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1. Introduction

Let N, Z,R be the set of all natural numbers, integers, and real numbers, respectively. For
a,b € Z,note that Z[a,b] = {a,a+1,...,b}, where a < b.

In this paper, we consider the existence of periodic solutions for the system of
difference equations of the form

A(pur (Dxun)®) + ot (n)° = f1(m, %),

A(pr(Dxuo)”) + G () = fo(m, Xn), 1)

APk (Ax (1)) + Gk (i) = fie(m, Xon),
which can be recorded as

AP (AXT)*) +Q,(XD)" = f(n,X,), nez, (1.2)
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where k is a positive integer,

p 0 - 0 Gui O -+ 0

_ 0 pp - 0 _ 0 gp - 0

D, = P2 . 0,-= n2 ) (1.3)
0 0 - pu 0 0 - gu

and Puiw = Py > 0 (e, pu1 > 0,002 > 0,y puk > 0), Qe = Qs f = (f1 foroe, fi),
fi = fin,Xy) = filn,xu1, X2, ..., %Xnk), f(n + w,U) = f(n,U) for any (n,U) € Z x Rk,
w > 0 is a positive integer, (<1)° = -1, § is the ratio of odd positive integers, AX? =
XZ+1 _XZ = (X(m+1)1 = Xnl, X(ns1)2 = Xn2, - - - X(nt1)k — xnk)T/ AZXZ_l = A(AXZ_O = AXZ_AXZ_y
For U = (uy,up,...,ux) € R¥, define U° = (u‘f,ug,...,ug). Ul = (Jual, lual, - - -, |ukl), |LI|6
(1|, |ua2l®, ..., Jukl®). A sequence X = {X,},cz is a w-periodic solution of (1.2) if substitution
of it into (1.2) yields an identity for all n € Z.
In [1, 2], the qualitative behavior of linear difference equations

A(pnAxy) + Guxy =0 (1.4)
has been investigated. In [3], the nonlinear difference equation
A(pnAxn) + Guxy = f(n,x,) (1.5)

has been considered. In [4], by critical point method, the existence of periodic and
subharmonic solutions of equation

A’xy 1+ f(n,x,) =0, nez (1.6)

has been studied. Other interesting results can been found in [5-8]. In [9], the authors
consider the existence of periodic solutions for second-order nonlinear difference equation

A(pu(B241)°) +Gux = f(n,xa), ne€Z, (1.7)

using critical point theory, obtaining some new results. It is a discrete analogues of differential
equation

(pt)p(u')) + f(t,u) = 0. (1.8)

They do have physical applications in the study of nuclear physics, gas aerodynamics, and so
on (see [10, 11]). In this paper, we obtain some new results of existence of periodic solution
for the second-order nonlinear system of difference equations by using critical point theory.
We remark, however, the result in [9] is only good for (1.7) which is much less general than
our results in what follows.
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2. Some Basic Lemmas

Let E be a real Hilbert space, I € C (E,R) mean that I is continuously Fréchet differentiable
functional defined on E. I is said to be satisfying Palais-Smale condition (P-S condition) if
any bounded sequence {I(u,)} and I'(u,) = 0 (n — o) possess a convergent subsequence
in E. Let B, be the open ball in E with radius p and centered at 0, and let 0B, denote its
boundary, 0 is null element of E.

Lemma 2.1 (see [12]). Let E be a real Hilbert space, and assume that I € C(E,R) satisfies the P-S
condition and the following conditions:

(I) there exist constants p > 0 and a > 0 such that 1(x) > a for all x € 0B,, where B, = {x €
E: x|l <p};

(I2) I(0) < 0 and there exists xo&B, such that I(xo) < 0.

Then ¢ = infhersupselo,l]l (h(s)) is a positive critical value of I, where
I'={heC([0,1],X) : h(0) =6, h(1) = xo}. (2.1)

Let €, be the set of sequences

X={Xn)op = {ooor Xoneo, X1, X0, X1y, Xy ), (22)

where X,, = (X1, X2, - .., Xnk) € RK, that is,

Q. ={X={Xun},.p: Xn €RF, nez}. (2.3)

nez *
Forany X,Y € Q,, a,b € R, aX + bY is defined by

aX +bY = {aX, +bY,} ” (2.4)

n=-co’
then Q, is a vector space. For given positive integer w, E,, is defined as a subspace of Q, by
E,={X={Xn} € Q: Xy =Xpn, n € L}. (2.5)

Obviously, E,, is isomorphic to Rk for any X,Y € E,, defined inner product

w

(X,Y) = DXy, Yi), (2.6)

i=1

by which the norm ||-|| can be induced by

w 1/2
X = <Z||Xi||2> , XE€E,. (2.7)
i=1
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where || X;|| = (Z;‘:l |xi]~|2)1/2. It is obvious that E,, with the inner product defined by (2.6) is a
finite-dimensional Hilbert space and linearly homeomorphic to Rk®_ Define the functional J
on E,, as follows:

1 w " 1 w . w
J(X) = m;@n,(AXm)é - 6+1;(Qn,x,‘2 1y +1§F(n,Xn), X €E, (28)

where F(n, X,,) such that Vi F(n,U) = f(n,U), that is,
0
fin,U) = fi(n,u1,us, ..., ux) = aF(n, Ui, Uy, ..., Ug) (2.9)

for any (n,U) € Z[1,w] x Rk, P, = (Pn1,Pr2s- - Prk)s Qn = (Gu1,Gn2,-- -, Gnk). Clearly J €
CY(E,,R), and for any X = { Xy} ez, € Ew, by Xo = X, and X; = X1, we have

0J(X)
axnl

= —Apu(Axan)®) = gu(xa)’ + fi(n, X,), 1€Z[1,k], n€Z[l,w].  (2.10)

Thus X = {X,,},7 is a critical point of J on E,, (J'(X) = 0) if and only if
Apu(Dxp1)®) + gu ()’ = fi(n, X,), 1€Z[1,k], n€Z[1,w]. (2.11)
That is,
AP, (AXT )Y +0,(XT)’ = f(n,X,), nel 2.12)

By the periodicity of X, and f(n, X,,) in the first variable n, we know thatif X = {X,},cz € Ew
is a critical point of the real functional J defined by (2.8), then it is a periodic solution of (1.2).
For X = {Xy},ez € Ew, Xu = (Xm1, Xn2, -+, Xnk) € Rk 7 > 1, denote

w 1/r k 1/r
= (SId) ol = (Sl 213)
i1 i1

Clearly, [|X[|, = [ X]|, [ Xxll, = [|Xxl|- Because of ||||,, and [|-]|,, being equivalent whenry, 2 > 1,
so there exist constants ¢, ¢a, ¢3, ¢y, hi1, hip, ha, and hy such that ¢ > ¢1 >0, ¢4 > ¢35 > 0, hp >
h1>0,and hy > hz3 > 0,

allX[l < 1Xlls1 < eI X1,
el X[ < I1X1l < call X,
(2.14)

hu[| X || < 1 Xanll .0 < B2 | X,
ha | X || < (| Xl 5 < Fa | X

7

forall X € E,, 6 >0,and g > 1.
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Lemma 2.2. Suppose that

(F1) there exist constants a; > 0, ap > 0, f > & + 1 such that
F(n,U) < -ai U] + a2 (2.15)

for any (n,U) € Z[1,w] x R¥;

(F2)
Gni <0, neZ,iecZ1,k]. (2.16)
Then
w + 1 w w
J(X) = ) (AX, 1)) - 6_Z<Qn,xg+1> + > F(n,X,) (2.17)
=1 +1 n=1 n=1

satisfies P-S condition.
Proof. For any sequence {X?} = {...,x? . ,Xfll),Xél),Xil),...,X,(f),...} € E,, J(X") is

bounded and J'(X®?) — 0( — oo). Then there exists a positive constant M > 0, such
that |[J(X®)| < M. From (F;), we have

-M < ](X(’))

_ z“_’;[<Pm (x¢ ) X(l)l) >_ <Qn, (Xill))ﬁﬁ-l >]

+

w

+ 2 F(n X))

n=1

1 @ 0 6+1 (1) 6+1
27 (P (11 + IGL1) )

n=1
5+1 &
X017 ) + Y F(n X))
n=1

1 o+1 1
X’(1)| >_6+

I N

w
n=1

> (Qn

26+ w

e Z(P + P,
w

+ ZP(n bl
26+1 w
+14

- alz”xfj)”" + ayw
n=

w

6+1
<26+1 (pn + Pn+1) - Qnr |X1(11)| : > - alllx(l)llz + arw.
=1

Ms

I/\

(Qu IX

]
—_

n

X(l)| > 1

T <Qn/ |X(l)|5+1>

ME

I/\

< + Pn+1/

I
—_

n
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Set

Ap = 26+1 ) N N .
0 HGZ[lfaI}]?i)éz[l,k] { (pm + p(rl+1)1) qni } ( 9)

Then Ap > 0, and

~M < J(X©)
< g IV - X0 + e
< B S - e 20
AghfH! 541

— p
= S X5 - I X Ol + 2z

Becauseof f>6+1,and (B-6-1)/p+ (6+1)/p =1, in view of Holder inequality, we have

i XY < w0078 <i X9 “ﬁ> (MW. (2.21)

n=1 n=1
Thus

IXO > @A/ @D | x D)7 (2.22)
Then we have
-M< ](X(’))
< 20 X0 - X0+ e o
AohS

+1 541 - g
o X0~ e PO IXOYL

Thus, forany l € N,

Aoﬁ
5+1

6+1

ay0®P/ED | XO|E ||X<l> a0y < M + azw. (224)

Because of f > 6 +1, it is easily seen that the inequality (2.24) implies that { X"} is a bounded
sequence in E,. Thus { X} possesses convergent subsequences. The proof is complete. [
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3. Main Result

Theorem 3.1. Suppose that condition (Fy) holds, and

(F3) foreachn € Z,

F(n,U)
= 3.1
=0 Lz ey
(Fy) foranyie Z[1,k],n € Z[1, w],
Gni < 0; (3.2)

(Fs5) F(n,6) =0
Then (1.2) has at least two nontrivial w-periodic solutions.

Proof. By Lemma 2.2, J satisfies P-S condition. Next, we will verify the conditions (I;) and
(I) of Lemma 2.1. By (F3), there exists p > 0, such that

Qmax 1 6+1

for any ||U|| < p and n € Z[1, w], where gmax = MaXpez[1,w], icz[1,k]gni < 0. Thus

00 2~ SHQu XE) + 2F(n X0)

(max 6+1 Qmaxﬁ6+1 & 6 1
-2 S+ G Sl

ﬁ5+1 w

qmaxh6+] zw: ” 6+1 qmax Z ” 5+1 (34)
6+1 2(6 +1)
_ GmadiT s
- 2(6+1) ” ”6+1
qmaxﬁ6+1 6+1 el
> I X

for any X € E,, with || X]| < p. We choose a = —h‘f*lc‘f”(qmax/Z(& +1))p%*1, then we have

J(X)os, > a>0, (35)

that is, the condition (I;) of Lemma 2.1 holds.
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Obviously, J(0) = 0. For any given V € E,, with ||V|| =1 and constant & > 0,

-

11
—_

J@V) =

n

<Pnr (aVn - “Vn—1)6+1> - %i(gm (“Vn)6+1> + Ew:F(n/ aVy)
n=1

n=1

I
o
4| =
—_
Me

=
Il
—_

6+1 6+1
{ pmt (avu1 — av1)1)” + P2 (A0 — AV (-1)2)

6+1
tt Puk (twnk - av(n—l)k) }

w
+1 + G (avn2)6+1 TR (“Unk)6+1}

n=1

+ il—“(n, aVy)
=1

+ Pn2 (za)5+l +t Puk (za)6+l }
:1 (3.6)

w

+1

5 5+1
Tt gua®t 4+ gea®t

=l

w
- alz”aVn”ﬂ + ayw
n=1

w
H[1Qully ) - @ 3| Vil + axew
:1 n=1

+ ||Qn||1}oc‘5+1 - alaﬂHVllg + ayw

w
26+1”P"”1 + ||Qn||1}0£6+1 - alcgrxﬂ + arw
n=1

— —00, (a— +00).

Thus we can choose a sufficiently large a such that a > p, and X = aV € E,, J(X) < 0.
According to Lemma 2.1, there exists at least one critical value ¢ > a > 0. We suppose that X*
is a critical point corresponding to ¢, then J(X*) = cand J'(X*) =0.

By similar argument of Lemma 2.2, we know that J(X) is bounded from above, so
there exists X** € E,, such that J(X) < J(X**) = cmax for any X € E,. Obviously, X** #0. If
X** #X*, then the proof is complete. Otherwise, X** = X*, ¢ = Cmax. In view of Lemma 2.1,

c= 1nf sup J(h(s)), (3.7)
hel gef0,1]

whereT = {h € C([0,1],E,) : h(0) = 6, h(1) = X}. Then cmax = maxgeo,11J (h(s)) forany h € T
holds. In view of the continuity of J(h(s)) in's, J(8) <0, and | (X) < 0, we know that there
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exists some sy € (0,1) such that J(h(sg)) = cmax- If we choose hy, hy € T such that
{hi(s) :5€ (0,1)} N {ha(s) : s €(0,1)} = ¢, (3.8)

then there exist 51,50 € (0,1) such that J(hi(s1)) = J(h2(52)) = cmax. Then J possesses
two different critical points Y =1y (s1) and Z= hy(s,) in E,, hence, we obtain at least two
nontrivial critical points which correspond to the critical value cmax. Thus (1.2) possesses at
least two nontrivial w-periodic solutions. The proof is complete. O
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