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This paper studies the dynamic behavior of the positive solutions to the difference equation x, =
A+ xfl /%1, n=1,2,..., where A,p, and r are positive real numbers, and the initial conditions
are arbitrary positive numbers. We establish some results regarding the stability and oscillation
character of this equation for p € (0, 1).
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1. Introduction

In recent years, there has been intense interest in the dynamic behavior of the positive
solutions to a class of difference equations of the form

p
Xk
X, =A+ — neN, (1.1)
Xn-1
where A and p are positive real numbers. Now, let us make a brief review on the advances in

this class of difference equations.
In 1999, Amleh et al. [1] studied the second-order rational difference equation

xp= A+ 22 e (1.2)
Xn-1

Later, Berenhaut and Stevi¢ [2], Stevi¢ [3], and EI-Owaidy et al. [4] extended this work
to the following more general second-order difference equation:

p
xn—Z

p 7
xn—l

X, = A+ neN. (1.3)
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On the other hand, DeVault et al. [5] investigated the following higher-order version
of (1.2):

o= A+ K pen. (1.4)

n-1

By combining (1.3) and (1.4), Berenhaut and Stevi¢ [6] examined a larger class of
difference equations, which are of the form

X, neN (1.5)

Very recently, Berenhaut et al. [7] studied the following generalization of (1.5):
p
Xk

p 7
xnfm

X, =A+ neN. (1.6)

For some related work, the interested reader is referred to [1, 3, 8-19].
Inspired by the previous work and by the work owing to Stevi¢ [15], this paper studies
the behavior of the recursive equation

neN. (1.7)

We establish some interesting results regarding the stability and oscillation character of this
equation for p € (0,1).

2. Stability Character

In this section we investigate the stability character of the positive solutions to (1.7).
A point x € R is an equilibrium point of (1.7) if and only if it is a root for the function

gx)=x—-xPT-A, (2.1)
that is,
x=x"+A. (2.2)
Lemma 2.1. Let 0 < p < + 1, then (1.7) has a unique equilibrium point x > 1.

Proof

Casel. p=r. Thenx=A+1>1.
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Case 2. v < p <r+1.Then g defined by (2.1) is decreasing on [0, (p — r) P D] and increasing
on [(p - r)l/(’_p+1), o). Since g(1) = —A and lim, _, ., g(x) = oo, then g has a unique zerox > 1.
Case 3. 0 < p < r.Since g is increasing on [0, o), g(1) = —A and lim,_, o, g(x) = oo, then g has
a unique zero x > 1.

Lemma 2.2. Let 0 < p < r + 1. Assume that x is the equilibrium point of (1.7). If
(p+1)P P (p 4 r 1) < A, then X is locally asymptotically stable.

Proof. By the Linearized Stability Theorem [11], X is locally asymptotically stable if and only
if ¥"'P > p + r. A simple calculations shows that

g((p + r)l/(”l’m) = (p+r)P /1P (p+r-1)-A<0, (2.3)
where g is defined by (2.1). Then since lim,_, o, g(x) = oo, we have x > (p + r)l/(”l_’”) and
X*°P > p + r. The proof is complete. O

Lemma 2.3. If p € (0,1), then every positive solution to (1.7) is bounded.

Proof. Note that each n € N can be written in the form [k+i for some ! € Ngandi € {0,1,..., k-
1}. From (1.7) and since x,, > A for every n > 0, we have that

xpl Dk+i xpl Dk+i
x1k+i=A+$<A+ (_Zﬂ, (2.4)
Xlkeric1 A

foreveryl € Ngandi€ {0,1,...,k—1}. Let (ul(i))leN0 be the solution to the difference equation

@ \?
<”l—1> @)

Ar Uy = Xk+i- (25)

ul(i) =A+

From (2.4) and by induction we see that x(_1)k+i < ul(i), I € Ny. Hence it is enough to

prove that the sequences (ul(i) )0, 1 €1{0,1,...,k 1} are bounded.

Since the function f(x) = A+xP /A", x € (0, o0) is increasing and concave for p € (0,1),
it follows that there is a unique fixed point x of the equation f(x) = x and that the function f
satisfies

(f(x)-x)(x-%) <0, x€(0,00). (2.6)

Using this fact it is easy to see that if ul(i) € (0,x], the sequence is nondecreasing and

bounded from above by X, and if ul(i) > X, it is nonincreasing and bounded from below by x.
Hence for every uéi) € (0, 00), each of the sequences ul(i), i€ {0,1,...,k -1} is bounded. The
claimed result follows. O
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Lemma 2.4 (see [18]). Let s,t be distinct nonnegative integers. Consider the difference equation

Xn = f(Xn-s; Xnt), n=1,23,...,
2.7)
X1-max(s,t)r X2-max(s,t)s - - - » X0 € [a,b].

Suppose f satisfies the following conditions.

Hy) f : [a, b]*> — [a,b] is a continuous function that is nondecreasing in the first arqument
and is nonincreasing in the second arqument.

(Hy) The system

x=f(x,y),

(2.8)
v=f(y,x)

has a unique solution (x,x) € [a,b] x [a, b].
Then X is the global attractor of all solutions to (2.7).

Theorem 2.5. Let p +r < 1, then the unique equilibrium x to (1.7) is globally asymptotically stable.

Proof. By Lemma 2.3, there must exist positive constants P and Q such that P < x, < Q. Let
fu,v)=A+uP/v", u,v e [P,Q],itis easy to verify that (H;) holds. In addition, if

P
x=A+ x—r,
(2.9)
yp
y = A + F,
then
_ A p+1’
Al (2.10)

y-A oy

Assume that x #y, then x > y or x < y.
In case x > y, we have (x — A)/(y — A) > x/y > xP*" /yP*", which contradicts with
(2.10).
In case x <y, wehave (x - A)/(y — A) <x/y < xP*"/yP*", again a contradiction.
Thus x = y = x. By Lemma 2.4, the required result follows. O

Theorem 2.6. Let 0 < p <r < 1and AP > p/r. Then every positive solution to (1.7) converges
to the unique equilibrium X.
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Proof. By Lemma 2.3, every positive solution {x,} to (1.7) is bounded, which implies that

there are finite liminf x,, = I and limsup x,, = S. Assume that I #S (I < S). Taking the liminf
and limsup in (1.7), it follows that

sp

A+§§I<S§A+F. (2.11)
From this and r € (0, 1), it follows that
AS"+ 1P <IS" < SI" < AI" + SP, (2.12)
yielding
AS" -SSP < A" - I?. (2.13)
Define function f(x) = Ax" — x¥, x € (A, o0). Since
fl(x) = Arx™ !t —pxP™t = xP L (Arx™ P —p) > 2P <rAr_erl - p) >0, (2.14)

we deduce that f is increasing, and thus (2.13) cannot hold. Therefore we have I = S, which
implies the result. O

Theorem 2.7. Let 0 < p < 1,7 > 1, and A" P > r + p — 1. Then every positive solution to (1.7)
converges to the unique equilibrium Xx.

Proof. From (2.11) we have

AI™IST 4 1Pl < 'S < AI'ST 4 SPTL (2.15)

Consequently, we obtain (AI""1S"1)(S - I) < (S"P~! — I"*P~1). Suppose that [ # S, we get

Sr+p71 — [+l

At < s - (r+p- 1)yP2, (2.16)
where y € (I,S), leading to
AT <ATIS P < (r+p-1)yP" 2 < (r+p-1)APT'S (2.17)

This implies that AP <y p — 1, which is a contradiction. Hence, I = S = x. O
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3. Oscillation Character
In this section we investigate the oscillation character of the positive solutions to (1.7).

Theorem 3.1. Let {x,},._ be a positive solution to (1.7). Then either {x,};._, consists of a single
semicycle or {xy } . oscillates about the equilibrium X with semicycles having at most k — 1 terms.

oe]

Proof. Suppose that {x,},._; has at least two semicycles. Then there exists N > —k such that
either xny < X < xny41 OF Xn41 < X < xn. Assume that xy < X < xn41. (The argument for
the case xn11 < X < x is similar and is omitted). Now suppose that the positive semicycle
beginning with the term xn.; has k — 1 terms. Then xn < X < xN4k-1 and so

14 —
X X e _
N A+ =A+T T =% (3.1)
N+k-1 X

XNk = A+

This completes the proof. O

Theorem 3.2. Suppose that k is even and let {x,},._, be a solution to (1.7), which has k — 1
consecutive semicycles of length one, then every semicycle after this point is of length one.

Proof. There exists N > —k such that either

XN, XN42 -+ XN+k=2 < X < XN+1, XN43, - - - XN+k-1 (3.2)
or

XN+1, XN43/ - s XN+k-1 < X S XN, XN+2, - - - XN+k=2- (3.3)
We prove the former case. The proof for the latter is similar and is omitted. Now, we have
& ¥

X —p— —
- <A+_—r=A+xpr=x,
N+k-1 x

XNk = A+

(3.4)
P g
x X ey —
%>A+_—r:A+x’”:x.
xN+k X

XN+k1 = A+

The result then follows by induction. O

Lemma 3.3. Let 0 < p < r + 1. Then (1.7) has no nontrivial periodic solutions of (not necessarily
prime) period k — 1.

Proof. Suppose that {x,},._, is a positive solution to (1.7) satisfying x,-1 = x,_ foralln > 1,
then x,, = A + xZ_k/ X, = A+ xZ :q implies that x,_1 = x,, = x for all n > —k. The proof is
complete. O

Theorem 3.4. Assume that p < r. Let {x,};._, be a positive solution to (1.7), which consists of a
single semicycle, then {x,},._; converges to the equilibrium X.
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Proof. Suppose x, > x (the case for x,, < X is similar and is omitted) for all n > —k, then

°
Xy = A+ D S x- Avw, (3.5)
n
implying that
Xn-(k-1) > xP- r)/pxr/p > x('g n/v r/p =X, (3.6)
and so
Xn—(k-1) 2 Xp 2 x forn=1,2,.... (3.7)
From here it is clear that for i = ., k — 2 there exists a; such that
i xye-1)4i = @i (3.8)

But then ag, a1,...,ak is a periodic solution of (not necessarily prime) period k — 1. By
Lemma 3.3 the result holds. O]
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