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1. Introduction

The aim of this paper is to investigate the permanent property of the following nonau-
tonomous discrete n-species cooperation system with time delays and feedback controls of
the form:

xi(k — 7i;)
a,-(k) + Z}?:l,j#i b,-j(k)x]-(k - Ti]‘)

xi(k +1) = xi(k) eXp{n(k) [1 - - ci(k)xi(k - Tii)]

1.1
i (R)us(k) — e (k) (k —m)}, (1)

Aui(k) = —ai(k)ui(k) + pi(k)xi(k) + yi(k)xi(k - 61),

where x;(k) (i = 1,...,n) is the density of cooperation species x;, u;(k) (i = 1,...,n) is the
control variable (see [1, 2]).
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Throughout this paper, we assume the following.
(Hy) ri(k),ai(k),bij(k),ci(k), di(k),ei(k), ai(k), pi(k),yi(k), i,j = 1,2,...,n are all
bounded nonnegative sequences such that

1 u 1 u 1 u
O<r; <1}, O0<a;<af, 0<bl.].§bl.].,
0<c<ct, 0<d <d, 0<el<et, (1.2)

O<ai<al<l, O0<pi<pl, 0<y <y

Here, for any bounded sequence {h(k)} and N = {0,1,2,...}, h* = sup, 5 {h(k)} and H =
infyen {h(k)}.

(H2) ij,mi, 01, i,j = 1,2,...,n are all nonnegative integers.

Let 7 = max{T, 04,1, i,j = 1,2,...,n}; we consider (1.1) together with the following
initial conditions:

xi(0) =¢i(0) >0, O8eN[-7,0]={-7,-7+1,...,0}, 9:(0) >0,
1.3
u;(0) =¢i(0) >0, O8e N[-7,0]={-7,-7+1,...,0}, ¢:(0) > 0. (9

It is not difficult to see that the solutions of (1.1)—(1.3) are well defined for all k > 0 and satisfy
xi(k) >0, uj(k)>0, forkez, i=1,2,...,n, (1.4)

where Z is the set of integer numbers.
Recently, Chen [3] proposed and studied the permanence of system (1.1). Set

ex TV’Tii+1 -1 "y .uMi
Mi = plrit i ) }, M, = Mll)l (1.5)
crf a;
Using the comparison theorem, he obtained the following result.
Theorem A (see [3]). Assume that (H1) and (Hy) hold, and assume further that
(Hs)
r>(di+eYMp, i=12,...,n (1.6)

holds, then system (1.1) is permanent.

However, as was pointed out by Fan and Wang [4], “if we use the method of
comparison theorem, then the additional condition, in some extent, is necessary. But for
the system itself, this condition may not necessary.” In [4], by establishing a new difference
inequality, Fan and Wang showed that feedback control has no influence on the permanence
of a single species discrete model. Their success motivated us to consider the persistent
property of system (1.1). Indeed, in this paper, we will develop the analysis idea of [3] and
apply the difference inequality obtained by Fan and Wang [4] to prove the following result.
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Theorem 1.1. Assume that (H1) and (H,) hold, then system (1.1) is permanent.

Remark 1.2. Theorem 1.1 shows that feedback control variables have no influence on the
permanent property of system (1.1). Itis natural to ask whether the feedback control variables
have the influence on the stability property of the system or not. At present, we had difficulty
to give an affirm answer to this problem, and we will leave this in our future study.

We will prove Theorem 1.1 in the next section. For more works on cooperative system
and feedback control ecosystem, one could refer to [1-23] and the references cited therein.
2. Proof of Theorem 1.1
Now we state several lemmas which will be useful for the proof of our main result.

Lemma 2.1 (see [5, page 125]). Consider the first-order difference equation

y(k+1)= Ay(k)+B, k=1,2,..., (2.1)

where A and B are positive constants. Assume that |A| < 1, for any initial value y(0), there exist a
unique solution y(k) of (2.1) which can be expressed as follows: y(k) = A*(y(0) — y*) + y*, where
y* = B/(1 - A). Thus, for any solution {y(k)} of system (2.1), one has

Jm y(k) =y (2.2)

Lemma 2.2 (see [5, page 241] (Comparison theorem)). Let k € N = {ko,ko +1,... ko +
I,...}, r 2 0. For any fixed k, g(k,r) is a nondecreasing function, and for k > ko, the following
inequalities hold:

y(k+1) < g(k,y(k)),

(2.3)
u(k +1) > g(k,u(k)).
If y(ko) < u(ko), then y(k) < u(k) for all k > ko.
Lemma 2.3 (see [6, Theorem 2.1]). Consider the following single species discrete model:
N(k+1) =N(k)exp<r(k)<1— %)), (2.4)

where {r(k)} and {h(k)} are strictly positive sequences of real numbers defined for k € N =
{0,1,2,...} and 0 < K < h*, 0 < 7! < r*. Any solution of system (2.4) with initial condition N (0) >
0 satisfies m < liminfy ., N(k) < limsup,_, . N(k) < M, where M = (h*/r")exp(r* —

1), m = hlexp(r*(1 - M/h")).

Lemma 2.4 (see [7]). Assume that {x(k)} satisfies

x(k +1) > x(k) exp{a(k) - b(k)x(k)}, k= Ny, (2.5)
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limsup, ., x(k) < x*, and x(No) > 0, where a(k) and b(k) are nonnegative sequences bounded
above and below by positive constants and Ny € N. Then

1 !
liminf x(k) > min{ Z—u exp{al — bux*} a } (2.6)

k— +0 ! F
Lemma 2.5 (see [4]). Assume that A > 0and y(0) > 0. Further suppose that
(i)
y(n+1)<Ay(n)+B(n), n=12,.., (2.7)

then for any integer k < n, y(n) < Aky(n—k) + X5 A'B(n—i-1). Especially, if A < 1
and B is bounded above with respect to M, then limsup, ., y(n) < M/(1- A);

(ii)
y(n+1)>Ay(n)+B(n), n=12,.., (2.8)

then for any integer k < n, y(n) > Aky(n—k) + X5 A'B(n—i-1). Especially, if A < 1
and B is bounded below with respect to m*, then liminf;_, ., y(n) > m*/(1 - A).

Lemma 2.6. Let (x(k), u(k))" = (x1(k),...,xn(k), u1(k), ..., un(k))" be any positive solution of
system (1.1), there exists a positive constant M, which is independent of the solution of system (1.1),
such that

limsup x;(k) < M; limsupu;j(k) <M, i=12,...,n (2.9)

k—+o0 k—+o0

Proof. Let (x(k),u(k))" = (xi(k),...,xq(k),u1(k),..., un(k))" be any positive solution of
system (1.1); similarly to the proof of Theorem 2.1 in [3], we have

lim sup x;(k) < My, limsup u;(k) < Mp, (2.10)

k—+o0 k—+o0

where M;1, Mp, i =1,2,...,n are defined by (1.5). In fact, from the ith equation of (1.1), it
follows that

xi(k +1) < xi(k) exp{ri(k)}. (2.11)
Let x;(k) = exp{Nj(k)}, then (2.11) is equivalent to

Ni(k +1) - Ni(k) < ri(k). (2.12)
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Summing both sides of (2.12) from k — 7;; to k — 1 leads to

k-1 k-1

(Ni(j+1) = Ni(j)) <
j=k-Tii j=k-Tii

ri(j) < ri'mi. (2.13)
We obtain that N;(k — 7;;) > N;(k) - r{t;; and hence,
xi(k — 7;i) > xi(k) exp{-r{'Tii}. (2.14)

Substituting (2.14) to the ith equation of (1.1), it immediately follows that

xi(k +1) < x;(k) exp[ri(k)(1 - ci(k)xi(k - 7:))]

(2.15)
< xi(k) exp[ri(k) (1 - ci(k)xi(k) exp{-ri'Ti})].
By applying Lemmas 2.2 and 2.3 to (2.15), we have
u i+ 1)-1
lim sup x; (k) < explr] (Tl - ks NV (2.16)

k— +oo Gt
For any small enough € > 0, it follows from (2.16) that there exists enough large K; such that
xi(k) < My +¢, fork>Kj. (2.17)
This, together with (n + i)th equation of (1.1), leads to
Aui(k) < —ai(k)u;(k) + (Bi(k) + yi(k)) (Ma +€), for k>K;+T. (2.18)
And so,

uik +1) < (1 - ag)ui(k) + (B +y")(My +€), fork>Ky+7. (2.19)

Notice that 0 < 1 — ai < 1; it follows from (2.19) and Lemmas 2.1 and 2.2 that
limsup, _,, ui(k) < (B +y/)(Mi + e)/ai.. Let ¢ — 0in above inequality, then

P Mi
limsup u;(k) < Lll)l

k—+o0 i

= Mp. (2.20)

Set M = max;{ Mj1, Mj;}. The conclusion of Lemma 2.6 holds. The proof is complete. O
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Lemma 2.7. Let (x(k),u(k))" = (x1(k),..., xu(k),u1(k), ..., u,(k))" be any positive solution of
system (1.1), there exists a positive constant m, which is independent of the solution of system (1.1),
such that

liminf x;(k) > m; liminf u;(k) > m. (2.21)
k—+o0 k—+o0

Proof. Let (x(k),u(k)" = (x1(k),..., xp(k), u1(k),..., us(k))" be a solution of system (1.1)
satisfying the initial condition (1.3). From Lemma 2.6, there exists a K; such that for all k >
Ky, xi(t) <2Mj1, ui(k) <2Mj. Thus, for k > Ky + 7, from the ith equation of system (1.1), it
follows that

xi(k +1) > x;(k) exp{ri(k) <1 - M - cixi(k - Tii)> -2(d' + e:.‘)Ml-z}
a

i

2M;
> x;(k) exp{r§<1 - =R ZCyMﬂ> —2(d + e:.‘)Miz}
a

i

(2.22)

2'ril‘]\/Ii1 I u u u
> xi(k) exp]{ - T 2ric My —2(d¥ + e}') M
i

L xi(k) exp{éi}.

Obviously, ¢; is a negative constant. Let x;(k) = exp{N;(k)}, the above inequality is
equivalent to

Ni(k+1) - Ni(k) > & (2.23)

Summing both sides of (2.23) from k — m to k — 1 leads to Z;.‘;,i_m(Ni(j +1) = Ni(j)) = ¢im,
and so, N;(k — m) < N;(k) — {;m, therefore,

xi(k —m) < xi(k) exp{-¢im}. (2.24)
Specially, we have

xi(k — 0) < xi(k) exp{-ioi} < xi(k) exp{-GiT},
xi(k — ;i) < xi(k) exp{=§iTii} < xi(k) exp{-&iT}, (2.25)

xi(k = 1) < xi(k) exp{—¢imi} < xi(k) exp{-¢&iT}.
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Substituting the first inequality into the (n + i)th equation of system (1.1) leads to

wi(k +1) < (1= (k)i (k) + Bi(k)xi (k) + yi(K)xi(k) exp(~&i7)
(2.26)
< (1-a)ui(k) + Bxi () + yixi (k) exp (&) = A (k) + Bixi(K),

where A; = 1-al, B; = p* + y*exp{-¢;i7}. Then Lemma 2.5 and (2.24) imply that, for any
integer s < k,

s—1
ui(k) < Ajui(k - s) + > Bixi(k—j-1)
=0
] (2.27)

< Afui(k - s) + Sz_lBi exp{—¢i(j +1)}xi(k).
=0

Note that 0 < 1-a! < 1 and for enough large k, s, which satisfy k—s > K3, then u;(k—s) < 2M
and limg ., A} = 0. Thus, for k,s — +ooand k —s > Ky, 0 < Aju;j(k —s) <2AM — 0.
Then, there exists a positive integer K, > K; such that for any positive solution of system
(1.1),2(d¥ +el')Ai M < (1/2)1“1?, foralls > Kyandi=1,2,...,n. Infact, we could choose K; =
max;{|InC;/ In A;|}, where C; = (1/2)rf/2M(dl?‘ +el), i=1,2,...,n. Fix Ky, for k > K> + K3,
we get

Kp-1
ui(k) < A,Kzui(k -Ky) + Z Bixi(k—j-1)
=0
Kp—1
< 2AleM + Z Bl‘ exp{—gi (] + 1) }.X'l(k) (228)

j=0

L2 AR M + Dy, (k).

And so, for k > K, + K7 + 7, we have

ui(k - 1;) <2AM + Dix; (k - 177). (2.29)
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Substituting (2.28) and (2.29) into the ith equation of system (1.1), this together with (2.25)
leads to (note that 2(d} + el?‘)AIKZM < /2)rl.l)

xi(k +1) > xi(k) exp [r,-(k) <1 - <% + cl”> exp{—gir}xi(k)>

i

—di(k) (2A§<2M + Dixi(k)> —ei(k) <2A{<2M + Dix;(k - qi))]

> xi(k) exp [ri(k) <1 - <ll + cl”> exp{—gir}xi(k)>
a;

—d;(k) (2Af<2M + Dixi(k)> — ei(k) <2A{<2M + Dy exp{-4iT }xi(k)>]

= xi(k) exp [(n(k) - 2(d;(k) + ei(k))zAfZM>

- <Ti(k) <% + Clu> exp{-GiT} +di(k)D; + ei(k)D; eXP{—QiT}>xi(k)]

i

> x;(k) exp [(rll -2(d} + ef‘)ZAI.KZM>

- <r1” <% + cl‘) exp{-Git} +d;'D; + e} D; exp{—gir}>xi(k):|

i

> () exp 57! - Exnik)

(2.30)
where E; = rz?‘(l/aﬁ. +c)exp{=¢iT} +d!'D; + el'D;exp{-§iT}.
By applying Lemma 2.4 to (2.30), it immediately follows that
lllcrili];f xi(k) > mj. (2.31)
where m;; = min{(1 /2)ril/E,~, ((1/2)r}/E,~) expf (1/2)rf - E;M}}.
From (2.31), we know that there exists enough large K3 > K, + K; + 7 such that
1
x;(k) > Emil, for k > K + . (2.32)

This together with the (n + i)th equation of (1.1) leads to

Aui(k) 2 —ai(k)ui(k) + %(ﬁi(k) +7i(k))my, for k> Ks+T. (2.33)
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And so,
1
ui(k +1) > (1-af)ui(k) + 5 <ﬂ£ + Yf)mﬂ, for k > Kz + 7. (2.34)
Noticing that 0 < 1 - a} <1 and applying Lemmas 2.1 and 2.2 to (2.34), we have

lim inf u; (k) > ( - ) E (2.35)
— +00

i

Setting m = min;{m;;, mp}, the conclusion of Lemma 2.7 follows. This ends the proof of
Lemma 2.7. ]

Proof of Theorem 1.1. Lemmas 2.6 and 2.7 show that under the assumptions (H;) and (H>), for
any positive solution (x(k),u(k)) = (x1(k), ..., x0(k),ur(k), ..., u, (k)T of system (1.1), one
has

m < llicminfxi(k) < limsup x;(k) < M,
— 400 k — 400
' (2.36)
m < llicminfui(k) <limsupu;(k) < M,

—to k—+c0

where m and M are independent of the solution of system (1.1), thus, system (1.1) is
permanent. This ends the proof of Theorem 1.1. O

3. Conclusions

Stimulated by the works of Fan and Wang [4], in this paper, we revisit the model proposed by
Chen [3]. We showed that condition (H3) in [3] is not necessary to ensure the permanence of
the system, which means that feedback control variables have no influence on the persistent
property of system (1.1).
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