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We mainly investigate the global behavior to the family of higher-order nonautonomous recursive
equations given by v, = (p + 1Yu=s)/ (9 + ¢n(Yn-1,Yn-2,-- -, Yn-m) + Yn-s), 1 € Ng, withp > 0,7,q >
0,s,m € N and positive initial values, and present some sufficient conditions for the parameters
and maps ¢, : (R*)"™ — R*,n € Ny, under which every positive solution to the equation converges
to zero or a unique positive equilibrium. Our main result in the paper extends some related results
from the work of Gibbons et al. (2000), Iri¢anin (2007), and Stevi¢ (vol. 33, no. 12, pages 1767-1774,
2002; vol. 6, no. 3, pages 405-414, 2002; vol. 9, no. 4, pages 583-593, 2005). Besides, several examples
and open problems are presented in the end.

1. Introduction

There has been a great interest in studying classes of nonlinear difference equations and
systems, particularly those which model real situations in engineering and science, for
example, [1-15]. On the other hand, non-autonomous difference equations also have a
ubiquitous presence in applications from automatic controlling, ecology, economics, biology,
population dynamics and so forth. Thus the main task when dealing them is to know the
asymptotical behaviour of their solutions. For some recent advances in this area see [1, 16—
24] and the references cited therein.

Gibbons et al. [25] discussed the behavior of nonnegative solutions to the rational
recursive equation

a+ Ppx,q
Xps1 = ﬁ n € N, (1.1)
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with a, B,y > 0, and also proposed an open problem, which had been solved by Stevi¢ in
[4], concerning the particular case a = 0,y = fin (1.1) (see also [26, 27] for the case of some
related higher-order difference equations, as well as [28-30]).

In [3], Stevi¢ studied the behavior of nonnegative solutions of the following second-
order difference equation

a+ Pxp

—1 - g(xn) , néeENy, (12)

Xn+1 =

where g:R*(J{0}] — R is a nonnegative increasing mapping. Obviously (1.2) is a
generalization of (1.1).
Later, Stevi¢ [6] extended (1.1) and (1.2) to the following more general equation

a+ Pxp_i

Xpsl = , neNy, 1.3
et f(xnr ceey xn—k+1) 0 ( )

wherek €N, a,f>0and f :R’j — R, is a continuous function nondecreasing in each variable
such that f(0,0,...,0) > 0; and investigated the oscillatory behavior, the boundedness
character and the global stability of nonnegative solutions to the equation.

Recently, Iricanin [2] studied the asymptotic behavior of the following class of
autonomous difference equations:

AXp—k

X, =
Tl Xkt o1, Xnem)

n € Ny, (1.4)

where a > 0, k,m € Nand f is a continuous mapping satisfying the condition
pmin{uy,..., uy} < f(u, uy, ..., upy) < Pmax{u, ..., Uy}, (1.5)

for certain § € (0,1). In [2] he adopted the approach of frame sequences (a discrete analog of
the method of frame curves used in the theory of differential equations), which has been used
in the literature for many times, for example, [26-28, 30-38]; and showed that all positive
solutions converge to zero if 0 < a < 1 and converge to the unique positive equilibrium if
a>1.

Motivated by the above works, especially [2, 5], our aim in this paper is to study the
global attractivity in the following family of non-autonomous difference equations:

_ P+ TYn-s
q + (l)n (yn—lr ey yn—m) + Yn-s

Yn , ne NO/ (16)

wherep >0, 7,4 >0, s,m € N, and ¢, : (R")" — R*, n € Ny are mappings satisfying the
following condition

pmin{xy,..., X} < Pu(x1,x2,..., %) < pmax{xi,..., xn}, (1.7)

for some fixed g € (0, +o0).
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Through careful analysis, we find that the results in [2] also persist if the function f in
(1.4) is replaced by variable functions such as ¢, satisfying condition (1.7).If p = 0, then (1.6)
can be transformed into the following form

(r/q)%n-s

= , mEN, (1.8)
1+ Gu(Xp-1,-- ) Xn-m) + Xn—s 0

Xn

where G, (x1,...,%Xn) = Pu(gx1,9x2,...,9xm)/q, by setting y, = gx,. Then according to the
results in [2], we have that if r < g, then lim,_, Yy, = 0; and if r > g, then lim,_, Yy, =

glim, . ox, = q((r/g-1)/(1+p)) = (r —q)/(1 + p), for some p € (0,1). Thus it suffices to
consider the case when p > 0 in the following.

Note that if p > 0, then by relation (1.7), y = (\/(q -2+ dp(1+p)+r—q)/2(1+p)is
the unique positive equilibrium of (1.6). And in Section 3, we will prove the following main
theorem.

Theorem 1.1. Consider (1.6), where s,m € N, p,r,q > 0 with rq > p, and ¢,, : (R*)" — R* are
functions satisfying the condition

pmin{xy,..., X} < Pu(x1,x2,..., %) < pmax{xi, ..., xn}, (1.9)

for some fixed p € (0,+00). Ifg>1, p€ (0,+00)org<r, pe(0,po], where fy =4p/(q - r?+1,
then the unique positive equilibrium y of (1.6) is a global attractor.

2. Auxiliary Results

Before proving the main result of this paper, in this section we first confirm two preliminary
lemmas.

Let @ : R* J{0} x R* — R be the mapping ®(x,w) = (p + rw)/(q + px + w), where
p,q,1,p>0and rq > p, so as @ is decreasing in the first variable and increasing in the second
one. Then (1.6) can be simplified to the following form:

Yn = cD<¢n(yn—1,'.6. . ,yn—m) /yn—s>1 ne N0~ (2.1)

Lemma 2.1. Consider the following higher-order rational difference equation:

Wy = q)(xl wn—s)/ ne NO/ (22)

where p,r,q,p € R*, s € N, the parameter x > 0 and initial values wy, k € {-1,...,—s} are
arbitrary nonnegative numbers. Then every positive solution (wy).._, to (2.2) converges to the unique

positive equilibrium point

S(x)=%(\/(q—r+ﬁx)2+4p—(q—r+ﬁx)). (2.3)
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Proof. First we show that (2.2) has a unique positive equilibrium. Assume that w > 0 is an
equilibrium point of (2.2), then w = (p + rw)/ (g + px + w) which implies only one positive
root

EzS(x)z%(\/(q—r+ﬁx>2+4p—(q—r+ﬂx)>. (2.4)

If s > 2, then (2.2) can be separated into s analogous first-order difference equations of the
form

(k)
n

-1
(k) ’
n-1

ptrw

w® = n € N, (2.5)

g+px+w

with different initial values wf’? = w_(k+1), Where k € {0,1,...,s — 1}. Note that the equation
is Riccati, so it can be solved and the convergence of its solutions can be proved (see, e.g., [39]
or a recent comment in [40]).

Let the symbol [ ] symbolize the greatest integer function and define a sequence P(n) =
n(mods), n € Ny. Obviously, for each positive solution (wy);._ to (2.2) we have

-P(n)-1
w, = wEZ/S](") ) n>-s. (2.6)

From the above analysis, it suffices to prove the case when s = 1. Suppose that s = 1
for (2.2), then for all n € Ny, we have

(w0 —w_1)(r(q + px) —p)""'

Wysl — Wy = ) 5 , (2.7)
(9:+ fr +w0,) (T (g + pc+100) ) g+ P+ 0.1)
_ (r(q+px) —p) (wogs1 — wak-1)
02ke2 = 02k = (6] + ﬂx + ka+1) (6] + ﬁx + W2k_1) ’ ke NO, (28)
(r(q+ px) = p) (waks2 — wox) k € No. (2.9)

Wok+3 — W2k+1 = (q N ﬂx N w2k+2) (q " ﬁx " ka) ’

Case 1. If r(g + px) > p, then by (2.7) (w,),._; is either nonincreasing or nondecreasing. On
the other hand, we have that

min{p,r} < < max{p,r} (2.10)
max{q+ fx,1} = "= min{q + px, 1} '

for all n > 0. Therefore, the limit of (w,),._; exists, and through simple calculations, we get
lim,, _, ow, = S(x).

Case 2. If r(g + Ppx) < p, then by (2.8) and (2.9) and inductively we have that
(wax) is nonincreasing and (wyk-1) nondecreasing, or (wyk) is nondecreasing and (wpk-1)
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nonincreasing. Again by (2.10), the limits of (wox) and (wak-1) exist, denoted by limy _, ., w2k =
a and limg _, ,wok—1 = y. From (2.2) we have

ptry _ ptra

a:q+ﬂx+y' Y_q+ﬂx+a' @11)
which imply that a = y = w. Hence lim,,_, ,w,, = S(x).
The proof of Lemma 2.1 is complete. O

Lemma 2.2. Suppose that the parameters, in (2.3), satisfy p,r,q,p > 0 with t = q — r. Define two
sequences (M), and (my){2, as follows:

mkzs(Mk+f>, k=12,...,

k
(2.12)
£
M = S(mk_l - k—l)’ k=2,3,...,
where the initial value My = S(0), and € € (0, 1),
)L=—1 (\/(t+ﬁM1)2+4p(1+ﬁ)—(t+ﬁM1)>. (2.13)
2(1+p) '
Ifg>r, pe(0,+x)org<r, pe 0Bl wherepy=4p/(q—r)*+1, then
kli—{rgoMk = klgr;omk (2.14)
Proof. By simple calculations, we have
M, - M =S(m; —¢) - S(0)
1
= E<\/(t+[5(n11 - .9))2 +4p —\/P +4p - P(m - s))
20 )2 _
1 o (my —€)” +2pt(my — €) _ Bmy —e) (2.15)

2 \/(t+ﬁ(m1 —g))2+4p+\/t2+4p
S(my —€) + 5(0)

\/(t+[5(m1—5))2+4p+\/t2+4p

=—p(my —¢)

Obviously, S(m; —¢) + S(0) > 0.
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Claim 1. my — € > 0.

Proof of Claim 1. Define a function f(x) = 2(S(M; + x) — x). It suffices to prove that f(x) > 0

for all x € (0, 1). The derivative of f(x) is

af B[t + p(M; +x)]
i -p-2<0.

\/[t+ﬂ(M1 +x)]2+4p

Since f(1) =0and f(0) > 0, thus f(x) > 0 for x € (0, A).

Therefore, it follows from (2.15) and Claim 1 that

M, - M; <0.

Denote

2t + f(Mps1 + My + e/k + ¢/ (k +1))
\/[t+[5(Mk+1 +s/(k+1))]2+4p+\/[t+ﬁ(Mk+g/k)]2+4p,
2t + p(my + my-1 —e/k —e/(k—1))
\/[Hﬂ(mk _g/k)]2+4p+\/[f+ﬂ(mk_1 —e/(k-1)]? +4p'

Ly =

Qk =

Simply, we obtain that |Lx| < 1 and |Qy| < 1.
Observe that

2(mk+1—mk) Zﬂ(l—Lk) [Mk—Mk+1+ , k=1,2,...,

£
k(k+1)

2(Mpi1 — My) :ﬂ(Qk_l)[mk_mk—l+ , k=2,3,....

2
k(k+1)

(2.16)

(2.17)

(2.18)

(2.19)

With (2.17) and (2.19), it follows by induction that (my);2;, (Mk)j, are strictly increasing
and decreasing, respectively. In addition, My > 0, k = 1,2,..., hence (Mx);2, possesses
a finite limit denoted by ¢ = limg_, M. From (2.12), we know that the limit of (m);2,
(denoted by p = limy_, ,my) also exists. Therefore, taking limits on both sides of (2.12), we

have

n=S(p),
=5

(2.20)
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which imply that

2+ b+ pug = p,
(2.21)
@' +tp + Pup=p,

(=) (p+e+t)=0. (2.22)

Claim2. Ifg>r, pe (0,+w)org<r, pe(0,p], then u = ¢.

Proof of Claim 2. Suppose that p # ¢, then it follows from (2.22) that y = —¢p —t. By substituting
U = —p —t into the second identity of (2.21), we get

(1-p)¢* +t(1-P)o-p=0. (2.23)

(i) If B =1, then p = 0 which is a contradiction to p > 0,
(ii) If p € (0, 1), then the unique positive root of (2.23) is

\[R+dp/(1-p) —t
+4p/(1-p) N (2.24)

= 5 > 1.

However, ¢ < M; since (M) is strictly decreasing.
(iii) If g =7, B € (1, +0), then (2.23) reduces to 0 > (1 — f)p*> =p > 0.

(iv) If g#r, B € (1,f), then for (2.23), A = >(1 - [5)2 +4p(1 - B) < 0 which implies that
(2.23) has no real roots.

(v) For g > r, p = po, wehave A = 0.So, ¢ = (r — q)/2 < 0 which is contradictive to
¢ =0.

(vi) For g > r, p € (fo, +o0), (2.23) has two negative roots.

(vii) For g <, B = fo. Solving (2.23), we get ¢ = (r —q) /2 implying 4 = (r —q) /2. Hence
u = ¢, which contradicts the assumption.

Obviously Claim 2 follows directly from (i)—(vii). O

Applying Claim 2 and (2.21), we conclude that

\/t2+4p(1+[5)—t' (2.25)

2(1+p)

lim My = lim my =
k— o0 k— oo

Hence the lemma is complete. O
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3. Main Results

Obviously, condition (1.7) in Section 1 guarantees the fact that (1.6) possesses a unique
equilibrium pointy = (1/2 +4p(1+ ) —t))/(2(1 + B)), where t = g —r.

First, we present a proposition concerning the boundedness of all positive solutions to
(1.6).

Proposition 3.1. Consider (1.6) with condition (1.7) and p,q,r € R*, then every positive solution
to (1.6) has permanent bounds.

Proof. Let (y,) be a solution to (1.6) with positive initial values. Then, we have

Y = P+ TYns B max{p,r}
" q + (i)n (yn—ll .. 'ryn—m) + Yn-s B mln{q + (pn(yn—l/ o /yn—m)/ 1}
cmxdpr) s,
min{q,1}
(3.1)
Y = P+ TYns . min{p,r}
" q + d)n(yn—l/ .- -/yn—m) + Yn-s B maX{q + ¢n(yn—1/ o /yn—m)/ 1}
s _ominfpr)
max{q + pU, 1}
Thus we have L <y, < U, for all n > m. O

In the following, we will give the proof of the main result (i.e., Theorem 1.1) presented
in Section 1.

Proof of Theorem 1.1. Let ¢ € R* be an arbitrary fixed number satisfying 0 < ¢ < A (A
defined by (2.13) in Lemma 2.2). Define two sequences (M), (k)2 as shown by (2.12)
in Lemma 2.2. Let (y,) be any positive solution to (1.6). In the following, we proceed by
presenting two claims.

Claim 1. There exists N1 € N, such that m; —e <y, < My + ¢ foralln > Ny.

Proof of Claim 1. From (2.1), we have that

yn — ¢)<¢n(yn—l,‘é. .,yn—m)/yns> < (D(O,ynfs)- (32)

Suppose that (x,) is a solution to the following difference equation
x, = ®(0,x,-5), neNy, (3.3)

with initial values x_g = y_s,...,x_1 = y_1. From this and in view of the monotonicity of the
function f(x) = (p + rx)/(q + x), x € R*, by induction we can easily get that y, < x, for
n > -s.



Discrete Dynamics in Nature and Society 9

By Lemma 2.1, lim,, _, X, = Mj. Hence, there exists b; € N such that x,, < M; + ¢ for
n > by, then

Yn < Mi+e (3.4)

for alln > b;.
From (2.1), (1.7), and (3.4), it follows that

Yn 2 (I)(max{yn—lr e Yn-m }ryn—s) 2 q)(Ml t &, ]/n—s) (35)

foralln > b; + m.
Suppose that (u,) is a solution to the following difference equation:

U, =O(Mi +¢,u,—s), nekN, (3.6)

with initial values up, sm-s = Yb,om-s, - - -, Uby+m-1 = Yby+m-1-

Since the function h(x) = ®(M; + ¢, x) is increasing on the interval (0, +o0), we can
easily get by induction that y,, > u, for n > by + m — s, and by Lemma 2.1, lim,, _, ,u, = m;.
Hence there exists a natural number N; > by such that u,, > m; — ¢ for n > Ny, then m; — ¢ <
Yn < My + e forn > Nj. OJ

Working inductively, we will eventually reach the following claim.

Claim 2. For each k € N, there exists Ny € N such that my —¢/k < y, < My + ¢/k for all
n > Nkg.

Proof of Claim 2. By Claim 1, if k = 1, we have N; € N such that m; — ¢ <y, < M; + ¢ for all
n > Nji. Then by the method of induction, we can assume that for k € N fixed, there exists
Ny € Nsuch that my —e/k <y, < Mg +¢/k for all n > Ni. Thus, it suffices to show that there
exists Nis1 € Nsuch that my —¢/(k+1) <y, < My +/(k+1) forall n > Niyq.

Let z = max{s, m}. Define a sequence (x,(qkﬂ) ) as follows

XD (I)(S’l(MkJ,l),x,(qk_;l)), n>Ni+z, (3.7)
. (k+1) _ _
with x,, =yp forn=Ng,...,Nr+z-1

By reasoning inductively on n > Ni + z, one has

Yn < q)(min{yn—lr~--/yn—m}/yn—s) < (D<571(Mk+1)/yn—s>

(3.8)
<O(ST (Mra), ") =2, Wiz Ne+z
By Lemma 2.1, limnﬁmxﬁk”) = Mj.1. Therefore, there is br.1 > Ni such that v, < My +

e/(k+1) for all n > bg.
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Define the other sequence (u,(f”)) as follows:

ulF = (I)(S‘l(mkﬂ),uflk_zl)), for n > by, (3.9)

k+l
whereufﬁr ) =1Yp, for n=bry,..., b +z-1

Once more, by induction on n > by + 2,

€
Yn > q)(max{]/n—lr s Yn-m }ryn—s) 2 ®<Mk+l + m/ ]/n—s>
(3.10)
> (S (mien) uf ) =ul™, Vnz b+ z.

By Lemma 2.1, limnﬁwu;k”) = Mys1. Thus, let Niyq > by, be greater enough so as vy, >

M1 — (€/(k +1)) = S (My,o) for all n > Ni,.

Therefore, we get that there exists N, € N such that
Mirt = —— < Y < My + —— (3.11)
k+1 k+1_]/n_ k+1 c+1 .

for all n > Ni,1. O

By Claim 2, we have

lim my = klim (mk - %) <liminfy, <limsupy, < klim <Mk + %) = klim M. (3.12)

k— oo n— oo n— oo

This plus Lemma 2.2 leads to

2 —
o n:y:\/t +4p(1+p) t' (3.13)

e 2(1+)

The proof is complete. O

4. Applications and Future Work
Next, several examples are presented.
Example 4.1. Let p, € (0, +o0) for all n € Ny, and

rn Zrz x’.gn
¢n(x1/x2/ . 'Ixm) = ,B %1 ne NO (41)
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forsome f > 0.Ifrg>pand g >r, f € (0,+00) or g <7, p € (0,po], where By = 4p/(q -
7)* + 1, then by Theorem 1.1 we conclude that every positive solution to the following non-
autonomous difference equation:

+TYn-
PrTYns n € Ny,

Yo = ,
g+ 8 /(S i) m e @2)

converges to the unique positive equilibrium point i/ = ( \/ (g-1)*+4p(1+p)+r—q)/2(1+p).

Example 4.1 extends Example 2.4 in [2].

Example 4.2. Let ¢n(x1,x2,...,%xm) = Pmax{xi, x,...,x,} for all n € Ny, then under the
conditions of Theorem 1.1, all positive solutions to the recursive equation

_ P + ryn—s
g+ pmax{Yn-1,Yn-2, - Yn-m} + Yn-s

Yn , neN, (4.3)

converge to the unique positive equilibrium y = (\/(q —r)+4p(1+p) +r—-q)/2(1 + ).

In this paper, the behavior of positive solutions to the case whenrqg > p, g<r, p €
(Bo, +o0), where fy = 4p/(q — r)* + 1, isn’t investigated, since we have no further new ideas
for the particular case. Through certain calculations, easily we know that the equation S o
S(x) = x has two different positive roots, if g < r, p € (fo, +oo0), which implies limy_, ,, My >
limy _, ,om. From this we propose the following open problem.

Open Problem. Is there a positive solution (y,) to (1.6) with condition (1.7) whenrq > p, g <
r, B € (o, +o0), where By = 4p/(q — r)* + 1, such that (y,,) eventually converges to a periodic
solution?

Furthermore, the case rq < p for (1.6) is also of extreme value to study.
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