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Sufficient conditions for the existence of solutions of nonlinear boundary value problems for
higher-order functional difference equations with p-Laplacian are established by making of
continuation theorems. We allow f to be at most linear, superlinear, or sublinear in obtained
results.

1. Introduction

The existence of solutions of boundary value problems for finite difference equations were
studied by many authors, one may see the text books [1, 2], the papers [3-5] and the
references therein. We present some representative ones, which are the motivations of this
paper.

In papers [3, 4], using Krasnoselskii fixed point theorem and Leggett-Williams fixed
point theorem, respectively, Karakostas studied the existence of three positive solutions of
the problems consisting of the functional differential equation

[@(N)] +c®)f(tx(g1()), x(21),...,x(g:.(1)) =0, aa.te][0,1] (1.1)
and one of the following three pairs of conditions:

x(0) — Bo(x'(0)) =0, x(1) +Bi1(x'(1)) =0,
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x(0) = By(x'(0)) =0, x'(1) =0,

x'(0) =0, x(1) + B (x'(1)) = 0.
(1.2)

Here @ is a Sup-Multiplicative-Like function, see [3, 4]. In [4] to get the main existence
theorems the author assumes the validity of

(H1) for each i = 0,1 the function B; is continuous nondecreasing and such that aB;(a) >
0 and at least one of the following:

(H2) limsup,,_,,, (Bo(a)/a) < +oo,

(H3) limsup,,_, ,, (-B1(-a)/a) < +co,

(H4) sup,.,(Bo(a)/a) < +oo,

(H5) sup,,.o(=Bi(-a)/a) < +co.

The discrete simulation of BVPs studied in [3, 4] is as follows:
A[D(Ax(k))] + (k) f(k,x(gi1(k)),...,x(gn(k))) =0, ke[0,T] (1.3)
subject to one of the following boundary conditions:

x(0) = Bo(Ax(0)) =0,  x(T +2) + By (Ax(T +1)) =0,
x(0) - By(Ax(0)) =0,  Ax(T+1)=0, (1.4)
Ax(0) =0,  x(T+2)+Bi(Ax(T +1)) =0.

The question follows: under what conditions above BVP (1.3) has solutions if (H1)—-(H5) are
not satisfied?

Particular significance lies in the fact that when a BVP is discretized, strange
and interesting changes can occur in the solutions. For example, properties such as
existence, uniqueness and multiplicity of solutions may not be shared between the
continuous differential equation and its related discrete difference equation. Moreover, when
investigating difference equations, as opposed to differential equations, basic ideas from
calculus are not necessarily available to use, such as the intermediate value theorem, the
mean value theorem and Rolle’s theorem. Thus, new challenges are faced and innovation is
required [5].

In recent paper [5], Liu studied the solvability of the following problem consisting of
the higher-order functional difference equation and boundary conditions

A’x(n) = f(n,x(n+1),x(n-7(n)),...,x(n-1,(n))), nel0,T-1],
ax(0) —bAx(0) =0,  cx(T+1)+dAx(T) =0,
x(i) = ¢@i), ie[-7,-1],
x(i) = (i), ie[T+2,T+6],

(1.5)
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where T > 1, a,b,c,d € Rwith a? + b>#0 and ¢? + d*>#0, 7;(n),i = 1,...,m, are sequences,

T= max{O, max {ri(n)}:i= 1,...,m},
nel0,7-1]

(1.6)
6 =-minq0, mi ; vi=1,...,my,
mm{ ner[%#rll] {ti(n)} :i m}
f(n,u) is continuous in u = (xy, ..., Xm, Xm+1) for each n. Two cases, thatis, bc+ad+ac(T+1) =
0 or bc + ad + ac(T + 1) #0 are considered in [6].
Motivated by [3-5], we study the nonlinear boundary value problems for higher-order
functional difference equation with p-Laplacian, that is, the equation

Alp(Ax(n))] = f(n,x(n+1),x(n -7 (n)),...,x(n—1m(n))), nel0,T-1], (1.7)
subject to the following boundary conditions

x(0) — Bp(Ax(0)) =0, Bi(x(T+1))+Ax(T) =0,
x(i) =y(@), i€l[-7,-1], (1.8)
x(@)=¢@), ie[T+2,T+6],

where [0,T-1] = {0,1,...,T -1}, ¢(x) = |x[P2x for x#0 and ¢(0) = 0 with p > 1, the inverse
function is denoted by 4)‘1, T > 1 an integer, By, B; are continuous and satisfy xB;(x) > 0 for

allxeR,i=0,1, {ri(n)},i=1,...,m, are integer vectors,

T =max4 0, max
nel0,T—

2 1]{T,-(n)} ti= 1,...,m},

(1.9)

5:—min{0, min {Ti(n)}:izl,...,m},
ne[0,T-1]

f(n,u) is continuous about u = (xy,...,x,) for each n. Boundary condition (1.8) is called
nonlinear Sturm-Liouville type conditions.

The purposes of this paper are to establish sufficient conditions for the existence of at
least one solutions of BVP (1.7)-(1.8). It is interesting that we allow that f to be sublinear, at
most linear or superlinear. We do not need the assumptions (H2)-(H5) imposed on By, B;.

This paper is organized as follows. In Section 2, we give the main results of this paper,
and in Section 3, examples to illustrate the main results will be presented.

2. Main Results

To get existence results for solutions of BVP (1.7)-(1.8), we need the following fixed point
theorem, which was used to solve multi-point boundary value problems for differential
equations in many papers but not used to solve boundary value problems for difference
equations.
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Let X and Y be real Banach spaces, let L : Dom L ¢ X — Y be a Fredholm operator of
index zero. If Q is an open bounded subset of X, Dom L N Q# @, the map N : X — Y will be

called L-compact on Qif N(Q) is bounded and compact.
Lemma 2.1 (see [6]). Let X and Y be Banach spaces. Suppose L : Dom L ¢ X — Y is a Fredholm

operator of index zero with Ker L = {0}, N : X — Y is L-compact on any open bounded subset of X.
If Q C X is an open bounded set with 0 € Q and

Lx#ANx, VxeDomLnNoQ, Ae[0,1], (2.1)

then there is at least one x € Q so that Lx = Nx.
Let X = RT*7+6+1 5 RT*1 pe endowed with the norm

II(x,y>||=max{ max IX(n)I,ngl[%ly(n)I} for (x,y) € X. (2.2)

ne[1,T+r+6+1]

Let Y = RT*! x RT x R x R™ x R%! be endowed with the norm

u,v,a,b,s,t)|| = max{ max |u(n)|, max |v(n)|,|al,|b|, max |s(n)|, ma t(n
I )l = max{ max (o, max fo(nllal b, max Is(m], _max _itcn)}

[0,
(2.3)

for (w,v,a,b,s,t) €Y.
It is easy to see that X and Y are real Banach spaces.
LetL:X — Y, and

(Ax(n), nel0,T]

Ay(n), nel[0,T-1]

<x(n)> x(1)
L ) (2.4)
y(n) y(T)

x(i), i€ [-1,-1]

(x(j), jelT+2,T+6],
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and N : X — Y by

(¢ (y(n)), nel0,T]
f(n,x(n+1),x(n-71(n)),...,x(n—-1,(n))), nel0,T-1]

-1
N <x(n)> N By (¢~ (y(0))) (2.5)
y(n) —¢(B1(x(T +1)))
¥ (i), i€[-1,-1]
w(j), je[T+2,T+0]

forall (x,y) € X.
Since f, By, By are continuous, it is easy to show that

(i) (x,y) € DomL is a solution of L(x,y) = N(x,y) implies that x is a solution of BVP
(1.7)-(1.8),

(ii) Ker L = {0},

(iii) L is a Fredholm operator of index zero and N is L-compact on each Q with Q being an open
bounded subset of X.

Lemma2.2. (37, a;) <Im 13", a?) forall a; > 0 and o > 0, where 1, is defined by I, = 27! for
oc>1landl, =1 for o € (0,1).

Proof. We have the following cases. O

Case 1 (m = 2). Without loss of generality, suppose a; > a,. Let

gx)=1+x)-1,(1+x%), x€(l,+0), (2.6)

then

20-20=0, o>1,

g(1)=27-2l, = (2.7)
2971 _2<0, o€(0,1)

and for x € [1,00), we get

o-1
ox°1 [(1 + l) - 2"1:[ <0, 021,
1 o-1 X
g/(x) — O.xO'—l [(1 + ;> —lo] = . (28)
axm[<1+;) _1]@, oc@)

We get that g(x) < g(1) forall x > 1 and so (1 + x)° < I,(1 + x°) for all x € [1,+00). Hence
(a1 +a2)° = af(1 + (a1/a2))° <lsaf[1+ (a1/a2)?) =Is(af + ag).
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Case 2 (m > 2). Itis easy to see that

m o m o
<Zai> = <a1 + Zal) <l <a?
i=1 i=2
< l§<a‘f +a; + <§:ai> > <<t <§:af>.
i=3 i=1

The proof is complete.
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Theorem 2.3. Suppose that

(A) f, By, By are continuous, and xB;(x) > 0 forall x € Rand i =0,1;

(B) there exist numbers p > 0, 0 > 1, nonnegative sequences p;(n),r(n) (i = 0,...,m),
functions g(n, xo, ..., Xm), h(n, xo, ..., X) such that

f(n,xo,...,xm) =gm,x0,..., %) +h(n,x0,...,%Xp),

g(n,x0,X1,..., Xm)x0 > Blxo|*", 2.10)
|h(n, x0,.., xm)| < D pi(m)|xil° +7(n),
i=0
forallne {1,...,T}, (xo,x1,...,%,) € R™L
Then BVP (1.7)-(1.8) has at least one solution if
llpoll + T 3 lpil| < p- (211)
i=1

Proof. To apply Lemma 2.1, we divide the proof into two steps.
Let Qi = {(x,y) : L(x,y) = AN(x,y),((x,y),A) € [DomL] x [0,1]}. For (x,y) € Q,
we have L(x,y) = AN(x,y), A € [0,1], then
Ax(n) =1~ (y(n)), ne[0,T],
Ay(n) =Af(n,x(n+1),x(n-71(n)),..., x(n—-1,(n))), nel0,T-1],
x(0) = By (¢ ((0))),

y(T) = =Ap(B1(x(T +1))),
x(l) = )‘Y(l)/ S [_T/ _1]1

(2.12)

x(j) = p(j), je[T+2,T+6].



Discrete Dynamics in Nature and Society 7

Step 1. We will show thatif L(x, y) = AN (x,y), for some A € [0, 1], then x is bounded. Indeed,
we see that

Alp(Ax(n)]x(n+1) = A(A) f(m, x(n+ 1), x(n =71 (n)), ..., x(n - Tw(n))x(n+1). (2.13)
Since
x(0) = 4Bo (7 (v(0)), (D) = -Ap(Bu(x(T +1))), (2.14)
we get
x(0) = AB0<A3;(O) ) Ax)fT) = ¢ () By (x(T +1)). (2.15)

It is easy to see from (2.12) and the definition of By, B; and ¢ that

T-1

> AlPp(Ax(n))]x(n+1)

n=0

T-1
[p(Ax(n+1)) — p(Ax(n))][x(n+2) - Ax(n+1)]

n=|

=) [p(Ax(n+1))x(n+2) - p(Ax(n))x(n+1)] - Tz_l(p(Ax(n +1))Ax(n+1)
=0 n=0

H
- o

5

= $(Ax(T))x(T + 1) — $(Ax(0))x(1) - Tz:_l(])(Ax(n +1))Ax(n+1)
" (2.16)
= —p(147 (OB (T + 1)) x(T +1) - $(Ax(0) Ax(0) - $(A(0)x(0)

T-1

- D p(Ax(n+1))Ax(n+1)

n=0

= _¢()l¢_1 (A)By (x(T + 1))>X(T +1) - ¢(Ax(0))/\BO<AxA(O))

- Tz_lgb(Ax(n +1))Ax(n+1) - $(Ax(0))Ax(0)
n=0
<0.

So we get

Tz_lf(n,x(n+ 1), x(n-m(n)),..., x(n—-1,(n)))x(n+1)<O0. (2.17)

n=0
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It follows from the assumptions that

T-1

B> |x(n+1)1
n=0

Zlg(n x(n+1),x(n-m(n),..., x(n—1u(n))x(n+1)
=0

T—
T-1

—Zh(n,x(n +1),x(n-11(n)),...,x(n—t,(n))x(n+1)
" (2.18)

T-1
Z|h(n x(n+1),x(n-m(n)),..., x(n—-7,(m))||x(n+1)|

T-1 m T-1 T-1
< S pom)x(n+ )"+ 3> pi(n)|x(n - 7:(n))°|x(n + 1) + Yor(n)|x(n +1)]
n=0 i=1n=0 n=0

T-1 m T-1 T-1
< lpoll Slac(r+ DI+ 3 [lpil| Dl (= 7 () Pl + 1)] + ||| D | (m + D).
n=0 i=1 n=0 n=0

For x; > 0,y; > 0, we have Holder’s inequality

s s 1/p s 1/q 1 1
D Xiyi < <fo> (Zy?> , —+==1,4>0,p>0. (2.19)
i=1 i=1 i=1 p 4

It follows from Lemma 2.2 that

T-1
B |x(n+ 1)
n=0

T-1 T-1 1/(6+1)
< ”Pollzlx(n 4 1)|9+1 4 ||r||T9/(9+1) (le(n + 1)|9+1>

n=0 n=0

m T-1 0/(0+1) ,1_4 1/(6+1)
+ 2l <Z|x(n - ri(n>>|9“> < S lx(n + 1)|6+1>
i=1 n=0 =0

T-1 T-1 1/(6+1)
= [lpoll D lx(r + 1) + ||| T/ €D (ch(n - 1>|9”>

n=0 n=0

. 0/0+) 1/0+1)
+Zl||P1”< [ Z ]|x(u+1)|6+1> <Z(:)|x(n+1)|9”>
1= (S n=|

ue{n-t;(n)-1:n=0,...,.T-1
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n=0 n=0

T-1 T-1 1/(6+1)
< ”PO”ZPC(W + 1)|9+1 + ||r||T9/(9+1) (le(n + 1)|9+1>
m 71 0/(6+1)
i [Te/(9+1)2||r’i” <Z|x(n + 1)|9+1>
i=1 n=0

m Tas 0/(0+1)
" Te/("”)Z"Pi“ <Z |)up(n + 1)|9+1>
i=1 n=T

n=—1 n=0

m -1 0/(6+1) T-1 1/(6+1)
+T6/(6+1)Z”Pi” < Z MY(” n 1)|9+1> ] <Z|x(n n 1)|e+1>
i=1

T-1 T-1 1/(6+1)
< ”PO”ZPC(W + 1)|9+1 + ||r||T9/(9+1) (le(n + 1)|9+1>

n=0 n=0

m T-1
+TYODS Npill Xhe e+ DI

i=1 n=0

m T+6 6/(6+1) 14 1/(6+1)
+ Te/(6+1)zllpl” <Z |(,U(Tl + 1) |9+1> (le(n + 1)|9+1>

i=1 n=T n=0

m -1 0/(0+1) ,1_q 1/(6+1)
+T9/(6+1)Z”Pi”<z |Y(”+1)|9+1> <Z|x(n+1)|6+1> )
i=1 n=-7

n=0

(2.20)

It follows from (2.11) that there is M; > 0 such that 3,723 |x(u + 1)[%*1 < M.

Hence |x(n+1)| < Mi/(eﬂ) foralln € {0,...,T — 1}, which proves Step 1.

Step 2. We will show that the set Q; is bounded. We first prove that there exists k € [0, T — 1]
such that y(k)y(k + 1) < 0. In fact, if y(i) > 0 for all i € [0, T], then

Ax(n) = 1p " (y(n)), nel0,T] (2.21)
implies that x(i) is increasing on [0, T + 1], so x(0) < x(T + 1). Then assumption (A) and

x(0) = ABo(¢7 (y(0)),  (T) = -Ap(Bi(x(T + 1) (2.22)

imply that x(0) > 0 and x(T + 1) < 0. This contradicts x(0) < x(T + 1). If y(i) < 0 for all
i € [0,T], the similar contradiction can be deduced. Hence there exists k € [0, T — 1] such that
y(k)y(k+1) <0.
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It follows that there is a constant ¢ € [k, k + 1] such that

y(k-1) -yk) _0-y(k)

i1k =TIk (2.23)
Then |y (k)| < |Ay(k)|. Hence
ly(K)| < [Ay(k)| = A|f(k, x(k + 1), x(k = T1(k)), ..., x(k = Tr(k)))|
< ax |f(n,xo,...,xm)| =t M. (2.24)
nel0,T-1],Jx;|<M} @ i=0,..,m
Then for n € [k + 1, T] one sees that
n-1 n-1
ly(n)] = ‘y(k) + > Ay(s)| < Mz + > |Ay(s)|
s=k s=k (225)
<My+T max |f(n,x0,...,%m)| = (T +1)M,.
nel0,T-1]Jx;|<M}/ @ i=0,..,m
Forn € [0,k — 1], we get
k-1 k-1
ly(n)| = ‘y(k) - ZAy(s) <M, + Z|Ay(s)|
s=n s=n (2.26)
<My +T max |f(n,x0,...,%m)| = (T +1)M,.
nel0,T-1] Jx;|<M; @ i=0,...,m
It follows that
lyll < (T+1)M,. (2.27)
Then
_ -1 -1 -1
O] = [1Bo (7 ()| < [Bo(#7 (vO)) | < max [Bo(97' ()] (2.28)
On the other hand, since Ax(T) = A~ (y(T)) implies that
|Ax(T)| < ¢ (Jy(T)]) <7 (T +1)My), (229)

then

(T +1)| = |Ax(T) + x(T)| < [Ax(T)| + |x(T)| < ¢~ (T +1)My) + M; Y. (2.30)
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It follows that

||x||§max{ max | (i)

, . , -1 T 1 M Ml/(6+1)}. 231
X max [r@)], ¢ (T +1)Mz) + M, (2.31)

Hence

. NP 1/(0+1)
| (x, v < maX{ (T+1)Ma, Iﬁ‘f%i(s]|‘P(l)|’i§f_‘?ﬁ‘1]|y<l)|'¢ (T +1)M,) + M, }

[T
(2.32)

Step 2 is proved, namely Q; is bounded. Let Q > Q; be an open bounded subset of X
centered at zero, it is easy to see that L(x,y) # AN (x,y) for all (x,y) € 0Q and A € (0,1). It
follows from Lemma 2.1 that equation L(x, y) = N(x, y) has at least one solution (x, ), then
x is a solution of BVP (1.7)-(1.8). The proof is complete. O

3. An Example
In this section, we present an example to illustrate the main results in Section 2.
Example 3.1. Consider the following BVDP:
A($(Ax(n))) = lx(n+ DI + Y pi(m)[x(n - )" +7(n), nel[0,T-1],
i=1
x(0) ~5[Ax(0)]” = 0, (3.1)
6[x(T +1)]° + Ax(T) =0,
x(n) =y(n), nel-m-1],

where ¢(x) = |x[P~2x for x#0 and ¢$(0) = 0 with p > 1 a constant, T > 1 is an integer, > 0,
pi(n), r(n) are sequences. Corresponding to the assumptions of Theorem 2.3, we set

g(n,xo,...,xm) = Blxo]**,

h(n,xo,...,%m) = > pi(m)x7*" +r(n),  0=2k+1, (3.2)
i=1

By(x) = 5x°, By (x) = 6x°.
It is easy to see that assumptions (A) and (B) in Theorem 2.3 hold. It follows from Theorem 2.3
that (3.1) has at least one solution if ||po|| + T @D 3™ |ip:|| < B.

Remark 3.2. The BVP in Example 3.1 cannot be solved by the theorems in [3-5] since the dif-
ference equation in (3.1) is a p-Laplacian equation and the boundary conditions superlinear.
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