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1. Introduction

The Genocchi numbers G,, and the Bernoulli numbers B, (n € Ny = {0,1,2,...}) are defined

by the following generating functions (see [1]

0

2t

):

n

t
PO ZOGHE (t] <o), (1.1)
t &
a7 Xy (<2, (12)
respectively. By (1.1) and (1.2), we have
Goni1 = Bony1 =0, (n € N) G, = 2(1 - Zn)B-,l, (13)

with N being the set of positive integers.
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The Genocchi numbers G, satisfy the recurrence relation

171*1 n
G() = 0, G1 = 1, Gn = —= Gk (Tl > 2), (14)
215 \k

so we find Gz = —1, G4 = 1, G6 = —3, Gg = 17, G10 = —155, G12 = 2073, G14 = —38227, N
The Stirling numbers of the first kind s(n, k) can be defined by means of (see [2])

n
x),=x(x-1)...(x-n+1) = Zs(n,k)xk, (1.5)

k=0

or by the generating function
(log(1+x))* = k!is(n 0. (1.6)
R 1 :
It follows from (1.5) or (1.6) that

s(m k) =s(n-1,k-1)-(n-1)s(n-1,k), (1.7)

with s(n,0) =0 (n>0),s(n,n) =1 (n>0),s(n,1) = (-1)" Y (n-1)! n>0),s(n,k)=0 (k>n
or k <0).
Stirling numbers of the second kind S(n, k) can be defined by (see [2])

x" = S(n, k) (%), (1.8)
k=0
or by the generating function
o "
(e* - 1)k = k!ZkS(n, . (1.9)
It follows from (1.8) or (1.9) that
S(n,k)=Sn-1,k-1)+kS(n-1,k), (1.10)

with S(n,0) =0 (n>0),S(n,n) =1 (n>0),S(n,1)=1(n>0),Sn,k)=0 (k>nork<D0).

The study of Genocchi numbers and polynomials has received much attention;
numerous interesting (and useful) properties for Genocchi numbers can be found in many
books (see [1, 3-16]). The main purpose of this paper is to prove an explicit formula for the
generalized Genocchi numbers (cf. Section 2). We also obtain some identities congruences
involving the Genocchi numbers, the Bernoulli numbers, and the Stirling numbers. That is,
we will prove the following main conclusion.
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Theorem 1.1. Let n > k (n,k € N), then

Go, -+ Go, 2kk!
o = (DT 22]5(11 7)s (i k). (1.11)

Remark 1.2. Setting k = 1in (1.11), and noting that s(j, 1) = (-1)/™ (j —1)!, we obtain

G =203 (-1)" 1<] ) S(n,j) (neN). (1.12)
=1
Remark 1.3. By (1.11) and (1.3), we have
(2 = 1)By, --- (2% - 1)B,, 2kl 1 N
=(-D"=>» =S5(n,j)s(j, k).
o S (v1---o)v1! - ! ( n!].zzsz (7)1, k) (1.13)
U1+t =n
Theorem 1.4. Let n, k € N, then
L 1)] k+ 1 n+k—i
Z#S(n j) =2k 12( s (k, k - ])n+;< .t (1.14)
j=
Remark 1.5. Setting k =1,2,3,41in (1.14), we get
LG,
2 5(nj) = ;77 G,
j=0
LEY G 2 2
;‘:ZOTS(n’]) = T1Gn+1 + mcmzl
(1.15)
n(-1)] ]+2)' 8 12 4
Jg— ( ) mcnﬂ +mGn+2+ mcmsf
" (-1)/(j +3)! , 48 88 48 8
FZO—.s(n,;) —— G+ — Gz + —Guug + —— G

Theorem 1.6. Let n € N, m € Ny, then

nz Gpi1 =2 mz( >] (mod m +1). (1.16)
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Remark 1.7. Setting m = p —1in (1.16), we have

1 S
G = D (-1)/j"(mod p), (1.17)

n+1 =

where p is any odd prime.

2. Definition and Lemma

Definition 2.1. For a real or complex parameter x, we have the generalized Genocchi numbers
G, which are defined by

<62f+1> ZG(X)t! (1 < %; 1=1). (2.1)

By (1.1) and (2.1), we have

nGY, = 271G, (22)

Remark 2.2. For an integer x, the higher-order Euler numbers Eéi) are defined by the following
generating functions (see [17]):

<et+e—t> Z éﬁ)(; T (1t <5)- (2.3)

Then we have

/2] / n
GV =(-)" Y < >E;’,§>x"-2k, (2.4)
& \2k

where [n/2] denotes the greatest integer not exceeding n/2.

Lemma 2.3. Let n > k (n,k € N), then

G = S w(n k)x*, (2.5)
k=1

where

w(n, k) = (-1)*>2"7S(n, j)s(j, k). (2.6)
j=k
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Proof. By (2.1), (1.5), and (1.9) we have

[ee]

(x)ﬁ B 2 x_ 1 >x
nZ:OG" n! <e2t+1> - <1+(1/2)(e2t—1)

j=0 ‘ < ]
, , (2.7)
00(_1)J<x+]—>.°°n n
=2 o )it22S(n )
i 2 j Py
o I L fx+j-1 n
=SS (U st
n=0 j=0 ]
which readily yields
® _ o (XTI 1 .
Gn' = (-1)j12 - )S(j)
=0 )
= > (-1Y2"IS(n, j) (x +j - 1) (x +j—-2) -+ (x + D)x
j=0
. (2.8)
n . . ] .
= 2 (D278 (n, ) 2 (1) s (o o)
j=0 k=1
= 3 (1) 2"7S(n, j)s(j, k)x* = D w(n, k)xk.
k=1 j=k k=1
This completes the proof of Lemma 2.3 . O

Remark 2.4. From (1.7), (1.10), and Lemma 2.3 we know that G,(f) is a polynomial of x with
integral coefficients. For example, setting n = 1,2, 3,4 in Lemma 2.3, we get

G¥=—x, GP=-x+x’, G =32-4%,
(2.9)
G = 20 +3x% — 6% + x*.

Remark 2.5. Let n,m € N, then by (2.5), we have

n 211
éw(n, k) = mGn+1- (2.10)
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Therefore, if g € N is odd, then by (2.10) we get
Gy =0(mod g),

where k € N.

3. Proof of the Theorems

Proof of Theorem 1.1. By applying Lemma 2.3, we have

Kl (n, k) = d—c“‘ leco.

On the other hand, it follows from (2.1) that

S G - (log 2 )
dxk T log 7 e +1

n=k

where log(2/(e* + 1)) is the principal branch of logarithm of 2/ (e* +1).

Thus, by (3.1) and (3.2), we have
o g 2 k
k!éw(n, k)a = <logm> )

Now note that

d 2 (1)t 2Gn+1t
— log —— =) G,
at 8y T e2t+1 Z nz:(:)n+1 nl

whence by integrating from 0 to t, we deduce that

& 271G, 1 2m 1G t
32t+1 z; —-2t_§;( ==
n= n=

Since Gpu1 = 0 (n € N). Substituting (3.5) in (3.3) we get

2" K G, Goy
w(n, k) = (-1)" i > (01 v)v1 okl
v1,...,UkEN
U1+ =N

7

(2.11)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

By (3.6) and (2.6), we may immediately obtain Theorem 1.1. This completes the proof

of Theorem 1.1.

O
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Proof of Theorem 1.4. By (2.1) and note the identity

2 X 1 d 2 X 2 x+1
_ o —) =( —-—— 3.7
2<er+1> +xdt<e2f+1> <e2f+1> ! (3.7)

we have

Gy =26 + ijj’l (3.8)
By (3.8), (1.7), and note that Gfll) =2"/(n+1)G,11, we obtain
k-1
(k) _ inj -\ ~(1)
e (k- 1) ; 1)2s(k, k _])Gn+k—1—j
(3.9)
on+k-1 k-1 ; Gk -
-1 _
= 1)'Z Vs(kk=1) = i

Comparing (3.9) and (2.8), we immediately obtain Theorem 1.4. This completes the proof of
Theorem 1.4. O

Proof of Theorem 1.6. By Lemma 2.3, we have

G = Sw(n, j)m+x) = Yw(n,j)x =G (mod m). (3.10)
j=1 =1
Therefore
G(k) G(m+k m) _ G( m) _ on- mZ< >] (mod m + k). (3.11)
j=0 ]

Taking k = 1in (3.11) and note that GS) = 2"/(n+1)G,+1, we immediately obtain Theorem 1.6.
This completes the proof of Theorem 1.6. O
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