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This paper studies the behavior of positive solutions to the following particular case of a difference

equation by Stevi¢ x,.1 = A + xh/ xZ k_:, n € Ny, where Ap € (0,+c0), k € N, and presents
theoretically computable explicit lower and upper bounds for the positive solutions to this
equation. Besides, a concrete example is given to show the computing approaches which are
effective for small parameters. Some analogous results are also established for the corresponding
Stevi¢ max-type difference equation.

1. Introduction
The study regarding the behavior of positive solutions to the difference equation
Xk
xn=A+q—, n € Ny, (11)
xn—m
where A,p,q € (0,+00) and k,m € N, k #m, was put forward by Stevi¢ at many conferences
(see, e.g., [1-3]). For numerous papers in this area and some closely related results, see [1-39]
and the references cited therein.

In [4, 24], the authors proved some conditions for the global asymptotic stability of the
positive equilibrium to the difference equation given by

Yni = A+ % neN, (12)
N

with A >0,k e N.



2 Discrete Dynamics in Nature and Society

Motivated by these papers, the authors of [8] studied the quantitative bounds for the
recursive equation (1.2) where y_, ..., y-1,0, A > 0,and k € N\ {1}, and quantitative bounds
of the form R; < y; < S;,i > k + 1 were provided. Exponential convergence was shown to
persist for all solutions. The authors also took A = k = 2 as an example, and eventually
obtained the concrete bounds as follows:

n-2 12\ [(+2)/10] n-2 2\ 2[(i-3)/10]+1
2+ [T 1—<ﬁ> <yn<2+]] 1+<§> , n>6. (1.3)

i=n-3 i=n-3

In [20], Stevi¢ investigated positive solutions of the following difference equation:

P

n
r 7
n-1

Xpe1 = A+ n € Ny, (1.4)

where A,p,r € (0,+00), and gave a complete picture concerning the boundedness character
of the positive solutions to (1.4) as well as of positive solutions of the following counterpart
in the class of max-type difference equations:

yr’
Ynel = max{A, r—n }, n € Ny, (1.5)
1

n—

where A, p, r are positive real numbers.

Motivated by the above work and works in [6, 9, 10, 12, 17, 21, 22], our aim in this
paper is to discuss the quantitative bounds of the solutions to the following higher-order
difference equation:

Xh
Xns1 = A+ e n € Ny, (1.6)

k+1 7
Xk

where A,p € (0,+m0),k € N, and the initial values are positive. Following the methods and
ideas from [8], we obtain theoretically computable explicit bounds of the form

. _ pnfjfl n-2 . _ Pnfjfl
j*k 1]) <x <A+ b(z[] k-2 +1) (1.7)
k-1

n-2
A k1“<2 4k +2 4k +2

j=n-

j=n-

which are independent of the positive initial values x_g, x_k11, . . ., Xo.

Our results extend those ones in [8], in which the case p = 1 was considered, and also
in some way improve those in [20], in which the case k = 1 was considered.

On the other hand, inspired by the study in [19] we also investigate the quantitative
bounds for the positive solutions to the following max-type recursive equation:

v
Yns1 = Maxq A, % , neN, (1.8)
yn—k

where A,p € (0,+0), k € N, and some similar results are established.
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We want to point out that the boundedness characters of (1.1) and (1.8) for the case
k =1 and m € N, including our particular case, have been recently solved by Stevi¢ and
presented at several conferences (see also [25]).

2. Auxiliary Results

In this section, we will present several preliminary lemmas needed to prove the main results
in Section 3.
The following lemma can be easily proved.

Lemma 2.1. Equation (1.6) has a unique positive equilibrium point x > A.

Now, let us define a first-order difference equation given by

A 1

1) =
nre (A+um)")? ' (A+u(n)")?

. neNo, (2.1)

where A, p > 0 are identical to those of (1.6), r = Y& pi, and the initial value %(0) > 0.
If p =1, then (2.1) reduces to the sequence {x(i)} defined in [8].

Lemma 2.2. Equation (2.1) has a unique positive equilibrium if p > 1 and A > [rp(p* - 1)]1/;; or
O<p<l

Proof. Suppose that x > 0 is an equilibrium point of (2.1), then we have

A
(A+x)P (A +xn)P

o (2.2)

Let F(x) = x(A+ x’)”k+l -A(A+ xr)p(pk_l) — 1, then it suffices to show that F(x) has only one
positive fixed point. The derivative of F(x) is

F'(x) = (A+x")P" 71 [(A + X"V pF A+ X7 —rAp <pk - 1>x"1]

(2.3)
= A+t { (A+x")P o rx? [xpk*l(A +x")P - Ap(pk - 1)] }
(i) If p < 1, then obviously F'(x) > 0 for x > 0.
(ii) If p > 1 and x > 1, then F'(x) > 0 follows from (A + 1)P > A.
(iii) If p > 1 and 0 < x < 1, we have
(A+x")P 4 rx! [xpk”(A +x")P - Ap (pk - 1)]
(2.4)

> (A+x")PT - rpx"lA(pk - 1) > A<A’” - rp(pk - 1>> > 0.

Hence F'(x) > 0.
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Through above analysis, if p > 1 and A > [rp(p* - 1)]1/p or 0 < p <1, then F(x) is
monotonically increasing on (0, +o0). Hence the uniqueness of positive equilibrium of (2.1)

follows from F(0) = AP P _1 <0, and limy 400 F(X) = +00. O

Lemma 2.3. If p > 1and A > [rp(p* - P)]l/p or 0 < p < 1, then the unique equilibrium point of
(1.6) has the form A + A", where A > 0 is the unique positive equilibrium of (2.1).

Proof. Defining p(x) = x(A +x")’ — (A + x"),x > 0, simply we have that p(x) has a unique
positive zero denoted by A, thatis, A(A + A7) = (A +1").

Ifp=1,then\ =1, and thus

A 1 (A+ AP
_ , AN =A+— :
A+ (A ary” ’ Ty =
Ifp>0and p#1, then
ryp
Av X =0V0D A= Asr=as AXD 26)
(A+ Ay
Hence
A 1
—. (2.7)

“asy (A+A7)P

From above analysis, we conclude that A and A + " are the unique equilibriums of (2.1) and
(1.6), respectively. O

3. Quantitative Bounds of Solutions to (1.6)

In this section, through analyzing the boundedness of (1.6) we mainly present two explicit
bounds for the positive solutions to (1.6).
Let the positive sequence {x;};2_, be a solution to (1.6), then for n > —k we define

Xn+1
0, = .
n xZ (3.1)

It follows from (3.1) and (1.6) that

1
Gn = —+ P_ n € Np. (32)
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Combining (3.1) and (1.6), we can simply obtain that

p PP p
Xn-1 Xn-1 Xn2 Xn-k PP P
X, = A+ pZﬂ A+ ;2 Z3 p,’fﬂ =A+0,,0, -0, , neN
X k-1 Xn-2 Xn-3 X k-1
By (3.2) and (3.3), the identity
A 1
0, = +

pk+1

AN A g P
(A 65205 Hn-k—1> <A + 0k 2Onks 9n—2k—1>

holds foralln > k + 1.
Note that x; > A for i > 1, and hence it follows from (3.2) that

1
0<9i<A1_P+A_ i>k+1.

pk+1 4

Let us define two sequences {S;}7;,; and {B;}7,,; recursively in the following way:

A 1
B; = 4 Sp sz Spk p + » o ok pkt’
( T oiaig i—k—l) (A + Sk oSiks Si—Zk—1>
A 1
Si= +

P pZ o Pk P P pz pk pk+1
<A * BB, Bi—k—1> (A + B oBiks Bi—2k—1>
for all i > 3k + 3, and the initial values satisfy

1
S;=0, Bi=A"P+ —, k+1<i<3k+2.
AP

k+1

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Apparently S; < 6; < B; fori > k + 1, and the problem of bounding (1.6) reduces to

consideration of the recursive dependent sequences {S;}, { B;}.

Lemma 3.1. The sequences {S;} and {B;} are nondecreasing and nonincreasing, respectively.

Proof. 1t follows from (3.7) that for k + 1 <i < 3k + 1 we have S;;1 = S; =0 and

(3.8)



6 Discrete Dynamics in Nature and Society

Hence assume that S;.1 > S; and Biy < Bjfor k+1 <i < M (M > 3k +2). By induction, we
have that

B A N 1
M+1 = 2 X P pk+1
(A +ShaSia S?W-k) (A + Sf\/f—k—lsﬁ—k—z o Sﬁi—zk)
A 1 (3.9)
S (A N Sp sz . Spk >p + » pz pk pk-v-l
M-2"M-3 M-k-1 <A + Sk Mokes SM—2k—1>

= Bnm.

Through similar calculations, we have Sp41 > Spr, and by induction the lemma is proved. [

Theorem 3.2. For (2.1) with u(0) =0, let S}, = u(2[(n+k —1)/(4k +2)]) and B}, = u(2[(n + k —
2)/(4k +2)] + 1) for n > k + 2. Then the inequality

S, <6,<B; (3.10)

holds for all n > k + 2.

Proof. From (3.7) and the definitions of S}, B;, we have that S; = S} and B; = B; for k + 2 <
i <3k + 2. Thus, assume that S; < ST and B; < B} fork +2<i < M (M > 3k + 3). Then

A 1
o = P pr p* P 2 K pet
(A *ByaBys BM—k—1> <A + Bﬂkﬁﬂm o B§4—2k—1>
A 1 A 1
z prtpF\ P i ok \ P = (A + B® )P " r pk+!
(A + BM—k—l) <A + Bﬁ/f_z,f;) M-2k-1 (A+ By 1)
A 1
2 * r\P + 7\ pkt!
(A+ (Byg) ) (A+ By ) ) (3.11)
B A
(A+ m[(M -3k -3)/(4k +2)] +1))")?
1
+ k+1
(A+ uQ[(M -3k -3)/(4k +2)] +1))")"
M+k-1 .
([T ]) s
Similar calculations lead to By < B, and inductively the theorem can be proved. O

Theorem 3.3. If the solution u(i) to (2.1) with u(0) = 0 converges to the unique equilibrium X under
the conditions in Lemma 2.2 and there exist two sequences {a(i)} and {b(i)} which are lower and
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upper bounds for (2.1) such that a(i) < u(i) < b(i),i > k + 2, and lim; _, ,,a(i) = lim; . ,,b(i) = A,
then the solutions to (1.6) have explicit bounds of the following form:

n-2 n-2 pi!
jtk-1 j—k- 2] >
A+ H a( T T ) Sxp <A+ H b( o | t] (3.12)

j=n-k-1 j=n-k-1

forall n >3k + 3.
Proof. The proof follows directly from Lemma 2.2 and Theorem 3.2, and thus is omitted. O
Note that Theorem 3.3 and Lemma 2.3 imply the following corollary.

Corollary 3.4. If the solution u(i) to (2.1) with u(0) = 0 converges to the unique equilibrium X under
the conditions in Lemma 2.2, then the unique equilibrium A + X" of (1.6) is a global attractor.

By Theorem 3.3, it suffices to determine the explicit bounds for (2.1). In the following,
a simple case would be taken. For example,
if the parameters A, p, k are fixed, then by (2.1) we get
A

(A+ (A7 (A+utm)Y +1/(A+um)"") )

Upip =

) (3.13)

) —, n€&€N.
(a+ (a/ s a0y 1/ A um)™))

Denote u(i) = 6(i) + A for i > 0 (A the unique equilibrium of (2.1)), then we have that,
being for n > 0,

6(1’l+2) = A K1\ 7\ P
+ (A/(A+ B + ) +1/(A+ 6(m) + 1)) )
+ . K1\ Ty PR —h= Y((S(Tl)),
<A+ <A/(A+ (6(n) + )" +1/(A+ (6(n) +1)")F ) )
(3.14)
where the function y is defined by
A
Y(X)Z k+1\ 7"\ P
(A+ (A7(A+ x+ 1)) +1/(A+ @+ ))T))
. (3.15)
+ _A

k+1

(a+ (ar(as ey s 1/(as @rny”) )

for x > —\.
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Example 3.5 (A =3,p =1,k =2)). Then y(x) reduces to the following form:

y(x) = 4 5~ 1, x>-1. (3.16)
3+ (4/(3+ (x+1)2)> '

Obviously, y is monotonically increasing for x > -1 and y(0) = 0. By simplifying y, we have

x(x® +4x? +12x + 16)

_ , (3.17)
3x% +12x3 + 36x2 + 48x + 64

y(x)

Having the function ¢ defined via ¢(x) = y(x)/x, we get the derivative of ¢ as follows:

o (x) = ~3x® + 24x° + 120x* + 3847 + 624x” + 640x -0 (3.18)
(3x* +12x3 + 36x2 + 48x + 64)° '

for all x > 0. Thus ¢(x) < ¢(0) =1/4 for x > 0 and

me2 T t2<4t2' (3.19)

Therefore y(t") < #"*2 whenever t > 1/2. In addition, for -1 < x < 0,y(x) < 0 and both
¢(x) = X3 +4x% +12x +16 and 77(x) = 3x* +12x> + 36x + 48x + 64 are monotonically increasing.
Hence we have

¢(0)
n(-1)

1 161

}Y(—f")

—i’"+2

and y(-t") > —t"*2 whenever t*> > 16/43.

Now set r*(n) = (1/2)", for n > 0, and 7~ (n) = (16/43)"2. Note that 6(0) = -1 =
-7r~(0) and 6(1) = 1/3 < a*(1). Thus suppose that -1 < -7~ (2i) < 6(2i) < 0and 0 <
6(i+1) <x*(2i+1),for0<i <N (N >0). Then by induction we have

. 16\ N _
62N +2) =y(6(2N)) > y(-r~(2N)) = Y<—<E) > > -7~ (2N +2),
(3.21)

1 2N+1
62N +3)=y(6(2N +1)) <y(x*(2N +1)) = y<<§> > >t (2N + 3).

Therefore since the fact that 6(i) < 0 for i even and 6(i) > 0 for i odd, we obtain that, fori > 0,

—(i—?)m <6(i) < (%) 1- (g)i/z <u() <1+ (%) (3:22)
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Employing Theorem 3.3, we get the bounds

n-2 16\ [E+1)/10] n-2 1\ 2[(-4)/10]+1
3+H 1_<E> anS3+H 1+<§> , n>9. (3.23)

i=n-3 i=n-3

4. Quantitative Bounds for Solutions to (1.8)

In this section, the upper and lower bounds of solutions to (1.8) are given, and first we present
a lemma concerning the equilibrium points of (1.8).

Lemma 4.1. If A > 1, then (1.8) has a unique positive equilibrium y = A; and if 0 < A < 1, then
(1.8) has a unique positive equilibrium y = 1.

The proof is simple and thus omitted.
Suppose that {y;}"_, is a positive solution to (1.8), and by the transformation

Yn+l
Pn="—=, nz-k (4.1)
Yn
we have that
A 1
ﬁn:max{7,F}, nENQ. (4:2)
Yn yn—k
It follows from (4.1) and (1.8) that
yp 1 2 k
Yn = max4 A, p;: = max{A, ﬁifzﬂﬁfs e Z—k—l }, neN. (4.3)
yn—k—l

Employing (4.2) and (4.3), we obtain that, for n > -k,

A 1

p——— = 5 - - (44)
max {A’ Puofus "-k—l} max {A' PP ”ﬂZ—zk—l}

Pn = max R

For two nonnegative sequences {L;} and {H;},let L; < i < Hifork+1<i<T (T >3k +2).
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Then according to (4.4) and the sequences

A 1
Lt = max o o 57 ] ” " o (7
max { P2 T3 T—k—l} max {A' Hy o Hy g HT—Zk—l}
A 1
Hr = max TR o 5 ; ” " e
max { 7T-20 T3 T—k-l} max {A' Ly oLy s LT—Zk—l}
(4.5)
we have that Ly < fr < Hr.
Note that y; > A for i > 1, and thus from (4.2) we get
1
A<l
1 1 k+1 7 4
0 < fi < max PRl A A7 (4.6)
AP17 AP 1
. A1

fork+1<i<3k+2.

Lemma 4.2. Let L; = 0 and H; = max{1/AF7, 1/A”k+1 } for k +1 <i <3k + 2, then the sequences
{L;} and {H;} are nondecreasing and nonincreasing, respectively.

Proof. Assume that L; < L;y; and Hiyq < Hifork+1<i<T (T > 3k +2). Then we have that

A 1
Hr.1 = maxw PP A L 2 ko pE
max {A’ Lralrs- LT—k} max {A/ EAN EANPELE UT)—zk}
\
(
< 2 A !
< max ’
PP P 2 K P
max {A’ Lrolrs- LT—k—l} max {A' ECN AN L%qu}
\
= Hr.

(4.7)

Analogous argument gives that Lt < L., and the lemma can be proved inductively. O
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Now we will take in the other first-order recursive equation

A 1
max {A, @)} max {4, (o(n))' """

vn+1) = max{ }, n € Ny, (4.8)

where A, p equal those of (1.8), r = p + p? + -+ - + p¥, and the initial value v(0) = 0.
Through Lemma 4.2, simpler bounds for {f;} are given below.

Theorem 4.3. The inequality

L, <p,<H, (4.9)

holds for n > k +2, where L, = v(2[(n+k—-1)/(4k+2)]) and H}, = v(2[(n+ k-2)/(4k +2)] +1).

Proof. Let L; = 0 and H; = max{1/ AP 1/ APM} for k +2 <i < 3k + 2, and by the definitions
of {Ly;} and {H} we have that L} = L; and H} = H; for k + 2 <i < 3k + 2.
Assume that LT < L;and H > H; fork +2<i<T (T > 3k +3), then

)
A 1
Hr = maxy T L"Z ka ik ; pz ” ey
max
L { /TT-27T-3 T—k—l} maX{A’LT—k—ZLT—k—3 LT—Zk—l}
)
A 1
< max pEeT ay
ptetp -+t pk
max {A,L } protp
L { 7 HT-k-1 max A, Ly 5 5

A 1
< max , "
{ max {A, L7y 1" max {A L }pk 1 }
(4.10)

A 1
< max * r\p’ ryp
max {4, (Lf_y)" ) max {A, (L} 5)"}

= max A 4
{max {4, @QI(T-k-2)/ @k +2)])}

1
max {4, (0[(T - k-2)/ 4k +2)])) )" }
T-k-2 *
= z)<2 [4]{7] + 1) = HT‘

Similar computations lead to the inequality L. < L, and the theorem follows by induction.
O
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Theorem 4.3 and (4.8) imply the following result.

Theorem 4.4. Suppose that there exist two positive sequences {c(j)} and {d(j)} which are bounds
for a positive solution to (4.8) with v(0) = 0 such that

c(j) v(j) <d(j), jzk+2. (4.11)
Then the solutions to (1.8) have explicit upper and lower bounds of the following form:

- ivk-17\"" n2 i-k-2 e
< < P —
max{A,' _1c<2[ ) ]) } <yn < max{A,. k_1d<2[ ) ] +1> }

i=n—-k 1=n—
(4.12)

forall n >3k + 3.

5. Conclusion

In this paper, we investigate a particular case of a higher-order difference equation by Stevi¢
which is a natural extension of that one in [8], and mainly present improved results which
give computable approaches for quantitative bounds of solutions to (1.6). However, the
methods are only effective for small parameters, because complex polynomials will arise in
the process of computing for large parameters A, p, k.

On the basis of Corollary 3.4 and Theorem 4.4, we suggest to study the behaviors,
particularly the convergence and stability, of positive solutions to the following two recursive
equations:

A 1
u(n + 1) — (A " u(n)r)i" + (A N u(n)r>pk+1 , mneN,
(5.1)
A 1
1) = , k+1 4 N ’
v(n+1) max{ max {4, (©(m)"}"" max (A, (v(n))" )" } o

where A,p € (0,+),k €N, and r = X p'.
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