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1. Introduction

The stability of dynamical neural networks with time delay which have been used in many
applications such as optimization, control, and image processing has received much attention
recently (see, e.g., [1-15]). Particularly, the authors [3, 8, 9, 14, 16] have studied the stability
of neural networks with time-varying delays.

As pointed out in [8], Global dissipativity is also an important concept in dynamical
neural networks. The concept of global dissipativity in dynamical systems is a more
general concept, and it has found applications in areas such as stability theory, chaos
and synchronization theory, system norm estimation, and robust control [8]. Global
dissipativity of several classes of neural networks was discussed, and some sufficient
conditions for the global dissipativity of neural networks with constant delays are derived in
[8].

In this paper, without assuming the boundedness, monotonicity, and differentiability
of activation functions, we consider the following delay differential equations:
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xXj(t) = =di(t)xi(t) + D aii (8) £ (x; (1)) + D bij (1) fj (2 (£ = 75(8)))
i—1 i=1
) t : : 1.1)
+ZCij(t)I Hij(t—s)f]-(x]-(s))ds+],-(t), i= 1,2,...,71,
=1 —oo

where n denotes the number of the neurons in the network, x;(t) is the state of the ith neuron

attime £, x(t) = [x1(8), %2(), ..., xa (D] € R, f(x(t)) = [f1(r1(8)), fo(a(D), -, fuCen ()] €
R" denote the activation functions of the jth neuron at time ¢, and the kernels H;; : [0, +00) —
[0, +00) are piece continuous functions with jngij(s)ds = hj < wforij=12,...,n
Moreover, we consider model (1.1) with 7;;(t), di(t), a;j(t), bij(t), cij(t), and J;(t) satisfying
the following assumptions:

(A1) the time delays 7;;(t) € C(R, [0, o)) are periodic functions with a common period
w(>0)fori,j=1,2,...,n

(A2) ¢;j(t) € C(R, [0, 0)), aij(t), bij(t),cij(t), Ji(t) € C(R, R) are periodic functions with a
common period w(>0) and f; € C(R,R), i,j=1,2,...,n.

The organization of this paper is as follows. In Section 2, problem formulation and
preliminaries are given. In Section 3, some new results are given to ascertain the global robust
dissipativity of the neural networks with time-varying delays. Section 4 gives an example to
illustrate the effectiveness of our results.

2. Preliminaries and Lemmas

For the sake of convenience, two of the standing assumptions are formulated below as
follows.

(A3) |fj(u)| < pjlul+g;forallu € R,j=1,2,...,n,where p;, q; are nonnegative constants.

(A4) There exist nonnegative constants p;, j = 1,2,...,n, such that | f;(u) - f;(v)| < pjlu-
v| for any u,v € R.

Let

T = max sup{z;(t)}. (2.1)

1<ijj<n 150
The initial conditions associated with system (1.1) are of the form
xi(s) = ¢i(s), se€[-7,0],i=12,...,n, (2.2)

in which ¢;(s) is continuous for s € [-7,0].
For continuous functions ¢; defined on [-7,0], i = 1,2,...,n, we set ¢ =
(1,92, ... ,qbn)T. If x0 = (x?, x(l), e ,xg)T is an equilibrium of system (1.1), then we denote

||¢—xo|| _ zn:< sup [i(1) -x?|>. (2.3)
o1 \-T<t<
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Definition 2.1. The equilibrium x° = (x?,x?,...,x?l)T is said to be globally exponentially

stable, if there exist constants A > 0 and m > 1 such that for any solution x(t) =
(x1(t), x2(t), ..., x,(1)" of (1.1), we have

xi(t) — 20| <ml|p — x°||e (2.4)
[t = 20] <l =

for t > 0, where A is called to be globally exponentially convergent rate.

Lemma 2.2 ([17]). If p(K) < 1 for matrix K = (kij) ., > O, then (E — K)™' > 0, where E denotes
the identity matrix of size n.

3. Periodic Solutions and Exponential Stability

We will use the coincidence degree theory to obtain the existence of a w-periodic solution to
systems (1.1). For the sake of convenience, we briefly summarize the theory as follows.

Let X and Z be normed spaces, and let L : Dom L C X + Z be a linear mapping and
be a continuous mapping. The mapping L will be called a Fredholm mapping of index zero
if dimKer L = codimIm L < oo and Im L is closed in Z. If L is a Fredholm mapping of index
zero, then there exist continuous projectors P : X — X and Q : Z — Z such that Im P = Ker L
and Im L = Ker Q = Im(I-Q). It follows that L | Dom LNKer P : (I-P)X + Im L is invertible.
We denote the inverse of this map by K,,. If Q is a bounded open subset of X, the mapping N
is called L-compact on Qif QN (Q) is bounded and K,(I-Q)N: Q Xis compact. Because
ImQ is isomorphic to Ker L, there exists an isomorphism ] : ImQ ~— Ker L.

Let Q C R" be open and bounded, f € C}(Q,R") N C(Q,R") and y €R"\ f(0QU Sy),
that is, y is a regular value of f. Here, Sy = {x € Q : J¢(x) = 0}, the critical set of f, and J; is
the Jacobian of f at x. Then the degree deg{f, Q, v} is defined by

deg{f,Qy}= >, sgnJ(x) (3.1)
xef(y)

with the agreement that the above sum is zero if ™ (y) = @. For more details about the degree
theory, we refer to the book of Deimling [18].

Lemma 3.1 (continuation theorem [19, page 40]). Let L be a Fredholm mapping of index zero, and
let N be L-compact on Q. Suppose that

(a) for each \ € (0,1), every solution x of Lx = ANx is such that x € 0Q;
(b) QNx #0 for each x € 0Q N Ker L and

deg{JON,QnNKerL,0}#0. (3.2)

Then the equation Lx = Nx has at least one solution lying in Dom L N Q.
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For the simplicity of presentation, in the remaining part of this paper, for a continuous
function g : [0, w] — R, we denote

g=maxg), g ming®),  Foof s (33)

te[0,w] te[0,w]

Theorem 3.2. Let (A1)~(A3) hold, ki; = (1/d; + w)(|aij| + |by] + |cijhij))p; and K = (Kij) pun- I
p(K) <1, then system (1.1) has at least a w-periodic solution.

Proof. Take X = Z = {x(t) = (x1(t), x2(¢), . xaM)T € C(RRY) : x(t) = x(t+w), for all t € R},
and denote

bl = maxxi(f)l, i=1,2,...,m x|l = max|x]. (3.4)
te[0,w] <
Equipped with the norms || - ||, both X and Z are Banach spaces. Denote

Axipt) = —di(B)xi(t) + Zaw (6) £ (xj (8)) + Zbl} (t) fj (x; (t - 7 (1))
. (3.5)
+ Zcij(t)f Hz] f] (x](S))dS + ],(t)
=]

Since
n t n [
> cij(t) I H;i(t - s)fi(xj(s))ds = Zcij(t)f H;i(s) fj(x;(t - s))ds, (3.6)
j=1 e j=1 0
then, for any x(t) € X, because of the periodicity, it is easy to check that

A(x;, t) = —d;()x;(t) + Za,-j(t) filxi(t) + Zb,-]-(t) fi(xi(t—;(1))
i=1 i=1
) w] ! (3.7)
+ Zcij(t)Jo H;j(s)fi(xj(t - s))ds + Ji(t) € Z.
j=1
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Let
L:DomlL = {xeX:xeCl(R,R")} Sxr—x()eZ,

P:Xax»—>$J‘ x(t)dt € X,
0 (3.8)

Q:ZBZ|—>lf z(t)dt € Z,
wo

N:X>3x+— A(xj,t) € Z

Here, for any W = (w1, wy, ... ,wn)T € R", we identify it as the constant function in X or Z
with the value vector W = (wq, wy, ..., wn)T. Then system (1.1) can be reduced to the operator
equation Lx = Nx. It is easy to see that

Ker L = R%,
1 w
ImL = {z €Z: ;J‘ z(t)dt = 0}, which is closed in Z, (3.9)
0

dimKer L = codimImL =n < oo,

and P, Q are continuous projectors such that
ImP =kerL, KerQ =ImL =Im(I - Q). (3.10)

It follows that L is a Fredholm mapping of index zero. Furthermore, the generalized inverse
(to L) K, : ImL + Ker PN Dom L is given by

(Kp(2)),(t) = f;zi(s)ds - éj‘:’czi(v)dv ds. (3.11)
Then,

(QNx);(t) = éj‘o A(x;, s)ds,

(3.12)

(Kp(I-Q)Nx).(t) = f;A(xi,s)ds - %f:j;A(xi, s)dsdt + (% - é)f:A(x,-, s)ds.

Clearly, QN and K, (I — Q)N are continuous. For any bounded open subset Q C X, QN Q)
is obviously bounded. Moreover, applying the ArzelaCAscoli theorem, one can easily show

that K,(I - Q)N (Q) is compact. Therefore, N is L-compact on with any bounded open subset
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Q € X. Since ImQ = Ker L, we take the isomorphism | of ImQ onto Ker L to be the identity
mapping.

Now, we reach the point to search for an appropriate open bounded set Q for the
application of the continuation theorem corresponding to the operator equation Lx = ANXx,
A €(0,1), and we have

xi(t) = AA(x;,t) for1=1,2,...,n. (3.13)

Assume that x = x(t) € X is a solution of system (1.1) for some A € (0,1). Integrating both
sides of (3.13) over the interval [0, w], we obtain

0= J’ x;(t)dt = .)Lf A(x;, t)dt. (3.14)
0 0
Then
f di(O)xi(t)dt = fo {Zaﬁ(ﬂfj (x(t)) + D bij (1) fi (x (£ = 735(t)))
j=1 j=1
(3.15)
+Zcij(t)j0 Hij(s) fi(xj(t - s))ds + Ji(t) }dt.
=1
Noting that
|fiw)| <pjlul+q; YueR, j=1,2,...,n, (3.16)
we get
el di < 3 (lagl + oyl + Teijhigl ) pjlaci | + Y (Taiil + Togl + Ieighil ) s + 1T (3.17)
j=1 j=1
It follows that
1& — — — L1 Es = — —
|xil, < §Z<|aij| +|bjj| + |Cijhij|>Pj|xj| + j{ <|aij| + |bij| + |Cijhij|>q]' + |]i|}- (3.18)
i j=1 i | =1

Note that each x;(t) is continuously differentiable fori =1,2,...,n, and it is certain that there
exists t; € [0, w] such that |x;(t;)| = |x;(t)]«. Set

1 G —
D= (Dy,D,,...,D,)", D= <§ +w> {Z<|aij| + |byj| + |Cijhij|)‘1j + |]i|}- (3.19)
j=1

i
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In view of p(K) < 1 and Lemma 2.2, we have (E - K)le =1= (ll,lz,...,ln)T > 0, where [; is
given by

n
li=Ykyli+D;, i=12,...,n (3.20)
j=1

Let

Q= {(xl,xz,...,xn)T eRY |xi|<1;, i= 1,2,...,n}. (3.21)

Then, for t € [t;,t; + w], we have

t
x(8)] < (e + L_D+|xi(t)|dt

ti+w
< |l + D*|x;(t)|dt

t;

1 — .
< =33 (Tl T+ el o |
ij=

j=1

-3 > (1 + 10yl + Teshsl g + 171 } f D*[x;(t)dt

HIH

(3.22)

-+ w>2<@+W+ [cihil )i | |°

{Z<|aij| +M+ |Cijhij|>q]' +m}

=1

—.

where D* denotes the right derivative. Clearly, I;, i = 1,2, ..., n, are independent of A. Then
there are no A € (0,1) and x € Q such that Lx = ANx. When u = (xl,xz,...,xn)T € 0N
Ker L = 0Q N R", u is a constant vector in R" with |x;| = [;,i = 1,2,...,n. Note that QNu =
JONu; when u € Ker L, it must be

n

(QNw); = —d; + 3 (@i + by + cihiy) £ (%) + T (3.23)

j=1
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We claim that
[((QNu);| >0 fori=1,2,...,n. (3.24)

On the contrary, suppose that there exists some i such that [(QNu);| = 0, that is,

= (@ + by + cijhy) £ (x) + T (3.25)

j=1

Then, we have

I = |xi
1 _— — -
—= Z([lii + bi]' + Cijhij>fj (x,) + ],'
dz j=1
1 _
:Z<|a1]| + |b17| + |C,]hl]|>pll]
dl j=1
1 2 _— —
f Z<|aij| + |bij| + |Cijhij|>q]' + |]i|}
i =1
! (3.26)
1 2 — — —
< (= +w ) > (layl + ol + Tehil )i
<di >]§1< j j ] 1> iti
1 2 _— — —
<§ + W> {Z<|aij| + |bij| + |Cijhij|>qj + |]i|}
i j=1
= Zk 1; + D
- li/
which is a contradiction. Therefore,
ONu#0 forany ueoQnKerL =0QNR" (3.27)

Consider the homotopy F : (QNKer L) x [0,1] — QN Ker L defined by

F(u,p)=p diag(—d_l, s, ..., —d_n>u +(1-p)QNu, (3.28)
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(u,u) € (QnKerL) x [0,1]. Note that F(-,0) = JON; if F(u, u) = 0, then, as before, we have

—_
|
=

M:

|xi| =

> (@ + by + by ) () +

::_4\
s

IA
S =
M:

( ]| + |bl]| + |Cl]h11|>p]|x]|

Il
_

i j

1 u — _
? Z;(lal]l + |b1]| + |C1]h1]|>q] + |]1|}
j=

1 u — _
E{ZOL&]I + Iblll + |C1]hl]|>q] + |]1|}

j=1

(3.29)

M-

IN

&=
z
i

aij

| | + |C1]h1]|>p]

< Zkl]l +D;

j=1
=1,
Hence
F(u,pu)#0, for (u,pu) e (0QnKerL) x [0,1]. (3.30)
It follows from the property of invariance under a homotopy that

deg{JON,QnNKerL,0} =deg{F(-,0),QnKerL,0}
=deg{F(,1),QNnKerL,0} = deg{diag(—d_l, —d,. ..,—d_n>} #0.
(3.31)

Thus, we have shown that Q satisfies all the assumptions of Lemma 3.1. Hence, Lu = Nu has
at least one w-periodic solution on Dom L N Q. This completes the proof. O
When ¢;; = 0, (1.1) turns into the following system:

xXi(t) = —di(t)xi(t) + D aii (1) fi (xj (1)) + D by (£) i (xj (= 7(1)) + Ji(t), i=1,2,...,n. (D)

j=1 =1

Corollary 3.3. Let (A1)~(A3) hold, kij = (1/d; + w) (Jaij| + |bii)pj, and K = (kij) - If p(K) < 1,
then system (P) has at least a w-periodic solution.
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Theorem 3.4. Let (A1), (A2), and (A4) hold, ki; = (1/d; + w)(laij] + |byj| + |cijhijl)p;j, and K =
(kij) pn- If p(K) < 1, and that

d; - (W + [byg] + |cijh,-j|)p]-ed?T >0, (3.32)

n
=1

then system (1.1) has exactly one w-periodic solution. Moreover, it is globally exponentially stable.

Proof. Let C = C([-7,0], R") with the supnorm ||¢|| = supse[_T,O];lsiSnlgoi(s)|, ¢ € C. As usual, if
(=00 €)a < b(L o) and ¢ € C([-T + a,b], R"), then for t € [a,b] we define ¢y € C by ¢;(0) =
¢(t+0),0 € [-1,0]. From (A4), we can get |f;(u)| < pjlul+|f;(0)],j = 1,2,...,n. Hence, all the
hypotheses in Theorem 3.2 hold with g; = |f;(0)|, j = 1,2,...,n. Thus, system (1.1) has at least
one w-periodic solution, say ¥(t) = (¥1(t), X2(t), ..., ¥, (£))". Let x(t) = (x1(t), x2(t), ..., x,(£))"
be an arbitrary solution of system (1.1). For t > 0, a direct calculation of the right derivative
D*|x;(t) — X;(t)| of |x;(t) — X;(t)| along the solutions of system (1.1) leads to

D|x;(t) - Xi ()| = D" {sgn(xi(f) - %i(t) } (xi(f) - Xi(t))

< —di(B)|xi(t) = %i(0)] + D (|ai (0) [f; (x; (1) = £ (% (D)]]

j=1

+ illm(t) [fi (xj (8= 7i;(D)) = f7(%; (t = 73(1)))] |

j=1

+ > lei(d)]
j=1

fo kij(s)[fi (xj(t = 5)) = fi(X;(t = 5))]ds
< —di()|xi(t) = Ti(B)] + D aij ()| pj|x; (1) = X (1) (3.33)
j:l
+ 3 |bij () |pj]x; (t = 7ij () = %j (t —755(8)) |
i=1

+ D |eij (D hij|p; SuPt|xf(S) - Xj(s)]
j=1 —7<s<
< =d;(t)]x;(t) — Xi(t)]

+ 2 (lai (O] + [y ()] + |eij (D )pj sup [x;(s) = F;(B)].
j=1 —T<s<t
Let z;(t) = |x;(t) — X;(f)|. Then (3.33) can be transformed into

D+Zi(t) < —di(t)zi(t) + Z(|a1](t)| + Ibl](t)l + |Cl](t)h,]|)].’)] Sljlztz]'(s). (334)

j=1 -T<s<
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Thus, for t > ty we have

b { Zi(t)ej")di(S)ds} < D (|aij®) ] + |bij ()] + i (B R Ypillzil|ehn %, (3.35)
j=1

It follows that
2i()eln 0% < |z (1))
[ o (336)
i(s)as
+f Z(laij(u)l + |bij(u)| + |Cij(”)hii|)Pj||Zu||e 0 du.

to | j=1

Thus, for any ¢t > 0 and 6 € [-min(7,t),0], we have
efgedi(s)ds _ e(-[io+'|‘i+6)di(3)ds > gjiodi(s)ds_d?T. (3.37)

Therefore,

t * t+0 5
effﬂdi(s)ds_diTZi(t + 6) < gJ'to d,(s)dszi(t " 6)

t+0 n " 4 (s)ds
< Iz +j {Z(|ai,~<u>| + by ()| + |cij @i )pjllzall €04 }du.

to j=1
(3.38)

It follows that

[1,di(s)ds

e llzell < etz |

t " oy (3.39)
+,[ e S (Jag@)| + [big)| + |ciia) i pjlizalle s b du.
to j=1

By Gronwall’s inequality, we obtain

. tdiT s 15 - (WD )
||Zt” < ediT||Zt0||e,[toe Z/:l(lal](”)|+|b1](”)l"’lcu(u)hu|)p]due,[to d:(s)dsl t> tO‘ (340)
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Without loss of generality, we let ty = 0. For t > 0, [t/w] denotes the largest integer less than
or equal to t/w. Noting [t/w] > t/w 1, and d; > 377 ([aj;| + |byj| + |cijhij|)pje®i™, we get

”Zt” < ed;T”zO”eJ‘ged;T Z?:l(l‘lij(u)""‘bij(u)|+|cij(u)hij‘)pjdueﬁ)_di(s)ds

= 7|1z U™ o) (€57 s sy )b ) e ()i =l () s

< i i S (el oyl e ypje i ewlt /]

« ||ZO||ef:,[,/w1[—d;‘(S)*—Z?:l(|aij(5)|+|bij(S)|+|Cij(5)hi,'\)Pj3d;T}ds

(3.41)

< et S (ayl oy ey Dpye el /]

x [|zo|[ o 1T+ iy 5) +lby (9 #lci (o) Dy ™) ds

< ed:T||ZO||e’{d7i*2?=1(‘aij|+|bij|+|cijhij|)PjediT}t

<m||zlle™, t>0,

where m = maxi<i<, {e% 7} and A = minj<jc, {d; — S (laij| + bij] + |cijhij)p;e® ™) are positive
constants. From (3.41), it is obvious that the periodic solution is global exponentially stable,
and this completes the proof of Theorem 3.4. O

Corollary 3.5. Let (A1), (A2), and (A4) hold, ki = (1/d; + w)(Jay| + |bii)pj and K = (kij) - If
p(K) <1, and that

di - 3 (lagl + by )pje™ > 0, (3.42)

n
j=1

then system (P) has exactly one w-periodic solution. Moreover, it is globally exponentially stable.

Remark 3.6. To the best of our knowledge, few authors have considered the existence of
periodic solution and global exponential stability for model (1.1) with coefficients and delays
all periodically varying in time. We only find model (P) in [20, 21]; however, it is assumed
in [20] that 7;;(t) > O are constants and in [21] that a;;(t), b;;(t), Ji(t) are continuous w-
periodic functions, and d; are positive constants. Especially, the authors of [21] suppose that
7;;(t) > 0 are continuously differentiable w-periodic functions and 0 < Tlf]. (t) < 1, clearly, which
implies that 7;;(t) are also constants. Obviously, our model is more general. Furthermore, in
[20,21] fi,i = 1,2,...,n, are assumed to be strictly monotone, and the explicit presence of
the maximum value of the coefficients functions in Theorems 3.2 and 3.4 (see [20, 21]) may
impose a very strict constraint on the model (e.g., when some of the maximum value of
the coefficients functions are very large). Therefore, our results are more convenient when
designing a cellular neural network.
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4. An Example

In this section, an example is used to demonstrate that the method presented in this paper is
effective.

Example 4.1. Consider the following two state neural networks:
<x’1(t)> - <d1(t) 0 > <x1(t)> N <an(t) a1z(t)> <f1 (xl(t))>
x5(t) 0 da(t)/ \xa(t) ax (t) axn(t)/ \ f2(x2(t))
.\ (bn(t) b12(t)> <f1(x1(t— Tl(t)))>
b (t) bxn(t)/ \ f2(x2(t — 2(t)))
. <C11(t) Clz(t)>J‘t <H11(f—5) le(t—5)> <f1(x1(5))>ds
c21(t) 2(t) /) - \Ha1(t =) Ha(t-s)/ \ f2(x2(s))
<3 cos t>
+ 7
2sint
where, all d;(t) > 0, a;j(t), bij(t), cij(t), 7:(t) are 2sor-periodic continuous functions. The
Etivation_func&on fi(x) = COS((1/3)ﬁ- (1/i)x, fa(x) = sin((1/2)_x)+ (1_/4)x. T=06,d; =4,
dy = 3; lan| + [bu| + lennhn| = 3/80; |axz| + [bio| + [c12h12] = 1/6; |ax| + [bar| + [c21har| = 3/40;

|azs| + |boa| + |c22h2o| = 2/21; d} =5, d5 = 4. Clearly, f; satisfies the hypothesis with p; = 2/3,
p2 = 3/4. By some simple calculations, we have

(4.1)

di = Y (lai| + |by] + |cijhi| Jpje™ >0, i=1,2,
j=1
1+8r 1+8r (4.2)
_[ 160 32 -
K=| 160 %2 | pK)=0860<1.

60 42

Therefore, by Theorem 3.4, the system (1.1) has an exponentially stable 2sr-periodic solution.
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