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We investigate the periodic nature of the solution of the max-type difference equation x,.1 =
max{x,, A}/ xﬁxn_l, n = 0,1,2,..., where the initial conditions are x_; = A" and xy = A" for
A € (0,00), and that r; and r, are positive rational numbers. The results in this paper solve the
Open Problem proposed by Grove and Ladas (2005).

1. Introduction

Max-type difference equations stem from, for example, certain models in automatic control
theory (see [1,2]). Although max-type difference equations are relatively simple in form, it s,
unfortunately, extremely difficult to understand thoroughly the behavior of their solutions,
see, for example, [1-41] and the relevant references cited therein. Furthermore, difference
equation appear naturally as a discrete analogues, and as a numerical solution of differential
and delay differential equations having applications various scientific branches, such as in
ecology, economy, physics, technics, sociology, and biology. For some papers on periodicity
of difference equation see, for example, [8, 9, 11, 12, 15] and the relevant references cited
therein.
In [22], the following open problem was posed.

Open Problem 1 (see [22, page 218, Open Problem 6.4]). Assume that A € (0, 00), and that
r; and r, are positive rational numbers. Investigate the periodic nature of the solution of the
difference equation:

LA
xp = DX A} 0, (1.1)
XnXn-1

where the initial conditions are x_; = A™ and xy = A™.
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Now, in this paper we give answer to the open problem 6.4.

2. Main Results
2.1. The Case A > 1

We consider (1.1) where A > 1. It is clear that the change of variables
x,=A" forn>-1 (2.1)
reduces (1.1) to the difference equation:

Tns1 = max{r,, 1} =2r, -1, n=0,1,2,..., (2.2)

where the initial conditions 7_; and ry are positive rational numbers.
In this section we consider the behavior of the solutions of (2.2) (or equivalently of
(1.1)) in this case A > 1. We give the following lemmas which give us explicit solutions for

some consecutive terms and show us the behavior of the solutions of (2.2) (or equivalently
of (1.1)).

Lemma 2.1. Assume that {r,},;._; is a solution of (2.2). If2 < ry + r_1 = r, then the following
statements are true for some integer N such that N > 0.

(i) Ifrv = -1, then rnyoy > Land ryyg > 1.
(ii

(ii

)
) Ifrn = —1, then ¥y = TN43 OF TN = TN45.
YIfrn =-rand rnw > 1, then ryys = —rand ryp = o1 + 7y — 1

(iv) If ry = —rand rns < 1, then s = —1r and rnwg = TNl — TN — 2.
Proof. (i) Assume that 2 < 7o + 71 = r. If rp > 1, then from (2.2) we get r; = —r and r, =
1+ry+2rq > 1.

Ifro<1,thenwegetr; =1-2ry—-7r1 <1, m=3rn+2r4-1>1, 1 =-rn=
2-1r9>1 and r5 =2rp +r_1 — 2.

Ifrs>1,thenrg=-randry, =71 +3 > 1.

Ifrs <1,thenrg =3-3rg—2r1 <1, rp =4rg+3r1-3>1, rg = —rand r9 =
4—21‘0—12121.

Working inductively we have ry_1 > 1 and rn41 > 1 for ry = —7. So, the proof of (i) is
complete.
(ii) Assume that ry = —r. From (i) and (2.2) we get that

rNa=1-2ry—rNn-121, 23)
rN+2 = TN +N-1 — 1.

Ifryeo > 1, thenryngz =78 = -7
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Ifryo <1, thenrnys =2-rya1 <1, rNnu=rNa1—7n —2>1and rygs = N = —7. So,
the proof of (ii) is complete.
As for (iii) and (iv), they are immediately obtained from (ii) and (2.2). O

Lemma 2.2. Assume that {ry},._, is a solution of (2.2). If2 < ry+r1 = k/m, GCD(k,m) =1,

then the following statements are true.

(i) If (8k—m) #0(mod 3) for 0 < N < (8k—m+2), then the number of integers N for which
Lemma 2.1(iii) holds is (k — 2m) and the number of integers N for which Lemma 2.1(iv)
holds is (k + m).

(ii) If (8k —m) = 0(mod 3) for 0 < N < ((8k —m)/3 + 2), then the number of integers N
for which Lemma 2.1(iii) holds is ((k — 2m)/3) and the number of integers N for which
Lemma 2.1(iv) holds is ((k + m)/3).

Proof. (i) Assume that2 < 1o+ 71 = r = k/m, GCD(k,m) = 1, (8k — m)#0(mod 3) and
0< N < (8k—m+2).

Assume that number of integers N satisfying Lemma 2.1(iii) is (k — 2m + 1).This
assumption made Lemma 2.1(iii) be applied consecutively for (k —2m + 1) times such that;

TN =TN+3 = TN+6 = = IN+3(k-2m) = TN+3(k-2m+1) = —T,
TNs2=TN-1+TN—1>1,

N =TN-1 +2(rv = 1) > 1,

24
rNis =TN-1 +3(rv = 1) > 1, @4)

IN+3(k-2m)2 = N1+ (kK =2m+1)(rn = 1) > 1.

Thus, rny-1 > 1+ (k= 2m + 1)(-=ry + 1) > —2ry. But, from Lemma 2.1(i) we have
N+ = 1-2rny—rn-1 2 1and (-27yn) > rn-1. This means that Lemma 2.1(iii) cannot be applied
consecutively for (k —2m + 1) times. So, the number of integers N satisfying Lemma 2.1(iii)
is not more than (k — 2m).

Similarly, assume that the number of integers N satisfying Lemma 2.1(iv) is (k+m+1).
So, we can apply Lemma 2.1(iv) consecutively for (k + m + 1) times such that

N = TN+5 = TN+10 = *** = 'N+5(k+m) = V'N+5(k+m+1) = —1,
TN =TN1—TN—2>1,
N9 =TN-1 +2(-rn —2) > 1,

25
N4 = TN-1 +3(-rn —2) > 1, 25)

TN+5(kim-1)+4 = IN-1 + (kK + m)(-rn = 2) > 1.
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Thus, we have rnisgmy«2 = 'n-1 + (k+m)(=rn —2) +ryv —1 < Tand ryg < 1+
(k+m)(rn +2) —rny + 1 < 1. But, it contradicts Lemma 2.1(i). So, the number of integers N
satisfying Lemma 2.1(iv) is not more than (k + m).

Now, assume that the number of integers N satisfying Lemma 2.1(iii) is (k —2m - 1).
We have just had the number of integers N satisfying Lemma 2.1(iii) is less than (k —2m +1).
From the proof of Lemma 2.1(i), if j is the smallest integer N satisfying Lemma 2.1(i), then
we have rj = —r for j € {1,3}. We apply Lemma 2.1(iii) for (k — 2m — 1) times such that

Vi =7j+3 = Tj+6 = *** = Tj+3(k-2m-2)
(2.6)
= Tj+3(k-2m-1) = —T
and from Lemma 2.1(ii)
Vi+3(k-2m-1) = Vj+3(k-2m-1)+5 = * ** = Tj+3(k-2m~1)+5(k+m)
(2.7)

= Tj+3(k-2m-1)+5(k+m+1) = —7T.

Thus, the number of integers N satisfying Lemma 2.1(iv) is (k + m + 1). But it is not
possible. So, the number of integers N satisfying Lemma 2.1(iii) is (k — 2m).

Similarly, assume that number of integers N satisfying Lemma 2.1(iv) is (k + m - 1).
From Lemma 2.1(ii)—(iv), we have

i =Tj+5 =Tj+10 = *** = Tj45(k+m-2)
= Tjs5(k+m-1) = =1,

2.8)
Vj+5(k+m-1) = Vj+5(k+m-1)+3 = *** = Vj+5(k+m-1)+3(k-2m+1)

= Tj+5(k+m-1)+3(k-2m+2) = —T-

Thus, the number of integers N satisfying Lemma 2.1(iii) is (k — 2m + 2). But it is not
possible. So, the number of integers N satisfying Lemma 2.1(iv) is (k + m). So, the proof of
(i) is completed.

(ii) Proof of (ii) is similar to the proof of (i). So, it is omitted. O

We omit the proofs of Lemmas 2.3 and 2.4 since they can easily be obtained in a way
similar to the proofs of Lemmas 2.1 and 2.2.

Lemma 2.3. Assume that {r,},._; is a solution of (2.2). If 1 < ry +r1 = r < 2, then the following
statements are true for some integer N such that N > 0.

(i) Ifry = -1, then vy > 1and ryyg > 1.

(ii) If ry = =1, then ¥ = Ynys5 OF TN = T'N47.
(iil) If rn = —r and rnea > 1, then tnys = —r and vy = TN-1 — TN — 2.
(iv) If ry = —rand rnw4 < 1, then .7 = —r and rnie = -1 — 31N — 3.
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Lemma 2.4. Assume that {r,},._; is a solution of (2.2).If1 <rg+r-1 =k/m <2, GCD(k,m) =1,

n=

then the following statements are true.

(i) If (8k —m) #0(mod 3) for 0 < N < (8k — m — 1), then number of integers N for which
Lemma 2.3(iii) holds is 3(k — m) and the number of integers N for which Lemma 2.3(iv)
holds is (2m — k).

(ii) If (8k —m) = O(mod3) for 0 < N < ((8k —m)/3 — 1), then the number of integers
N for which Lemma 2.3(iii) holds is (k — m) and the number of integers N for which
Lemma 2.3(iv) holds is ((2m — k) /3).

Lemma 2.5. Assume that {ry},._; is a solution of (2.2). If ro+r_1 < land ro+r_1 #1/2, then the
following statements are true for some integer N such that N > —1.

(i) Assume that rn > 1, and vy > 1. If ro+ 11 < 1/2, then ryy1 = ro+1-1 — 1 or if

ro+r.1>1/2, then ryy = —19 — r_1.

(11) IfTN > 1 and N2 > 1, then N+3 < 1, IN+4 < 1, N+5 < 1, TN+6 = 3+ 2TN+1 —rN < 1
and rysy =N = 3(rns1 + 1),

(iii) If N & ("N, TN+1, TNi+2, TNi+3, TNi+4, TN;+5, TNi+6) Such that vy, > 1 and rno > 1, then
N < 1.

Proof. (i) Assume that rp + r-; < 1/2. From (2.2), we get thatry = 1 -2rp—r1 <1, n =
3rg+2r1—1<landr; =2 —4ry)—3r.

Ifrs>1,thenry=rg+r1-1, rs=1+2rg+r1 > 1.

Ifrs<1,thenry=5rg+4r1-2<1,r5=3-6rg—5rjandrs>1orrs<1.

Ifrs >1,thenrs =1y +7r1—1land r; = 4ry + 3r_1 > 1.

Ifrs<1,thenrg=7rg+6r.1-3<1,r,=4-8ry—7r_1andr; >1or r, <1.
Working inductively, we have rn. =rg+r.1—1forrg+r_; <1/2, ry > 1land e > 1

Assume that rg + v > 1/2. From (2.2), we get thatr; = 1 -2rp -7y < land r, =
3rg +2r_1 — 1.

Ifrp,>1,thenrs=-rg—r_1andry =2 -1y > 1.
Ifrp,<1l,thenr; =2-4ry—3r_1 <land ry = 5rg +4r_1 — 2.

Ifry>1,thenrs =-rg—r_1and rg =3 — 3rg — 2r_1 > 1.

Working inductively, we have rn. = —r9p —7—1 for 1/2 < rp+7r1 <1, ry > 1 and
rn+2 2 1. So, the proof of (i) is completed.

(ii) Assume that rp + 7_1 < 1and that ry > 1, rn42 > 1. From (2.2) and (i), we get that

N2 =max{rn:, 1} =2rna — 7N =1-2rna =N, TN < 27N+ (2.9)
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Then,

rN+3 = max{rns, 1} =2rNwo —TNs1 = TN + TN — 1 < 1,

N4 = max{rnss, 1} = 2rni3 — N2 =2 -1n <1,

N5 = Mmax{rNs4, 1} = 27N — N3 =N — TN —2 < 1, (2.10)
rN+6 = Max{rns5, 1} = 2rN+s — TNwa = =N + 2PN +3 < 1,

rN+7 = max{rnye, 1} — 2rNi6 — TNss = TN — 3(rne1 + 1).

So, the proof of (ii) is completed.

(iii) Assume that the smallest integer of integers N satisfying (i) is Ny. From the proof of
(i), we have r; < 1 for j < Np. Also, from this assumption we have the subsequence
("N, TNy+1, TNy 42, TNy +3, TN +4, TNy +5, TN +6) such that ry, > 1 and rn,42 > 1. Then,
from (ii) we get that rny.7 = ray — 3(rnvge1 + 1) and rape7 < 1 or rapey > 1L
If rape7 £ 1, we get that rns = -7y + 4(rvg+1 + 1) < 1. It means that 7y, 47
and rn,;8 are not the element previous and later subsequences satisfying (ii). If
rnp+7 > 1, then we get that rn,.9 > 1 and that rn, .7 is a element of the subsequence
("N1+7, TNW 48, N1 49, TN +10, TN, 11, TN, 12, N 413) such that 77 > 1 and ry9 > 10 If
this proceeds, we have rn <1, for rn € (rn,, TN+1, TN+2, TN+3, TN,+4, T'N;+5, T'N;+6) such
that 7y, > 1and ry42 > 1. O

Lemma 2.6. Assume that {r,};._; is a solution of (2.2). Ifro+7r_1 =k/m <1/2, GCD(k,m) =1,
then the following statements are true.

(i) If (7m - 8k) #0(mod 3) for N < (7m — 8k — 1), then number of integers N for which
Lemma 2.5(ii) holds is (m — 2k) and the number of integers N for which Lemma 2.5(iii)
holds is 6k.

(ii) If (7m—-8k) = 0(mod 3) for N < ((7m—8k)/3—-1), then number of integers N for which
Lemma 2.5(ii) holds is ((m—2k) /3) and the number of integers N for which Lemma 2.5(iii)
holds is 2k.

Lemma 2.7. Assume that {r,},._; is a solution of (2.2).1f1/2 <ry+r-1 =k/m <1, GCD(k,m) =

n=-1
1, then the following statements are true.

(i) If (8k — m)#0(mod3) for N < (8k — m — 1), then number of integers N for which
Lemma 2.5(ii) holds is (2k — m) and the number of integers N for which Lemma 2.5(iii)
holds is 6(m — k).

(ii) If (8k — m) = 0(mod 3) for N < ((8k —m)/3 — 1), then number of integers N for which
Lemma 2.5(ii) holds is ((2k—m) /3) and the number of integers N for which Lemma 2.5(iii)
holds is 2(m — k).

Theorem 2.8. Consider (2.2). If -y + 190 = k/m < 1/2 and GCD(k,m) = 1, then the following
statements are true.

(i) If (7m — 8k) #0(mod 3), then {r,},._ is periodic with prime period (7m — 8k),

n=-1

(ii) If (7m — 8k) = 0(mod 3), then {r,},._; is periodic with prime period ((7m — 8k)/3).
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Proof. (i) Assume that 1 + 1y = k/m < 1/2, GCD(k,m) = 1 and (7m — 8k) #0(mod 3). It
suffices to prove r, = yi7m-gk for n > —1. We must show that r_y = 77,,-8x-1 and 1o = r7,-sk.

From Lemmas 2.5 and 2.6, for getting the last two terms we need, we can assume that

and that

From this assumption and (2.2), we get thatforn =1,2,...,(3k - 1)

and that

rm<1 forn=-1,0,...,(6k-2)

Tek—1+71 > 1, Teksien 21 forl=0,1,...,(m -2k -1).

n
P =1+ D [1=2(ra +7)] <1
i=1

n
T2y =T + 2[2(7‘—1 +r9) —1] <1
i1

3k
Tok1 =71+ > [1=2(r1 +79)] > 1,
i1
ek = (r-1+10) -1,

3k-1

Tek =2 -1+ Y [2(r1+19) =1] 2 1,
i=1

3k-1
Tek+5 = 311 +4rg + Z [2(r1+70)-1] <1,
i=1
3k-1

Toko = 1= (471 +510) = D [2(rq +10) 1] > 1,
in1

Teks7 = (r-1 +19) — 1,

3k-1
Tok+12 = 6r_1 + 71"0 + Z [2(1",1 + To) - 1] <1,
i=1
3k-1

Toks13 = 1= (7ry +8r0) = D [2(ra +70) 1] > 1,
P

(2.11)

(2.12)

(2.13)
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3k-1
Tek-1+7(m-2k-1) = 1 =11 = 2rg = 3(m = 2k = 1)(r_1 + r9) — Z [2(r1 +10) —1] > 1,
i=1

3k-1
Tek-147(m-2k-1)+6 = o + 3(m — 2k)(r-1 + 1p) + Z [2(r1+10) - 1] <1,
in1
3k-1
Tek-1+7(m-2k) = 1 = [-1-1 + (Bm — 6k +2)(r_1 + 10)] - Z [2(rq +10) —1].
im1

(2.14)
Then we get 17,,,-8k-1 = r-1 and that
T7m-sk = 1 — 2771m-8k-1 — T7m—8k—2
3k-1 (2.15)
=1- 27‘_1 — V7m-8k-2 — |70 + 3(711 — Zk) (7‘_1 + 1"0) + Z [2(1’_1 + 1’0) - 1] =T19.
i=1

So, we have r,, = 7p47m-sk for n > —1.

(ii) Assume that r_; + 7y = 1/2. From (2.2), we get immediately 1 = r_; and r, = 7.
So, we have 1, = ryim-sky3 forn > 1. If -y + 19 < 1/2, GCD(k,m) = 1 and
(7m — 8k) = 0(mod 3), then the proof of (ii) is similar to the proof of (i). So, it is
omitted.

O

Theorem 2.9. Consider (2.2). If r =r_1 + vy = k/m > 1/2 and GCD(k, m) = 1, then the following
statements are true.

(i) If (8k — m) #0(mod 3), then {r,},._; is periodic with prime period (8k — m).

(ii) If (8k — m) = 0(mod 3), then {r,},._, is periodic with prime period ((8k —m)/3).

Proof. (i) If r_1+rp =1, then from (2.2) we get thatr| = -1y, 1o = 1+710, 13 =-1, 14y =2-1y, 15 =
10— 1, 16 =r_1 and r7 = 9. So, we have r,, = .8k forn > —1.

In the case 1/2 < r_1 + 1y < 1, the proof is similar to the proof of Theorem 2.8(i) such
that; from Lemmas 2.5 and 2.7, we can assume that

m<l forn=-1,0,...,[6(m-k)-3] (2.16)
and that

To(m—k)-2+71 > 1, To(m—k)+71 > 1, T6(m—k)-2+7(2k-m) < 1 (2.17)
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for1=0,1,...,(2k —m —1). Thus, we get that

n
T =10+ D [2(ra +70) 1] <1,
i=1

(2.18)
n+l
o =71+ 3 [1=2(r +19)] <1
in1
forn=1,2,...,[3(m - k) — 2] and that
3(m—k)-1
Tomb2a=To+ >, [20ra+r)-1]>1,
in1
Te(m-k)-1 = —(r-1 + 19),
3(m—k)-1
T6(m—k) = 1+2rq+1ry+ Z [1 - 2(1”,1 + 1‘0)] >1,
in1
(2.19)
3(m—k)-1
To(m-k)-2+7k-m)-1 = -1 + 32k —m)(1 —r_y —1r0) - [2(r1+1)—1] <1,
i=1
3(m—k)-1

To(m-k)-2+7@k-m) = T0 + 32k —m)(ry +ro—1)+ > [2(rq+1)-1] <1,
i1

T6(m—k)+7(2k-m)-1 = 1 = 2T6(m-k)+7(2k—-m)-2 = T6(m-k)+7Q2k-m)-3 = T—1,
T6(m—k)+7(2k-m) = 1 = 276(m-k)+7(k-m)-1 = Y6(m-k)+7(2k-m)~2 = 10

So, we have r,, = 7i8k—m forn > —1.
Assume that 1 < r_; + 1y < 2. From Lemmas 2.3 and 2.4, for getting the last two terms,

we can assume that

TN+5l, = 'N+5(1,+1) = 1,
(2.20)

YN +5[3(k-m)]+7l, = VYN+5[3(k-m)]+7(l+1) = —T
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forh =0,1,...,[3(k-m)-1] and , = 0,1,...,(2m — k — 1). From this assumption and
Lemma 2.4(iii)-(iv), we get that

TN+4 =TN-1—TN —2,

TN+ = TN-1 +2(-TNn — 2),

2.21)
TN+5[3(k-m)-1]+4 = IN-1 + 3(k —m) (=N = 2),
and that
TN+5[3(k=m)]+6 = TN+5[3(k-m)-1]+4 — SN — 3,
TN+5[3(k-m)]+13 = T'N+5[3(k-m)-1]+4 + 2(=3rn = 3),
(2.22)

T'N+5[3(k=m)|+7(2m—k-1)46 = TN+5[3(k-m)-1]+4 + (2m — k)(=3rn = 3) > 1

Thus, we get rnusk-m-1 = N-1 and 7Nugk-m = Tn. From r,.1 = max{r,, 1} — 2r, —
Tni1, We have 1, = rusk-m for n > —1. Also, it is easy to see that rn_1 #7n+5,-1 and
TN-1 7 TN+5[3(k-m)]+7h-1 for It = 1,2,...,[8(k = m)] and I, = 1,2,...,(2m — k) which imply
that 8k — m is the smallest period.

In the case 2 < r_; + 1, the proof is similar. So, it is omitted.

(ii) Assume thatr_1+ry = 2. If rp > 1, then from (2.2) we get thatr) = -2, r, =5-r9, 13 =
ro—3, n=rqandrs =ry.lfro<1,thenr, =-1-ry, m=3+ry, r3=-2, ry =711

and rs = r9. So, we have r,, = ¥4 (8k-m)/3 for n > —1. The rest of proof is similar to the
proof of (i) and is omitted. O

2.2. The Case A <1

We consider (1.1) where A < 1. It is clear that the change of variables
x,=A" forn>-1 (2.23)
reduces (1.1) to the difference equation:
tpe1 = min{r,, 1} - 2r, -r,-1, n=0,1,2,..., (2.24)

where the initial conditions r_; and ry are positive rational numbers.

In this section we consider the behavior of the solutions of (2.24) (or equivalently of
(1.1)) in this case A < 1. We omit the proofs of the following results since they can easily be
obtained in a way similar to the proofs of the lemmas and theorems in the previous section.
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o]

Lemma 2.10. Assume that {r,},._; is a solution of (2.24). If r_1,v9 > 1 and r = ro + r_q, then the
following statements are true for some integer N > 0.

(i) Ifry=r—1,thenrn-g < land ry < 1
(ii) If rn =7 =1, then ry = TN+3 OF TN = TN45.
(iii) frne =r—land ryp < 1, then rys =1 —land ryp = vy + v — L

(iV IfTN =r—1and N2 2 1, then YN+5 =T — 1 and YN+4 =VN-1—TN — 2.

Lemma 2.11. Assume that {r,},._; is a solution of (2.24) for which Lemma 2.10 holds. If r = ry +

n=

7.1 = k/m, GCD(k,m) = 1, then the following statements are true.

(i) If 8k —7m) #0(mod 3) for 0 < N < (8k —7m — 1), then number of integers N for which
Lemma 2.10(iii) holds is (k + m) and the number of integers N for which Lemma 2.10(iv)
holds is (k — 2m).

(ii) If (8k = 7m) = 0(mod 3) for 0 < N < ((8k —7m)/3 — 1), then number of integers N
for which Lemma 2.10(iii) holds is ((k + m)/3) and the number of integers N for which
Lemma 2.10(iv) holds is ((k — 2m) /3).

Lemma 2.12. Assume that {r,},._; is a solution of (2.24). If max{r_1,ro} = r > 1 and one of the
initial contitions r_y, ry is less than or equal to one, then the following statements are true for some

integer N > 0.
@i

YIfrn =71, thenry_y <land rng < 1.

(ii) IfTN =71, then rN = TN43 OF TN = T'N45.

(iii) If rv =rand ryso < 1, then ryys = rand ryp = o1 + v — 1
)

(iv) If ry =rand rns > 1, then rnys = 7 and rng = N1 — TN — 2.

Lemma 2.13. Assume that {r,},._, is a solution of (2.24) for which Lemma 2.12 holds. If r =

n=

max({r_i, 1o} = k/m, GCD(k,m) =1, then the following statements are true.

(i) If (8k + m) #0(mod 3) for 0 < N < (8k + m — 1), then number of integers N for which
Lemma 2.12(iii) holds is (2m + k) and the number of integers N for which Lemma 2.12(iv)
holds is (k — m).

(ii) If (8k + m) = 0(mod3) for 0 < N < ((8k + m)/3 — 1), then number of integers N

for which Lemma 2.12(iii) holds is ((2m + k) /3) and the number of integers N for which
Lemma 2.12(iv) holds is ((k —m)/3).

Theorem 2.14. Consider (2.24). If r_1,19 > 1, r = (ro + r_1) = k/m and GCD(k,m) = 1, then the
following statements are true.

(i) If (8k — 7m) #0(mod 3), then {r,},._; is periodic with prime period (8k — 7m).

n=-1

(ii) If (8k — 7m) = 0(mod 3), then {r, },._, is periodic with prime period ((8k —7m)/3).

n=

Theorem 2.15. Consider (2.24). If at least one of the initial conditions of (2.24) is less than or equal
to one, max{r_1,ro,1} = k/m and GCD(k, m) = 1, then the following statements are true.

(i) If (8k + m) #0(mod 3), then {r,},._; is periodic with prime period (8k + m).

n=

(ii) If (8k + m) = 0(mod 3), then {r,},._, is periodic with prime period ((8k + m)/3).
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3. Conclusion

Difference equation appears naturally as a discrete analogue and as a numerical solutions of
differential and delay differential equations having applications various scientific branches,
such as in ecology, economy, physics, technics, sociology, and biology. Specially, max-type
difference equations stem from, for example, certain models in automatic control theory. In
this paper, periodic nature of the solution of (1.1) which was open problem proposed by
Grove and Ladas [22] was investigated. We describe a new method in investigating periodic
character of max-type difference equations. It is expected that after some modifications our
method will be applicable to Open Problem 6.3 in [22].
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