . .
a <zn U W,
That is
0 < a* <0.9b* <0.39244*,
) < @ e, 0<u<ga
"\ 0.225 T ’
(5.13)

fu) =19 l(w), a* <u<b
b*

- * < < *

%<OW&>+& brsusd,

where [(u) satisfy [(a*) = ¢,(a*/0.225) —¢, 1(b*) = ¢,(b*/0.0981) +¢, (I*(w)* =0, u € [a*,b*].

It is obvious that (i), (ii), and (iii) in Theorem 4.7 are satisfied. By Theorem 4.7, we see
that the boundary value problem (5.9) has at least three positive solutions u1, 1, and u3 such
that

llwi]| <d*, i=1,2,3, b* < u;p(0.45), a* < uy(0.45), u3(0.45) < a*. (5.14)

However, for arbitrary positive numbers a*, b*, d*, condition (iii) of Theorem 4.1 is not
satisfied. Therefore, Theorem 4.1 is not fit to study the boundary value problem (5.9).
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