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We determine the weakly asymptotically orders for the average errors of the Griinwald
interpolation sequences based on the Tchebycheff nodes in the Wiener space. By these results
we know that for the L,-norm (2 < g < 4) approximation, the p-average (1 < p < 4) error of
some Griinwald interpolation sequences is weakly equivalent to the p-average errors of the best
polynomial approximation sequence.
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1. Introduction and Main Results

Let F be a real separable Banach space equipped with a probability measure y on the Borel
sets of F. Let H be another normed space such that F is continuously embedded in H. By
| - || we denote the norm in H. Any A : F — H such that f — ||f — A(f)|| is a measurable
mapping is called an approximation operator (or just approximation). The p-average error of
A is defined as

1/p
ey(AH) = ( f f- A(f)ll’”ﬂ(df)> . (L1)

Since in practice the underlying function is usually given via its (exact or noisy) values
at finitely many points, the approximation operator A(f) is often considered depending
on some function values about f only. Many papers such as [1-4] studied the complexity
of computing an e-approximation in average case setting. Noticed that the polynomial
interpolation operators are important approximation tool in the continuous functions space,
and they are depending on some function values about f only, we want to know the average
error for some polynomial interpolation operators in the Wiener measure. Now we turn to
describe the contents in detail.
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Let X be the space of continuous function f defined on [0, 1] such that f(0) = 0. The

space X is equipped with the sup norm. The Wiener measure w is uniquely defined by the
following property:

a)(feX:(f(t1),---/f(tn))€B):ﬁ :

j=1 \/Zaz'(t]- - t]',1)

f T (0= /20-50) gy Ly
B

(1.2)

for every n > 1, B € B(R"), where B(R") denote the set class of all Borel measurable subsets
of R",and 0 =ty < t) <--- < t, <1 with uy = 0. Its mean is zero, and its correlation operator
is given by Ly, (CyLy,) = min{xy, x2} for Ly, (f) = f(x;), thatis,

f f(x1) f(x)w(df) = minf{xy, x2},  Vxy,x, € [0,1]. (1.3)
X

In this paper, we specify F = {f € C[-1,1] : g(t) = f(2t — 1) € X}, and for every
measurable subset A C F, we define

w(A) = w({g(t) = f2t-1), f € A}). (1.4)

For 1 < p < oo, denote by L, the linear normed space of L,-integrable function f on
[-1,1] with the following finite norm:

1 1/p
11, = <f_1|f(x)|”dx> . (15)

Let

2k-1
2n

tx = tiy = COS a, k=1,...,n (1.6)

be the zeros of T, (x) = cosnf (x = cos ), the nth degree Tchebycheff polynomial of the first
kind. The well-known Griinwald interpolation polynomial of f based on {t}}_; is given by
(see [5])

Gu(f,x) = gfuk)li(x), (1.7)

where

(-1)" /1 - 2T, (x)

Ie(x) = P , k=1,...,n (1.8)
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Theorem 1.1. Let G, (f, x) be defined as above. Then

1
= 1 S P S 4/
n
ep(Gn, Lp) = \{ (1.9)
aip p =>4,

where in the following A(n) < B(n) means that there exists C independent of n such that A(n)/C <
B(n) < CA(n), and the constant C may be different in the same expression.

By Holder inequality, combining Theorem 1.1 with paper [2] we know that for 1 <
P, q<4,

e,(Gn, Ly) = \/iﬁ (1.10)

Remark 1.2. Denote by [, the set of algebraic polynomials of degree < n. For f € F, let
T, f denote the best L;-approximation polynomial of f from p,. Then the p-average error of
the best L,-approximation of continuous functions by polynomials from f, over the Wiener
space is given by

1/p
er (T L) = ([ 17 =Tuflpean) (111)

By Theorem 1.1 and paper [6] we can obtain that for2 < g <4 and 1 < p < 4, we have

1
ep(Gn,Lg) < ep(Ty, Ly) = \/_ﬁ (1.12)

Remark 1.3. Let us recall some fundamental notions about the information-based complexity
in the average case setting. Let F be a set with a probability measure y, and let G be a
normed linear space with norm || - ||. Let S be a measurable mapping from F into G which
is called a solution operator. Let N be a measurable mapping from F into R”, and let ¢ be
a measurable mapping from R" into G which are called an information operator and an
algorithm, respectively. For 1 < p < +oo, the p-average error of the approximation ¢ o N
with respect to the measure y is defined by

1/p
%@wam:(Lwﬂ¢wvwwwﬂ , (1.13)

and the p-average radius of information N with respect to y is defined by

(SN 11D 2= infey (SN, - 1), (1.14)
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where ¢ ranges over the set of all algorithms. Futhermore, let A denote a class of permissible

information functional and denote % the set of nonadaptive information operators N from
A of cardinality n, that is,

N(f) = (Li(f),Lo(f), ..., Lu(f)), LieA, i=1,...,n (1.15)
Let

rp(n, S, A -)) = ]\]i;ljvaTp(S, N, -1, (1.16)

denote the nth minimal p-average radius of nonadaptive information in the class A.

For example, if F and p are defined as above, S is the identity mapping I, and A
is consist of function evaluations at fixed point; then by [2] we know that for L,-norm
approximation, if 1 < p, g < oo, we have

rp(n,I,A, Ly) < \/Lﬁ (1.17)

It is easy to understand that G, (f, x) can be viewed as a composition of a nonadaptive
information operator from A2 and a linear algorithm, and for 1 < p, g <4,

ep(Gu, Ly) < 1p(n,I,A, Ly). (1.18)

In comparison with the result of Theorem 1.1, we consider the following Griinwald
interpolation. Let

k
xk:xkn:cos—]r, k=1,...,n (1.19)
n+1

be the zeros of u,(x) = sin(n + 1)8/ sin 8, (x = cos ), the nth Tchebycheff polynomial of the
second kind. The Griinwald interpolation polynomial of f based on {x};_; is given by

Ga(fx) = 3 fxTe(x), (1.20)
k=1
where
N 7 N G DA € e 1 B
li(x) = PR TR BRI o P k=1,...,n. (1.21)

Theorem 1.4. Let G,,(f, x) be defined as above. Then

e (En, L2> = 1. (1.22)
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2. The Proof of Theorem 1.1

We consider the upper estimate first. From [7, page 107, (28)] we obtain

1 p/2
b (Gul 1) =of- [ ([ 1f@-GutrPutan)) dx, 1)
-1\JF
where vﬁ is the pth absolute moment of the standard normal distribution. It is easy to verify

f(x)=Gu(f,x) = <1 - zﬁ(x)>f(x) + D (f(x) = ft)) (). (2.2)
k=1 k=1

From (2.2) and Holder inequality we can obtain

f |[f(x) = Gu(f, )P p(df) < 2<1 - ﬁ]li(x)) f fH)u(df)
F k=1 F

) 2 (2.3)
+2fF<Z(f(x) —f(tk>>lk<x>> u(df)
k=1
=2I (x) + 212(x)
By (1.3) we obtain
5 S,/ 1+x 1+x
Peour) = [ (2 )wdg) = 5. 4)
F X
Let x = cos 0, then it is easy to verify
L T (x) cosnBsin(n—1)0
200\ _ 1 — () _ -
kzz; () -1= =3 (xT,(x) — nTy(x)) Py : (2.5)
By (2.4), (2.5), and a simple computation we can obtain
1 T : _ P
J |I1(x)|”/2dx < 1 | cos n0 sin(n : 1)0|
-1 n’ )y |sin O~
(
L 1<p<n
npP (26)
Inn
V7w P=%
1
{ ﬁ’ p > 2.
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By (1.3), it is easy to verify that for k > j,

i ; , X<ty
[ G@-sene-feyman =40 wsxst, 27)
X — t]'
5 X >t
Let ty = 1, tys1 = —1. From (2.7) and a simple computation we know that for x € [ty.1,tm],

m=0,...,n,

L(x) = Z|x—tk|l4(x)+ Z (x — t) B (x) Z lz(x)+Z(tk—x)lz(x)le(x)

k=s+1 j=k+1 (2.8)

= Ji(x) + Ja(x) + J3(x).

From [8] we know Y }_ 1li(x) <2, hence

> F(x)<C, VYpx2. (2.9)
From (1.8) it follows that
1
(=)l <~ k=1...,n. (2.10)

From (2.7) and (2.10) it follows that

UCIERDY f o)< . 1)
From (2.10) it follows that
n-1 n
R < S 5] 3 . 212)

j=m+1 k=j+1
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Let x = cos 8, we have

n-1 | sin((2f - 1)ar/2n) cos n
2
2 1 x)|k;+11 k)= ]%l n(cos6 - cos((2j - 1)or/2n))

j=m+1

5 L sin?((2k — 1)ar/2n)cos*n@
“1n?(cos 6 — cos((2k - 1)or/2n))?

sin((2j - 1)ar/2n)
1| (cos((2m — 1) /2n) — cos((2j - 1)or/2n))
2.13)

1 n—
5.5
y i sin?((2k — 1) /2n)

S+ (cos((2m = 1) /2n) - cos((2k — 1)‘71'/211))2

sin((2j — 1) /2n)
(sin((j —m)ar/2n) sin((j +m—1)x/2n))

-5 )

j=m+1
y z": sin?((2k — 1) /2n)
S (sin((k = m)ar/2n) sin((k + m - 1)ﬂ'/2n))2.

By sinx +siny = 2sin((x + y) /2) cos(x — y) /2 we know that for 0 < x, y <, thus

0 <sinx < 2sin (2.14)
It is easy to know
Z 1 1 1
- < - . 2.15
k]+1(k m) kz]}rl(k m)k m-— 1) j-m n-m~ j-m ( )
By 2x/ar < sinx, Vx € (0,or/2], (2.16), (2.17), and (2.18) we can obtain
Z|l ()| Z B(x) = |lm(x)] Z 12 (x) + Z |1;(x0)| Z E(x)<C (2.16)
k=j+1 k=m+1 j=m+1 k=j+1
From (2.12) and (2.16) we can obtain
C
2(x)| < —. (2.17)
n
Similarly
C
[J3(x)] < — (2.18)

:
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From (2.3), (2.8), (2.11), (2.17), and (2.18) we can obtain

1 ) C
J 1|12(x)|”’/ dx < 7 (2.19)

By (2.1), (2.3), (2.6), and (2.19) we can obtain the upper estimate.
Now we consider the lower estimate. For 1 < p < 4, we can obtain the lower estimate
from [2]. For p > 4, from (2.4) we know that

1 2 p/2 1 P
L 1+x|P/? L
I J 1- Z B(x) ) f(x)| pdf) dx = J‘ 1-Y 1X(x) )| dx. (2.20)
-1\/JF k=1 -l 2 k=1
Let x = cos 0, then from (2.5) we know that
o, 4 cos@sin2nf  cos’nf
é ) -1=— —. (2.21)
Hence we can verify that for 0 € [5x/8n, 7 /8n],
ST sin2n6| _ 1
é B(x)-1| > insng 27 (2.22)
From (2.20) and (2.22) and a simple computation we can obtain
1 L ? " 57/8 77/8
[ (] <1 -3 li(x))f(x) pidf) ) > ST/ EncosTr /b
-1 F k=1 (2.23)
3
> —.
~ 8- 14Pn?
From (2.2), (2.3), and (2.19) it follows that
1 n 2 P/z C
[ <j S0 - FEDER) ﬂ(df)> dxs < @24)
-1 Flk=1 npP

From (2.1), (2.2), (2.23), and (2.24) we can obtain the lower estimate for p > 4.
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3. The Proof of Theorem 1.4

Let

a(x)
(n+1)*

Q) = (g + e ) 28,

) 2
+§f<xk>(1—x2><1—”k><%>

be the quasi-Hermite-Fejer interpolation polynomial of degree < 2n+1 based on the extended
Tchebycheff nodes of the second kind (see [8]); then by a simple computation we obtain

Gu(f,xx) = Qu(f,xx) =0, k=1,...,n,

3xk

G (f,xk) = Qo (f xic) = o= k=1,...,n,
k
_ n ) (3.2)
Gn(f,1) = Qu(f,1) = D )X+ x1)* = f(1),
k=1
Gu(f,=1) = Qu(f,-1) = 3 fr) (1 - x)* = F(-1).
k=1
Denote
_ 1y (X) : _
i (x) = <1—x2>(1—xxk)<m> , k=1,...,n,
Clex () C1-x ()
(PO(x) - 2 (Tl + 1)2/ (Pn+1(x) - 2 (TL + 1)2/ (33)
2N ( _ A2Y2
Pr(x) = (1-=9a xk)u"(x), k=1,...,n

(n+ 1)2(x - Xk)

By (3.2) and the unique of the Hermite interpolation polynomial H,(f, x) which satisfies
interpolation conditions,

H,(f,xx) = f(xx), k=0,...,n+1,
H, (f,xk) = f'(xk), k=1,...,n,

(3.4)
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we obtain

Gu(f,%) = Qu(f,x)
= o (x) [Z f(xk><1+xk>2—f<1>] + i1 (X) [Z flx) (1 —xk>2—f(—1>]
k=1 k=1

+Zf(xk) 2<i>k(

(3.5)

- (j;2;f<xk>(1+ ) + 295 ) - SO 1) + fo)

xu (x

U~ FED] 30 )
=1 k

= Al(x) + Az(x) + A3(x) + A4(x) + AS(X).

By (3.5) and (a+ b +c +d)* < 4(a® + b + ¢* + d*) we know that

e(@nts) = [ [ 150 -Butsmfaxntar)

aaf [ () +4[ [ 1A + As() P p(d
<of [ rw-eurafaruan 4 [ @ aeraan

1 1
+4ff [A3(x)+A4(x)]2dxy(df)+4ff [As(x)]*dx p(df)
FJ -1 FJ -1

=45 +4I, + 4[3 +41,.

From [8] we know that for every f € C[-1,1],

1 1
Llf(x) ~Qu(fx)Pdx < j_1|f<x> Qu(f 0P -2 dx < Cu? (f, 1), (3.7)

n

where w(f,t) is the modulus of continuity of f on [-1,1] defined for every ¢t > 0, and C is
independent of n and f. By (3.7) and [6] we can obtain

L < cf < > (df) < S (3.8)
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By using A;(x) and

Az (x) we obtain

! 1
b= Ipfl [A1(0))dx pu(df) + JFJ1 [Az(x)]*dox p(df)

By (1.3) we obtain

1
C(n+ 1)

4

[ [gﬂxk)] wan = | LZ

n n 1
(1) oo -5 {52 14

1 n :
I ui(x)dxf [Z f ) (1 + xi):l p(df)
-1 Flk=1

1 4 n 2
+ (n+1)4j—1x un(x)de ;f(xk) u(df).

k=1 j=1

J[i (xk)(1+xk)] u(df) = n*.
k=1

From (3.9) and (3.10) we obtain

I

Similar to (3.11), we have

1

I3 =
4(n+

1,
= — dx =< 1.
nzf_lunoc) x

1
o j 7l<1+xz)

By (3.3) and 0 < (1 — x?)u2(x) < 1 we obtain

0<1Iy

9 1
) (n+1)4fFf—1(l x2) 1 (%) [Zf(

C
4
U, (x)dx < i

1 (¢ )] dx ()

1/2 un( )
(n+1)H (1-22 [Zf( O ) ]dx#(df)

Tl

(Tl+14 k=1

gJ‘ (1-x2)?

12 (x)

(x = xi) (x = x;)

s frf () ()

11

(3.9)

b,

(3.10)

(3.11)

(3.12)

(3.13)
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By [8] we know that

1 (1 xZ)uZ(x) 1 w j= k
o dx={ 1-x' ' 3.14
fl(x_xk)(x_xj) V1 - x? g 0, g k. (B.14)

By (1.3), (3.13), (3.14), and (2/a)x <sinx < x, 0 <x < /2, we obtain

0<1Iy

9 o (1+ xi)
T2n+1)°E 1-x;

9r 1
< 52

T (n+1)°& sin’kxr/(n+1)

(3.15)

<

210

By (3.6), (3.8), (3.11), (3.12), and (3.15) we can obtain the upper estimate of Theorem 1.4. On
the other hand, by (3.5) we can verify that

2
£ -Gl 2 ROy o (1,2

— [As(x) + Ag(x)]* - [As(x)]%

(3.16)

From (3.16), (3.8), (3.11), (3.12), and (3.15) we can obtain the lower estimate of Theorem 1.4.
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