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1. Introduction

A specific class of maps, defined by x' = F(x,y), ¥ = G(x,y), with at least one of the
components F or G defined by a fractional rational function, has been studied in the work
in [1-10], and has very interesting properties. Some peculiar dynamical properties have been
evidenced and observed in iterated maps (or in one of the inverses) having a vanishing
denominator or having the form 0/0 in a point of R?. This characteristic has revealed new
types of singularities in the phase plane, such as focal points and prefocal curves. The
presence of these sets may cause new kinds of bifurcations generated by contacts between
them and other singularities, which give rise to new dynamic phenomena and new structures
of basins and invariant sets.

In this paper, which is a continuation of a former study [10], we present results on such
singularities. We can distinguish typical scenarios between the map and its inverse. We recall
definitions and main properties as given in some papers by Bischi et al. (see, e.g., [2-8]). A
prefocal curve of a map is a set of points, whose image by one inverse is reduced into a single
point called focal point.

We put in evidence necessary conditions and/or sufficient for a focal point to be a
fixed point of the inverse map.

This paper is organized as follows. In Section 2 we present some basic definitions
and facts about the key role of focal points and prefocal curves. In Section 3, we give our
main results about the link between the property of the basin of attraction of a map T being
connected (resp., nonconnected) and focal points of T~! being inside (resp., outside) of this
attraction basin, and the link existing between fixed point of this map and the focal point
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of its inverse. Section 4 is devoted to applications to illustrate our results, two examples are
considered with one focal point and two focal points.

2. Definitions and Geometric Localization of Focal Point,
Prefocal Curve

In this paper, we use the notation introduced in [6-8]. Definitions and generic properties
given here concern fractional maps (x,y) — (x',y') = T(x,y) of the form:

x'= F(x,y),
Ty _N@xy) @1)
YT Dly)

where it is assumed that the functions F, N, and D are polynomial functions defined from R?
to R2. The set of nondefinition of T is given by

6= {(xy) eR*| D(x,y) =0}. (2.2)

In the following, we will suppose that 6, is a smooth curve in the plane. The initial conditions
belong to E, given by

E=R>- O Tk (6,). (2.3)

In order to define the concepts of focal point and prefocal curve, we consider a smooth arc y
transverse to 6, and we study the shape of its image under T, that is, T (y).

Definition 2.1 (see [6]). Consider the map (2.1). A point Q = (xp, yo) is a focal point if at
least one component of T takes the form 0/0 in Q and there exist smooth simple arcs y(7),
with y(0) = Q, such that lim,_,¢T(y(7)) is finite. The set of all these finite values, obtained in
different arcs y(7), is called a prefocal curve 6¢.

We can compute prefocal curve and the focal point analytically by the following
method (see [6]), provided that the inverse map is known explicitly. We search the set J; for
which det(DT™!) vanishes, and we calculate the images, under T~!, points of J;- If J; contains
a curve 6 such that T~1(6) is reduced to a point Q, thus 6 is a prefocal curve for the map T
and Q is then the associated focal point.

The presence of a vanishing denominator induces important effects on the geometrical
and dynamical properties of the map. In this case, we need to locate geometrically the focal
point in the phase plane. This concept is stated and proved in the following proposition [10].

Proposition 2.2. Let T(x,y) = (F(x,y),N(x,y)/D(x,vy)) be a fractional rational map with a
unique polynomial inverse T2, If T™1(8;) crosses transversely 65 in a point Q = (xo, yo), where 5 is
the set of nondefinition of T, then Q is a focal point of T.
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Corollary 2.3. Let Q be a focal point of T, if y(t) = T~1(6s) and y(0) = Q, then lim, T (y(t))
belongs to 65 N 6.

Some of such behaviors can also be observed in maps without a vanishing
denominator, but their inverses have a vanishing denominator.

Corollary 2.4. Let T be a polynomial map and T its unique fractional inverse. If T(55) crosses
transversely & in a point Q = (xo,yo), where & is the set of nondefinition of T, then Q is a focal
point of T

3. Properties of Focal Points and Prefocal Curves

We now describe our main results concerning several focal points in more detail, we confirm
and extend some others for the simplest case with one focal point as stated in [10], and similar
properties continue to hold.

The following proposition shows the link between the structure of the basin of
attraction of an attractor of T and the fact that the focal points of T~! are inside or outside
the basin.

Proposition 3.1. Let T be a smooth two-dimensional map, with a unique fractional and rational
inverse T™!, 6,4 being its set of nondefinition, and Q;, i = 1,2, ..., k, its focal points. Let D be the basin
of attraction of an attracting set A of T of period-1. Suppose that for any i =1,2,...,k, 6; N D #¢,
such that 6s; is the branch of 65 = Uf:1(6s,i) containing the focal point Q;. Therefore, the basin D is
connected, if and only if all focal points Q; belong to D.

Proof. Let Dy be the immediate basin of A, F the boundary of the basin D = U,,50T"(Dy), and
6@, the prefocal curves of T associated, respectively, with focal points Q;,i=1,2,..., k.
First, we recall the following implications:
(1) 6sNDo#¢ = T(6s) NDo#,
(2) Qi € Dy & TH{Q;} = 6g, ¢ T"H(Dy),
(3) Qi¢ Dy & 60, NTH(Dy) = ¢,
(4) Qi e F = TQ;} =6g, c TH(F) 2 F, and in this case T"'F = F (as T restricted to
R? - {U;60,} is invertible).

—_ — ~— ~—

Let us assume that all 6 ; cross the immediate basin Dy of A. Otherwise, if a branch 6, ; crosses
an island D,,, without crossing Dy, we reason on this island as follows.

We denote by Dé/i and D(z),l. the parts of Dy located on either side of &,; with Dé/i nDé,i =
Do N6, Dy = Dé/i U D(Z)’i =UE, (D(l),i U D(2J,i)' Since T has a unique inverse and that T~1(8s) is
the set of points at infinity of T™" plus 6q;, then T™'(Dj;) and T~'(Dj,) are on either side of
60;-

l (1) We show that if D is connected, then all Q; belong to D.

Suppose the contrary, in other words there exists Q;, € D, this implies that Q;, ¢ Dy
and therefore, according to the equivalence (3) mentioned above, T1{Q;,} = &g o has no
intersection with T™'(Dg) = T"'(Dy, U D, ) = T™H(Dy,; ) UT™(Dg, ). Besides, as T"'(Dy ;)
and T~!(Dj, ) are on either side of 6¢, , this implies that T~ (D, ) N'T~(Dj, ) = ¢. Therefore,
T~Y(Dy) is not connected and then D = U,»T"(Dy) is not connected. This contradicts the
hypothesis, D is connected, then Q;, € D.
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(2) Conversely, let us prove now that if all Q; belong to D, then D is connected.

Suppose that all Q; belong to Dy. If a focal point Q;, belongs to an island D,,,, we reason
on this island as follows.

Let Q; € Dy, from the equivalence (2), we have T H{Q;} = 6o C T HDy) =
T™Y(Dy,;) U T™1(Dg,). Since T~(Dy;) and T~'(Dj;) are on either side of ¢, therefore, in
order that T-'(Dy) contains 8¢, it is necessary that T~!(Dj ;) and T~!(Dj ;) merge, this means
that T'(Dg;) N T'(D§;) = 6gq,. This is true for all prefocal curves &q,, then T~!(Dy) is
connected. Since, by the definition of the attraction basin, T~!(Dy) contains Dy, and taking
into account that Dy is the biggest connected component containing the attractor, then
Dy contains T~'(Dy). This means that T-'(Dy) = Dy. Therefore, T™"(Dy) = Dy and then
D = U,;50T™(Dy) = Dy is connected. O

Remark 3.2. The proposition does not apply for the case of the periodic attractors of period
k > 1. Intuitively, some analogies with Proposition 3.1, as considering T*, would be possible,
but more work is needed to precise this fact.

The proposition which follows, localizes a focal point of T~!, when it is a fixed
point of T

Proposition 3.3. Let T be a smooth planar map, let T~ be, its unique and fractional inverse and let
Q be a focal point of T Then, Q is a fixed point of T if and only if Q € 6q.

Proof. Q fixed pointof T & T(Q) =Q & T(Q) € {Q} © Qe T H{Q} = 6p. O

The following proposition made the link between prefocal curves of T~! and of T2
associated with the point focal Q and the fact that this last is a fixed point of T

Proposition 3.4. Let T be a smooth planar map and T~ its unique and fractional inverse. Let 6o and
Ag be the prefoal curves of T~ and of T2 associated with the focal point Q. Then we can claim that:

Q fixed point of T & 6o N Ag # ¢. (3.1)

Proof. (1) Let us show that 6g N Ag # ¢ is a necessary condition for Q to be a fixed point of T'.
Let (x,y) € 6q, then the Jacobian JT ;) = 0, thus J T(Qx,y) = JTrey)  JTwy) = JTg - JTxy) = 0.
Besides, as Q is a fixed point of T, for all (x,y) € 6g we have

T*(x,y) =T(T(x,y)) =T(Q) = Q. (3.2)

Thus, one showed that 65 C Ag.
(2) Now let us show that 69 N Ag # ¢ is a sufficient condition for Q to be a fixed point
of T. Let (x,y) € 6o N A then we obtain

T(x,y)=Q=T(x,y) =T(T(x,y)) =T(Q). (3.3)

Consequently, Q is a fixed point of T O

We can give another necessary condition so that a focal point of T~! is a fixed point of
T, given by this proposition.
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Proposition 3.5. Let T be a smooth planar map and T its unique and fractional inverse, and let Q
be a focal point of T~. If Q is a fixed point of T, then an eigenvalue of the Jacobian matrix of T in Q is
null.

Proof. Let Q be a focal point of T}, this implies that JT = 0 on 6g. As Q is a fixed point of
T, consequently, Q € 6g and then JTg = 0. This last (JTg = 0) is necessary and sufficient
to have a null eigenvalue, being the determinant of a matrix equal to the product of their
eigenvalues. O

4. Applications

Example 4.1. Case of a polynomial mapping, having a unique fractional inverse with a unique
focal point.
We consider this map

. (A-a)b-x-x*)+x-y-b-y
T(xy)=1" "~ a o (4.1)
y=x

where a, b, and c are real parameters. Its unique inverse is given by

’

X =y,
T'(x,y) =4 , x-c (4.2)
y= (1—a)]/+aﬁ/

The nondefinition set 6; of T~! is given by
y=b, (4.3)

However, T~! has a prefocal curve 6¢ of equation

x=b (4.4)

associated with the focal point Q = (c, b).

First let us fix a = 0.5, ¢ = 1.5 and we vary the parameter b. We have the following
situations.

(1) For b = 1.490, the map T has a saddle fixed point C of coordinates (1.469,1.469),
whose invariant stable manifold delimits the basin of attraction of a stable focus F of
coordinates (1.021,1.021). We can see in Figure 1 that the prefocal curve 6g and the focal
point Q = (1.500,1.490) are outside the basin that this last is not connected and is constituted
of an immediate basin containing F and of islands with a shape of crescents.

(2) For the value b = 1.500, the focal point Q = (1.500, 1.500) is on the prefocal curve
6g. From Proposition 3.3, Q is then a fixed point of T. It is merged with the saddle fixed
point C = (1.500,1.500), whose invariant stable manifold delimits the basin of attraction of
the stable focus F. in Figure 2, we can see that there exists a contact between the boundaries
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a=.5 b=149 c=15

-2.5

-1.5 3

Figure 1: b = 1.490 basin of attraction non connected.

of the immediate basin and islands, so the closure of the total basin is connected. We can see
also that the prefocal curve delimits a part of the basin of attraction, which implies that Q is
on the boundary of the basin.

(3) For the value b = 1.501, the iterates of focal point Q converge toward the attractor,
thus the focal point Q and prefocal curve 6¢ are inside the basin. We can see, in Figure 3, that
the attractor is now an invariant closed curve, resulting from a Neimark-Hopf bifurcation
for the value b = 1.500. We see that islands aggregate to the immediate basin. Therefore,
the basin is connected. This value of the parameter b is at the same time, a basin-bifurcation
value “connected (--) nonconnected” (as established in Proposition 3.1) and Neimark-Hopf
bifurcation value.

Example 4.2. Case of polynomial mapping, having a unique fractional inverse with two focal
points is considered.
We consider the following example:

x =y,

T(x,y) = (4.5)
' 2 2
y=x-y -by -a-x+a-b-y,

where 2 and b are real parameters. Its unique inverse is given by

, y+b-x*-a-b-x
T (x,y) = e —a+x2 ’ (4.6)
Yy =x.
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a=5 b=15 c=15

Figure 2: b = 1.500 basin-bifurcation value.

a=.5 b=1501 c=15

Figure 3: b = 1.501 basin of attraction connected.

The set of nondefinition 6, of T~! is constituted of two branches 651 = {x = v/a} and &, =

{x = -val:

65 = 65,1 U 65,2/ (4-7)
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a=.264 b=-2

2.7

-3.7
-5 4

Figure 4: a = 0.264 basin of attraction connected.

T-! has two prefocal curves:

6g, 1y =Va,
(4.8)
6, 1y =-va,
associated, respectively, with the two focal points:
Ql = ('\/Elu'b (\/E_ 1))/
(4.9)

Q= (-Va,-a-b (Va+1)),

(I) Let us check that 6o, N Ag, = ¢, i = 1,2, if and only if Q; is not a fixed point of T
(Proposition 3.4). We have JT7, = JTr(xy) JTxy = ((xy?—by*-ax+ aby)*~a)-(y*-a) =0
this implies that

2 _
y=tva, x= byfﬂ. (4.10)
y>-a
The images of these curves, by T2, give us
2 _
T2<x = by?ﬂ[y) = T(y,\/a) = Ql/
Yy —a (4.11)

T?(x,y = Va) =T(Qy).
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a=.265 b=-2

2.7
T(‘Ss,l )
T (65
/ ( ,2)
e 0—
V‘/\ o}
60,
é 5,2 65,1
-3.7
-5 4

Figure 5: a = 0.265 basin of attraction non connected.

We deduce that y = 1/a is a prefocal curve of T~? associated with the focal point T(Q;), and
hence if Q; is not fixed point of T, A, is equal to

by? - aby ++/a
Ao, = =< < - 4.12
Ql { <x yz —a Iy ( )
with 6p, N Ag, = ¢. When Q; is a fixed point of T, A, is equal to
by* - aby +\/a
Ao, = {( - yy—yy> } U{(xy = Va)). (@13)

Thus 6Q1 C AQ].
The result is quite similar for the focal point Q.
(IT) Study of the basin bifurcation “connected (--) nonconnected”
Fix b = -2 and we vary the parameter a.

(1) For the value a = 0.264, we see in Figure 4 that the basin of attraction is connected,
and the two prefocal curves and the two focal points are inside the basin.

(2) For the value a = 0.265, we see in Figure 5 that the basin of attraction is not more
connected. 6g, and Q» are outside of the basin (Proposition 3.1).

(3) For the value a = 0.583, we can see in Figure 6 that the basin is not connected and
the two prefocal curves do not belong to the basin.

(III) We can obtain basin bifurcations curves, when the focal points Q; and Q, are fixed
points of T on the boundary of the basin.
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a=.583 b=-2

2.7
+Q2

+Q1

-3.7

-5 4

Figure 6: a = 0.583 basin of attraction non connected.

T has three fixed points A, B, C of coordinates

A =(0,0),

B

<b+\/b2—4ab+4a+4 b+\/b2—4ab+4a+4>
2 ’ 2 ’

(4.14)

b—Vb2—4ab+4a+4 b—b2—4ab+4a+4
C= , .
2 2

According to Proposition 3.3, Q1 = (va,a - b (v/a - 1)) is a fixed point of T, if and only if
Q1 € 6q,, then a - b (v/a-1) = \/a, which gives the curve b;(a) = 1/(a - +/a) for a#0 and
a#1l.

For a =0, Q; = (0,0) is an attractive fixed point (with eigenvalues A1 = 1, = 0), hence
Q1 is not on the boundary of a basin. Fora =1, Q; = (1,0) is not a fixed point of T

By identification of Q; with the fixed points B, C for b € b;(a), we obtain

Q1 =(+va,~a)=B forac]0,1[U]1.6826,+o0],

(4.15)
Q1 = (va,+/a)=C forae]l, 1.6826].

Similarly, Q, = (-+/a,—a - b (v/a + 1)) is a fixed point of T if and only if Q, € 6q,, then
—-a-b (v/a+1) = —y/a, which gives by(a) = 1/(a + v/a) for a#0. For a =0, Q, = (0,0) is an
attractive fixed point.

By identification of Q, with fixed points B, C for b € b,(a), we obtain

Q= (va,v/a)=C for a€]0,+ool. (4.16)
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In the parameter plane (a,b), the curves b(a) and by(a) can be bifurcation curves
“connected (--) nonconnected” (when an attractor exists and that the fixed points B, C are
on the boundary of the basin of this attractor), if between these two curves, a focal point
cannot reach the boundary of the attraction basin without being a fixed point. Otherwise, it
will be basin bifurcations curves, in the sense that the number of connected components of
the basin changes while crossing them.

5. Conclusion

Fractional maps have suggested interesting analysis of the dynamic behavior and showed
that they have their own characteristics, and have revealed new types of singularities
considered as theoretical tools for analyzing the bifurcation phenomena. In this paper, we
have presented complementary results that appear not to have been given in the works
cited therein. We have proved some results, the first permits to localize geometrically the
focal point in the phase plane. The second result makes the link between the property of the
basin of attraction of an attractor of a map T with a unique inverse being connected (resp.,
nonconnected) and focal points of T~! being inside (resp., outside) of this attraction basin.
The third and last result gives the link between fixed point and focal point of T and T~!. It
would be interesting to study these same properties for maps with several inverses.

Acknowledgment

This work has been performed under the activity of the National Research Project
B01120060034.

References

[1] L. Billings and J. H. Curry, “On noninvertible mappings of the plane: eruptions,” Chaos, vol. 6, no. 2,
pp. 108-120, 199.

[2] G.-I. Bischi and L. Gardini, “Basin fractalization due to focal points in a class of triangular maps,”
International Journal of Bifurcation and Chaos, vol. 7, no. 7, pp. 1555-1577, 1997.

[3] G.I. Bischi and A. Naimzada, “Global analysis of a nonlinear model with learning,” Economic Notes,
vol. 26, no. 3, pp. 143-174, 1997.

[4] G.-L Bischi and L. Gardini, “Focal points and basin fractalization in two classes of rational maps,” in
Iteration Theory (ECIT "96) (Urbino), vol. 339 of Grazer Mathematische Berichte, pp. 61-83, Karl-Franzens-
Univ. Graz, Graz, Austria, 1999.

[5] G.-L Bischi, L. Gardini, and C. Mira, “New phenomena related to the presence of focal points in two-
dimensional maps,” Annales Mathematicae Silesianae, no. 13, pp. 81-89, 1999.

[6] G.-L Bischi, L. Gardini, and C. Mira, “Plane maps with denominator. I. Some generic properties,”
International Journal of Bifurcation and Chaos, vol. 9, no. 1, pp. 119-153, 1999.

[7] G.-I. Bischi, L. Gardini, and C. Mira, “Maps with a vanishing denominator. A survey of some results,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 47, no. 4, pp. 21712185, 2001.

[8] G.-L. Bischi, L. Gardini, and C. Mira, “Plane maps with denominator. II. Noninvertible maps with
simple focal points,” International Journal of Bifurcation and Chaos, vol. 13, no. 8, pp. 2253-2277, 2003.

[9] G.-L. Bischi, M. Kopel, and A. Naimzada, “On a rent-seeking game described by a non-invertible
iterated map with denominator,” Nonlinear Analysis: Theory, Methods & Applications, vol. 47, no. 8, pp.
5309-5324, 2001.

[10] M. R. Ferchichi and I. Djellit, “ Attractors for maps with fractional inverse,” Discrete Dynamics in Nature
and Society, no. 3, pp. 343-355, 2005.



