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We study the one-dimensional p-Laplacian m-point boundary value problem ((pp(uA(if)))A +
a(t)f(t,u(t)) =0,t € [0,1]3, u(0) =0, u(1) = ZZfa,-u(gi), where T is a time scale, ¢, (s) = |s]P~2s,
p > 1, some new results are obtained for the existence of at least one, two, and three positive
solution/solutions of the above problem by using Krasnosel'skll's fixed point theorem, new fixed
point theorem due to Avery and Henderson, as well as Leggett-Williams fixed point theorem. This
is probably the first time the existence of positive solutions of one-dimensional p-Laplacian m-
point boundary value problem on time scales has been studied.
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1. Introduction

With the development of p-Laplacian dynamic equations and theory of time scales, a few
authors focused their interest on the study of boundary value problems for p-Laplacian
dynamic equations on time scales. The readers are referred to the paper [1-7].

In 2005, He [1] considered the following boundary value problems:

(pp (2 ()" +a(®) f(u(t)) =0, te[0,Tly,
u(0) - Bout () =0,  u*(T) =0 or (1.1)
u?(0) =0, u(T) + Biu®(n7) =0,

where T is a time scales, ¢, (s) = |s|”725, p>1,1€(0,p(t);. The author showed the existence
of at least two positive solutions by way of a new double fixed point theorem.
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In 2004, Anderson et al. [2] used the virtue of the fixed point theorem of cone and
obtained the existence of at least one solution of the boundary value problem:

(gt (®))" +e(h)fw) =0, a<t<b,
u(a) - Bou®(y) =0, u®(b) = 0.

(1.2)

In 2007, Geng and Zhu [3] used the Avery-Peterson and another fixed theorem of cone
and obtained the existence of three positive solutions of the boundary value problem:

(o () +alt) f(u(t) =0, te[0,Tly,
u(0) - Byu® (1) =0, u?(T) = 0.

(1.3)

Also, in 2007, Sun and Li [4] discussed the existence of at least one, two or three positive
solutions of the following boundary value problem:

(pp (W2 (D)) + h(t) fF (D) =0, t€ [a,bly,

(1.4)
u(a) = Bou®(a) =0, u®(o(b)) = 0.

In this paper, we are concerned with the existence of multiple positive solutions to the
m-point boundary value problem for the one dimension p-Laplcaian dynamic equation on
time scale T

(pp (W2 (D)) +a(t) f(t,u() =0, te[0,1]y,

m-2 (15)
u(©0) =0,  u(l)=> au),
i=1
where T is a time scale, ¢,(s) = |S|p_25,p >1,0< g <& < - <épo<1,0< a1 =

1,2,...,m-3, a,_» >0,and

(Hi) 3 %aid < 1;
(HZ) f € Crd([O/ 1]T X [01 OO), [O/ OO))/
(H3) a € Ca([0,1]7, [0,00)) and there exists ty € (¢,—2,1) such that a(ty) > 0.

In this paper, we have organized the paper as follows. In Section 2, we give some
lemmas which are needed later. In Section 3, we apply the Krassnoselskiifs [8] fixed point
theorem to prove the existence of at least one positive solution to the MBVP(1.5). In Section 4,
conditions for the existence of at least two positive solutions to the MBVP (1.5) are discussed
by using Avery and Henderson [9] fixed point theorem. In Section 5, to prove the existence
of at least three positive solutions to the MBVP (1.5) are discussed by using Leggett and
Williams [10] fixed point theorem.

For completeness, we introduce the following concepts and properties on time scales.

A time scale T is a nonempty closed subset of R, assume that T has the topology that
it inherits from the standards topology on R.
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Definition 1.1. Let T be a time scale, for t € T, one defines the forward jump operator o :
T — Thbyo(t) =inf{s € T : s > t}, and the backward jump operator p : T — T by
p(t) = sup{s € T : s < t}, while the graininess function 4 : T — [0, 00) is defined by
u(t) = o(t) —t. If o(t) > t, one says that is right-scattered, while if p(t) < t, one says that
tis left-scattered. Also, if t < sup T and o(t) = t, then t is called right-dense, and if t > infT
and p(t) = t, then t is called left-dense. One also needs below the set T* as follows: if T has
a left-scattered maximum m, then T = T — m, otherwise T* = T. For instance, if supT = oo,
then Tk =T.

Definition 1.2. Assume f : T — Ris a function and let t € T. Then, one defines f2 (t) to be the
number (provided it exists) with the property that any given ¢ > 0, there is a neighborhood
U of t such that

[[f(e®) - f(s)] - fFAWB) o) —s]| <e|o() -s], (1.6)

for all s € U. One says that f is delta differentiable (or in short: differentiable) on T provided
fA(t) exist forall t € T.

If T = R, then f2(t) = f'(t),if T = Z, then f2(t) = Af(t).
A function f: T — R.

(i) If f is continuous , then f is rd-continuous.
(ii) The jump operator o is rd-continuous.
(iii) If f is rd-continuous, then so is f.

A function F : T — Ris called an antidervative of f : T — R, provided F2(t) = f(t)
holds for all t € T*. One defines the definite integral by

b
f F(t)At = F(b) - F(a). (1.7)
Foralla,b € T.If f2(t) > 0, then f is nondecreasing.

2. The Preliminary Lemmas

Lemma 2.1 (see [5, 6]). Assume that (Hy)—(H3) hold. Then u(t) is a solution of the MBVP (1.5) on
[0, 1] if and only if

u(t) = —J‘;q)q (f;a(r)f (t,u(t)) AT) As

i >mila; gi(pq(f(s)a(r)f(T,u(T))AT)As

1- 3" ai (2.1)
i f(l)‘l’q(f(s)ﬂ(T)f(T,u(T))AT)AS
1- ZZIZ@Q ’

where ¢, (s) = |s|"s, (1/p) + (1/q) = 1,and g > 1.
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Lemma 2.2. Assume that conditions (Hq)—(H3) are satisfied, then the solution of the MBVP (1.5) on
[0, 1] satisfies

u(t) >0, tel0,1];. (2.2)
Lemma 2.3 (see [5]). If the conditions (H1)—(H3) are satisfied, then
u(t) > yllull, te[&mal], (2.3)

where

lull = sup |u(®)],

te[0,1]
2.4
Y=min{am—2(1_§m—2) a 2§ » §1} ( )
1 _ am72§m72 4 m—. M—zr M
Lemma 2.4 (see [6]). minep,, ,1)Au(t) = min{Au(l), Au(én-o)}.
Let E denote the Banach space Cyq[0, 1] with the norm ||u|| = Supte[0,11T|”(t)|'
Define the cone P C E, by
P={u€cE|u(t)20,t€ [éno, 1] min u(t) > yllul, u is concave}. (2.5)
The solutions of MBVP (1.5) are the points of the operator A defined by
t s
Au(t) = —J‘ Vg <I a(t)f(r, u(T))AT> As
0 0
|, S afies(foa()f (ru() AT)As o6
1- Z;:Izaiéi '
1
it fotpq(fga(T)f(T,;l(T))AT)AS — ().
1- 3 aidi

So, AP C P. It is easy to check that A : P — P is completely continuous.

3. Existence of at least One Positive Solutions

Theorem 3.1 (see [8]). Let E be a Banach space, and let P C E be a cone. Assume Qq and Q, are
open boundary subsets of E with 0 € 1, Q1 C L, and let A: PN (& \ Q1) — P be a completely
continuous operator such that either

(1) |Au|| < |lu|| for u € PN 0Ly, ||Au|| > ||u|| for u € PN 0Qy; or
(ii) ||Aul| > ||lu|| for u € PN 0y, ||Au|| < ||u|| for u € P N 0oLy, hold.

Then A has a fixed point in P N (Q\ Q).
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Theorem 3.2. Assume conditions (H1)—(Hs) are satisfied. In addition, suppose there exist numbers
0 <7 < R < oo such that f(t,u) < ¢,(m)p,(r), ift € [0,06(1)],0 < u < r,and f(t,u) >

¢p(MY)pp(R), ift € [&n-2,1], R < u < oo, where

_ 1- Z =1 111(;
Yﬁm—zfgmfz(pq(fé La(T)AT)As

_ 1- Zl 1 azél .
fotpq(foa(T)AT)As

Then the MBVP (1.5) has at least one positive solution.

(3.1)

Proof. Define the cone P as in (2.5), define a completely continuous integral operator A : P —

P by

Au(t) = —Ji)(m <f;a(T)f(T, u(t)) AT> As

Sr2aifSgq([oa(r) f(r,u()) AT) As
1- > ai
fo(pq(joa(T)f(T, u(T))AT)As
Z %a; idi

—t.

+t-

From (H;)-(Hs), Lemmas 2.1 and 2.2, AP C P.If u € P with ||u|| = r, then we get

Au(t) = —ft Vg (fsa(’r)f(r, u(t)) AT) As

> ‘a; fo (Pq(fga(T)f 7, u(T))AT)As
-3 a1§1
 Jopaya () f (r,u() A7) As
1- 3 %ai
Jo‘Pq(Ioa(T)f(Tr”(T JAT)As
1- 37
fotpq(foa(T)AT)As
-3 azél
fo(pq(joa(’r AT)As =l
1- 372

<@y (‘Pp (m) Pp (r))-

IN
,}

(3.2)

(3.3)

This implies that ||Au|| < ||u||. So, if we set Q; = {u € Crq([0,1]) | |Ju|| < r}, then ||Au|| < ||ul|,

for u € PN oQ;.
Let us now set Q, = {u € C,q([0,1]) | ||u|| < R}.
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Then for u € P with [Ju|| < R, by Lemma 2.4 we have u(t) > yllull, t € [én-, 1].
Therefore, we have

[Au®)]| = Au(Gn-2)

= —sz2¢q <Isa(7)f(T, u(t)) AT) As

fo wq([3a(t) f(T,u(T))AT) As
1- Z;:Izaiéi
[oa([5a(r) f (r,u(r)) AT)As
-3 azﬁz
b2 opq([5a(T) f(z,u(1))AT) As - [T ([3a(T) f (7, u(7)) AT) As
) 1- 5 2ai

1 Z mzfa <§1J ¢q<f0a(T)f(T,u(T))AT>AS

_ gmzfzigoq <Jia(’r)f(7; u(t)) AT) As) (3.4)

 dn2fo@a(fa(0) f (7, u(r)) A7) As
1- le 1 al‘gz
[ gy(fha(n) f(r,u(r) AT) As
1- Zm_Za'éi
ém zfgm Q‘Pq(jgm Za(T)f(T u(t))At)As
1-35 azgz
tnafy 0q([i a(r)AT)As
1- Zl 1 azéz

> % b 2jlm2¢q<f:mza(T)AT> As = lull.

Hence, ||Au|| > |lul| for u € P N 0Q,. Thus by the Theorem 3.1, A has a fixed point u in
Pn (ﬁz \ Q). Therefore, the MBVP (1.5) has at least one positive solution. O

_ng

+ ém—Z .

> 4 (9p (MY)pp(R))

4. Existence of at least Two Positive Solutions

In this section, we apply the Avery-Henderson fixed point theorem [9] to prove the existence
of at least two positive solutions to the nonlinear MBVP (1.5) .

Theorem 4.1 (see Avery and Henderson [9]). Let P be a cone in a real Banach space E. Set

P(D,p3) ={ueP|®u)<ps}. 4.1)
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If v and @ are increasing, nonnegative continuous functionals on P, let 6 be a
nonnegative continuous functional on P with 6(0) = 0 such that, for some positive constants
psand M >0, ®(u) < 0(u) <v(u) and ||ul| £ MD(u), for all u € P(D, p3). Suppose that there
exist positive numbers p; < p» < p3 such that 0(Au) = A0(u) forall0 <A <1and u € 0P(6, p2).

If A: P(®,p3) — Pisacompletely continuous operator satisfying

(i) D(Au) > ps for all u € OP(D, p3);
(i) O(Au) < py for all u € OP(6, p2);
(iii) P(v, p1) #¢ and v(Au) > p; for all u € OP(v, p1), then A has at least two fixed points
w1 and up such that p; < v(u;) with 8(u1) < p2 and p3 < (up) with @(up) < ps.

Letl € (0,1)p and 0 < ¢,,—» < I < 1. Define the increasing, nonnegative and continuous
functionals @, 6, and v on P, by ®(u) = u(¢,,—2), 0(u) = u(éu—2), and v(u) = u(l).

From Lemma 2.4, for each u € P, ®(u) = 0(u) < v(u).

In addition, for each u € P, Lemma 2.3 implies ®(u) = u(&,,—2) > yllu|l.

Thus,

[l < %(D(u), Yu e P. (4.2)

We also see that 6(0) = 0 and 0(Au) = AO(u) forall 0 <A <1and u € 0P(0,q).

Theorem 4.2. Assume (H1)—(Hs) hold, suppose there exist positive numbers p1 < pp < p3, such that
the function f satisfies the following conditions:

(B1) f(t,u) > @p(my)p,(p1), for t € [&n o, 1] and u € [yp1, p1l;
(B2) f(t,u) <p(m)py(p2), for t € [§m—2,1] and u € [0, pa];
(Bs) f(t,u) > ¢p(MY)pp(p3), for t € [§m-2,1] and u € [ps, (1/7)ps].

Then the MBVP (1.5) has at least two positive solutions u; and u, such that u;(t) > p;
with 13 (I) < po and us (1) > po with uy (1) < ps.

Proof. We now verify that all of the conditions of Theorem 4.1 are satisfied.
Define the cone P as (2.5), define a completely continuous integral operator A : P —
P by

Au(t) = —f;¢q <Jja(’r)f(7‘, u(t)) AT) As

. Stlafiey(Jha(n) f(r,u(r) A)As

1- 37 ai; (43)
;. JopaJia()f (r,u(m) ) as
1- ZZIZQiéi .

M and m as in (3.1). To verify that condition (i) of Theorem 4.1 holds, we choose u €
OP (D, p3), then ®(u) = ps. This implies p3 < |Ju|| < (1/y)@(u). Note that |ul| < (1/y)DP(u) =
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(1/y)ps. We have p3 < u(t) < (1/y)ps, for t € [¢,-2,1]1. As a consequence of (Bz), f(t,u) >
¢p(My)p,(ps), for t € [&,2,1]7. Since Au € P, we have from Lemma 2.2,

D(Au) = (Au) (ém-2)

= _J‘zmz% (fsa(T)f(T, u(t)) AT) As

0
e Zingzaifg"(pq(j‘;a(T)f(T,u(T))AT)As

1- Z?iizaiéi
[opq([3a(m) f (7, (7)) AT) As
+ ém—2 N =
1-35 aig
_ bnaloga (5@ (7, u(r) AT)As - [5*py([a(r) f (v, u(1)) A7) As
: 1- 32 a
m-2 Em-2 s
" ml_z Qi (éif <Pq<f a(r)f (Tr”(T))AT> As
IR 0 0 (4.4)

i=1

- §m—2J.Zi(pq (IZa(T)f(T, u(t)) AT> As)

S gm_Qj(l)(pq(fga(T)f(T, u(t))AT)As - J'g’"’z(pq(f;a(T)f(T,u(T))AT)As
) 1- 3 aig

Sl 9a(foa(@)f (7,u(r) A7) As

B 1- 3 ai;

& fl R ([ra(t)AT)As
2 ‘Pq(‘PP(MY)‘PP (p3)) - gwi ~ qzn?—za'g_
i=1 AiGi

M e 1 s
> —Yp:i 2 j ¥q <I a(’r)A’r)As > ps.
1- Zizl aiéiJ s 0

Then condition (i) of Theorem 4.1 holds.
Let u € 0P(B,p2). Then O(u) = p,. This implies 0 < u(t) < |u|l < (1/y)p2, for t €
[&m-2,1]. From (B,), we have
0(Au) = (Au) (§m-2)
opa(fya(r)f(x,u(r))AT)As

= 1- 37 2a;
<o Jepafia(m)(mum) An)as (45)
- 1- 3 %ai
‘ fé(ﬁq(fga(T)AT)AS -
= say

Hence condition (ii) of Theorem 4.1 holds.
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If we first define u(t) = p1/2, for t € [0, 1], then v(u) = p1/2 < p1. So P(v, p1) # ¢.
Now, let u € 0P (v, p1), then v(u) = u(l) = p;. This mean that p;/y < u(t) < ||lu|| < p1.
From (B;) and Lemma 2.4, we get

v(Au) = (Au)(l) 2 (Au) (ém—2)

= —J‘zmztpq <fsa(T)f(T, u(t)) AT) As

Sl 9q([oa(n) f (7, u(r)) AT) As
1-— Zm—Za él
fo‘Pq(.[oa(T)f(T u(T))AT)As
1- 30 ai
& [o0a([5a(T) f (T, u(T) AT) As — [, ([Sa(T) f (T, u(T)) AT) As
1-3m2 aiéi

1 Z lga <§,f§m thq <J‘Za(T)f(T,u(T))AT) As (6)

_ gm_zj'é"(pq (fsa(r)f(T, u(t)) AT) As>

 bne2foa([3a(m) f (r,u(r) Ar)As - 2 y([3a(T) f (7, u(T)) AT) As
1-3% aiéi
_ bn2 fi 0q(fs a(r)f(r,u(r)AT)As
- 1—222211@1
§m,2f§miz(pq(f§m72a(7')AT)AS
1- 3 ai;

mYpl 1 s
=—— ¢, 2,[ %) (I a(T)AT>As > p1.
1 - Z [1 ‘;: &m2 ! &m-2

Then condition (iii) of Theorem 4.1 holds.

Since all conditions of Theorem 4.1 are satisfied, the MBVP (1.5) has at least two
positive solutions u; and u, such that u;(t) > p; with u1(I) < p and ux(l) > p, with
uz(l) < p3. O

_ ém—

+émo-

> g (¢p (my) g, (p1))

5. Existence of at least Three Positive Solutions

We will use the Leggett-Williams fixed point theorem [10] to prove the existence of at least
three positive solutions to the nonlinear MBVP (1.5).

Theorem 5.1 (see Leggett and Williams [10]). Let P be a cone in the real Banach space E. Set

Pr={xeP||x|<r}, -
P(¥,a,b)={xeP|a<¥(x), x| <b}. G-
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Suppose A : Pr — Pr be a completely continuous operator and be a nonnegative
continuous concave functional on P with W(u) < ||u|| for all u € Pr. If there exists 0 < p; <
p2 < (1/y)p2 < ps such that the following condition hold:

(i) {ue P(W,p2, A/7)p2) | ¥(u) > p2} # ¢ and W(Au) > p, forallu € P(¥, po, (1/7)p2);
(i) [|Au] < p1 for [lull < pr;
(iii) W(Au) > ps for u € P(¥, p2, (1/7)p2) with ||Au|| > (1/y)p2, then A has at least three

fixed points u;, 1, and u3 in Pr satisfying |[u1]] < p1, W(u2) > p2,p1 < |Jus|| with
¥(u2) < po.

Theorem 5.2. Assume (Hq)—(H3) hold . Suppose that there exist constants 0 < p1 < p2 < (1/y)p2 <
p3 such that

(C1) f(t,u) < pp(m)py(ps), for t € [§m-a, 1] and u € [0, ps];
(C2) ft,u) > op(My)pp(p2), for t € [§m, 1] and u € [p2, (1/y)p2];
(C3) f(t,u) < @p(m)e,(p1), for t € [én2,1] and u € [0, p1].

Then the MBVP (1.5) has at least three positive solutions u;, uy, and u3 such that
u1(§) < p1, ua(l) > p2, u3(§) > p1 with uz(l) < po.

Proof. The conditions of Theorem 5.1 will be shown to be satisfied. Define the nonnegative
continuous concave functional ¥ : P — [0, 00) to be ¥(u) = u(é;;-2), the cone P as in (2.5),
M and m as in (3.1). We have W(u) < ||u|| forallu € P.If u € I_DPB, then ||u|| < p3, and from
assumption (C;) , then we have

(Au)(t) = —ft ¥q (JSQ(T)f(T, u(t)) AT) As

> alfo(pq(fga(T)f(T,u(T))AT)As
1 Zm—zalél
fo(pq(foa(T)f(T, u(t))AT)As
-5 algl
fo‘Pq(fo f(T u(r))At)As
1- Z aiéi
fotpq(f;a(T)AT)As
1- 3 ai;
gnmyf@qﬁ“”A”As=m,

1- ZI 1 az‘gz

(5.2)

< 9q(9p(m)ipp(p3)) -

This implies that ||Au|| < p;. Thus, we have A : 1_9103 — ﬁpg. Since (1/y)p2 €

P(¥,p2,(1/y)p2) and W((1/y)p2) = (1/y)p2 > po,{u € P(¥,p2, (1/y)p2)[¥ (1) > p2} # 9.
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For u € P(¥, py, (1/y)p2) we have p; < u(én-2) < |lull < (1/y)p2. Using assumption (Cp),
f(t,u) > ¢,(My)py,(p2), we obtain

W(Au) = (Au) (énz)

_ —J‘zm_z(pq (fsa(r)f(T, u(T))AT) As

> alfo (pq(foa(r)f(T u(t))AT)As

- gm—Z

1- Z:’zlzalél
jo‘/’q(foa(’f)f(’l' u(t))AT)As
’ gm_ m-2
1- Z =1 a§,
_ ém- 2fo‘l’q(fo )f (7, u(T))AT)As - jém 20q([0a(7) f(T,u(1))AT) As
1- Z:Z12a1§1
m-2 2 s
1 Z:nlz a;éi i1 al( 'J‘o Pq <J.Ol1(T)f(T/u(T))AT) As 653

_ §m_2fgi¢q (Isa(T)f (t,u(t)) AT) As)

§m 2fo(pq(j0 (1) f (T, u(t))AT)As - fém pq(Joa(T) f (r,u(T))AT)As
1- 3 ai
>§m4gﬂwﬂﬁwﬂﬁiﬂ%uﬁﬁAﬂAS
) 1- 3 a
gm_zfgm_ztpq(fgm_za(T)AT)As
1- 30 aig

MYP2 J<1 s
2 —— 5 "bm 0] <f a(T)AT>As > po.
1 - Zi=12ai§i §m72 i §m—2

2 g (‘PP(MY)‘PP (p2))

Hence, condition (i) of Theorem 5.1 holds.
If ||u|| < p1, from assumption (C3), we obtain

[0q([Sa(T)AT)As
1- 302

' f(l)(pq(fga(T)AT)As

S

(Au)(t) < 9q(0p (M) gy (p1)) -
(5.4)

<m

=p1.

This implies that || Au|| < p1.
Consequently, condition (ii) of Theorem 5.1 holds.
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We suppose that u € P(¥, py, p3), with || Au|| > (1/y)p2. Then we get

Y(Au) = (Au)(&n-2)
| bn [, ¢q(f3 a(r)f(z,u(r))AT)As

B 1- 372
tmafy g5 a(r)AT)As (5.5)
> g (9p (MY)pp (p2)) e 1 _ng'Z‘Za-g-
i=1 “151
Myp» ., :
2 1— ZZIzaiéi 5m2Lﬂ‘Pq (Lmza(T)AT) As > po.

Hence, condition (iii) of Theorem 5.1 holds.

Because all of the hypotheses of the Leggett-Williams fixed point theorem are satisfied,
the nonlinear MBVP (1.5) has at least three positive solutions w1, u,, and u3 such that u; (&) <
p1, uza(l) > pp, and uz (&) > p1 with uz(l) < po. O
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