Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2010, Article ID 705387, 14 pages
doi:10.1155/2010/705387

Research Article

Sign-Changing Solutions for Discrete
Second-Order Three-Point Boundary
Value Problems

Tieshan He,! Wei Yang,? and Fengjian Yang'

I Department of Computation Science, Zhongkai University of Agriculture and Engineering,
Guangzhou, Guangdong 510225, China
2 Department of Mathematics and Physics, Fujian University of Technology, Fuzhou, Fujian 350108, China

Correspondence should be addressed to Tieshan He, hetieshan68@163.com
Received 7 December 2009; Accepted 15 January 2010
Academic Editor: Leonid Shaikhet

Copyright © 2010 Tieshan He et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We consider the second-order three-point discrete boundary value problem. By using the
topological degree theory and the fixed point index theory, we provide sufficient conditions for the
existence of sign-changing solutions, positive solutions, and negative solutions. As an application,
an example is given to demonstrate our main results.

1. Introduction

In this paper, we consider the following second-order three-point discrete boundary value
problem (BVP):

A*u(t-1)+ f(t,u(t)) =0, te[l,n],
1.1
u(0) =0, u(n+1) = au(m), (D

where n € {2,3,...}, [1,n] is the discrete interval {1,2,...,n},m € [1,n],0 < a <1, Au(t) =
u(t+1) —u(t), A*u(t) = A(Au(t)), and f : [1,n] x R — Ris a continuous function.

Boundary value problems for difference equations arise in different areas of applied
mathematics and physics. Existence and multiplicity of positive solutions or nontrivial
solutions for boundary value problems of difference equations have been extensively studied
in the literature; see [1-9] and the references therein.
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On the other hand, in the existing literature, there are some papers studying the
sign-changing solutions for boundary value problems of differential equations; for example,
see [10-12]. But the problems of the existence of sign-changing solutions to discrete
multipoint boundary value problems have received very little attention in the literature to
the best knowledge of the authors. In this paper, motivated by [12, 13], we aim to study
the existence of multiple sign-changing solutions to the second-order three-point discrete
boundary value problem (1.1). Under some suitable conditions, we prove that the three-point
discrete boundary value problem (1.1) has at least two sign-changing solutions, two positive
solutions, and two negative solutions. The main approach is the topological degree theory
and the fixed point index theory.

The organization of this paper is as follows. In Section 2, we present some preliminary
knowledge about the topological degree theory and the fixed point index theory and use the
knowledge to obtain some lemmas which are very crucial in our main results. In Section 3,
by computing the topological degree and the fixed point index, we discuss the existence of
multiple sign-changing solutions to BVP (1.1), and a simple example is given.

2. Preliminaries

As we have mentioned, we will use the theory of the Leray-Schauder degree and the fixed
point index in a cone to prove our main existence results. Let us collect some results that will
be used below. One can refer to [13-16] for more details.

Lemma 2.1 (see [13, 14]). Let E be a Banach space and, X C E be a cone in E. Assume that Q is a
bounded open subset of E. Suppose that A : X N Q — X is a completely continuous operator. If there
exists xg € X \ {0} such that

x—Ax#uxg, Yx€XNo, u>0, (2.1)

then the fixed point index i(A, X NQ, X) =0.

Lemma 2.2 (see [13, 14]). Let E be a Banach space and let X C E be a cone in E. Assume that Q is a
bounded open subset of E, 0 € Q. Suppose that A : X N Q — X is a completely continuous operator.

If

Ax#ux, YxeXnNoQ, u>1. (2.2)

then the fixed point index i(A,XNQ,X) = 1.

Lemma 2.3 (see [15]). Let E be a Banach space, let Q be a bounded open subset of E, 8 € Q, and
A : Q — E be completely continuous. Suppose that

|Ax|| < |Ix|l, Ax#x, Vxe€o0Q, (2.3)

then deg(I — A,Q,0) = 1.
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Lemma 2.4 (see [16]). Let A be a completely continuous operator which is defined on a Banach
space E. Let xo € E be a fixed point of A and assume that A is defined in a neighborhood of xq and
Fréchet differentiable at x¢. If 1 is not an eigenvalue of the linear operator A’ (xy), then x is an isolated
singular point of the completely continuous vector field I — A and for small enough r > 0,

deg(I — A, B(xo,1),0) = (-1)F, (2.4)

where k is the sum of the algebraic multiplicities of the real eigenvalues of A'(xo) in (1, +o0).

Lemma 2.5 (see [16]). Let A be a completely continuous operator which is defined on a Banach space
E. Assume that 1 is not an eigenvalue of the asymptotic derivative. Then the completely continuous
vector field I — A is nonsingular on spheres S, = {x € E : ||x|| = p} of sufficiently large radius p and

deg(I - A,B(6,p),0) = (-1)F, (2.5)

where k is the sum of the algebraic multiplicities of the real eigenvalues of A'(c0) in (1, +o0).
From [12, Lemma 2.4], we have the following lemma.

Lemma 2.6. Let X be a solid cone of a Banach space E (X° is nonempty), let Q be a relatively bounded
open subset of X, and let A : X — X be a completely continuous operator. If any fixed point of A in
Q is an interior point of X, there exists an open subset O of E (O C Q) such that

deg(I - A,0,0) =i(A Q,X). (2.6)
Now we shall consider the space
E={u:[0,n+1] - R |u(0) =0, u(n+1) =au(m)} (2.7)

equipped with the norm ||u|| = maxejo,ns1][1(t)]. Clearly E is a n—dimensional Banach space.
Choose the cone P C E defined by

P={ueE|u(t)>0,te[l,n]}. (2.8)

Obviously, the interior of P is P° = {u € E | u(t) > 0,t € [1,n]}. For each u,v € E,
we write u > v if u(t) > v(t) for t € [1,n]. A solution u of BVP (1.1) is said to be a positive
solution (a negative solution, resp.) if u € P\ {0} (u € (=P) \ {0}, resp.). A solution u of BVP
(1.1) is said to be a sign-changing solution if u ¢ P U (-P).
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Lemma 2.7. Let v : [1,n] — R be fixed. Then the problem

APu(t-1)+o(t) =0, te[l,n],

(2.9)
u(0) =0, u(n+1) = au(m)
has a unique solution
u(t) = > G(t,k)v(k), (2.10)
k=1
where G(t, k) is given by
k(n+1—zxm—t+zxt)’ ke[lt-1]n[1,m—1];
n+l-am
t(n+1—am—k+ak)l keltm-1];
n+l-am
G(t, k) = 4 (2.11)
kin+1-am-t) +amt’ ke [mt-1];
n+l-am
tn+1-k)
km, ke [t,n]ﬁ[m,n].

Proof. We use a similar approach to that in [17, Lemmas 3.1, 3.3]. From A%u(t - 1) + v(t) =0,
we have

Au()-Au(0)+v(1)=0, Au(2)-Au(1)+v(2)=0,..., Au(t)-Au(t-1)+v(t)=0.  (2.12)

Suming the above equations, one gets
t
Au(t) = Au(0) - > v(i), (2.13)
i=1

where, and in what follows, we denote Z;(:s x(k) = 0when! < s. Again summing (2.13) from
0tot -1, it follows that

u(t) = u(0) + tAu(0) - i(t ~k)o(k) (2.14)
k=1

where t € [0,n + 1]. Since (0) = 0 and u(n + 1) = au(m), one gets

1 n m-1
> (1 1-k)o(k) - ﬁ}:(m—k)v(k). (2.15)

Au(0) =
n k=1 k=1
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By (2.14) and (2.15), we have
t 2 at S

mé(n+1—k)v(k) - mkz;;(m—k)v(k)

u(t) =
t-1 (2.16)
- Si(t-K)o(k), tel0n+1].
k=1

When t > m, it follows from (2.16) that

u(t) = ;<mzl(n+ 1-k)o(k) + Z(n+ 1-k)o(k) + Z(n +1- k)v(k)>

n+l-am

m-1 m-1 t-1 n
- 1 am 2 (m —k)ov(k) - ; (t-k)v(k) - gn(t - k)o(k) = éc(t,k)v(k).
(2.17)
When t < m, it follows from (2.16) that
u(t) = m <Z(n +1-k)o(k) + Z (n+1-k)o(k)+ Z (n+1- k)v(k)>
t-1 m-1 t-1
- 1 oo <k§:;(m —-k)ov(k) + é(m - k)v(k)> - g(t - k)o(k) (2.18)
= iG(t, K)o (k).
k=1
Then, the unique solution of (2.9) can be written as u(t) = >,;_; G(t, k)v(k). O

Remark 2.8. Green’s function G(t, k) defined by Lemma 2.7 is positive on [1, n] x [1, n].
Define operators K, f, A : E — E, respectively, by

(Ku)(t) = iG(t,k)u(k), uekEte[ln];
ps} (2.19)

(fu)(t) = f(t,u(t)), uekEte[l,n];
A = Kf. (2.20)
Now from Lemma 2.7, it is easy to see that BVP (1.1) has a solution u = u(t) if and only if

u is a fixed point of the operator A. It follows from the continuity of f that A : E — E is
completely continuous.
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We shall use the following assumptions.

(H;) Wehave0<a<1,or

a=1, A=9, (2.21)
where A = AN B, and

A:{M:kzl,z,..., M]}

n+l+m 2
- 2.22
{Zt—”:t=1,2,...,[" n } n-m>2, 222)
B = n+l-m 2
o, n—-m<2.

[x] denotes the integer part of the real number x.

(Hy) Forany t € [1,n], f(t,0) =0;forany ¢t € [1,n] and x € R, xf(¢,x) > 0.

(H3) There exists an even number kj € [1, 7] such that

—, (2.23)

where lim,_o(f(¢t,x)/x) = Po uniformly for ¢t € [1,n], and );;1 = 4sin?(&/2),k € [1,n],

. . -1 &
é1,...,4n are given in Lemma 2.9, A ., = +oo.

(Hy) There exists an even number k; € [1,n] such that

1 1

— <P < —, 2.24
')Lkl ﬁ )Lk1+1 ( )

where limy—. o (f(t,x)/x) = P uniformly for t € [1,n], and )ql,. ..,)L;l,)l;}rl are given in
condition (H3).

(Hs) There exists a constant T > 0 such that for any (¢, x) € [1,n] x [-T,T],

|f(t,x)| <p7'T, (2.25)

where p = [(n+1)* - am2]2/8(n +1-am)?.

Lemma 2.9. Suppose that (Hy) holds; then there exist &, &, ...,¢n with0 <& <& <+ <&, <
such that sin(n + 1) = asinmg;, i=1,2,...,n.



Discrete Dynamics in Nature and Society 7

Proof. First, suppose that 0 < a < 1. Let h(x) = sin(n + 1)x — a sin mx, then we have

(o) (D i)

h(%) >0, h(%) <0,...,(-1)”h<%) > 0.

It follows from the intermediate value theorem that there exist ¢; € (or/2(n+1),or/n+1] and
& e (i-D)x/2(n+1),2i+ )a/2(n+1)),i = 2,...,n, such that sin(n + 1)¢; = asinmg;,
i=1,2,...,n

Now suppose that « = 1 and A = ¢. Let Ay = AU B. It is easy to see that there
exist §; € A,i = 1,2,...,nwith0 < {1 = (mw/n+1+m) < o < --+ < {, < a such that
sin(n + 1)¢; = sinmg;. Then Lemma 2.9 is proved. O

(2.26)

Remark 2.10. Condition A = ¢ is reasonable. For example, let n = 5, m = 3, then A = ¢. Let
n=18, m=3,then¢ = /2 € A#¢.

Lemma 2.11. Suppose that (H;) holds; then the set of eigenvalues of the linear operator K consists
of the strictly decreasing finite sequence of A,k = 1,2,...,n, with corresponding eigenfunctions
i (t) = sin(t&x), where Ay = (4sin2(§k/2))_1, k=1,2,...,nand¢,..., ¢, are given in Lemma 2.9.
In addition, the algebraic multiplicity of each eigenvalue A of the linear operator K is equal to 1.

Proof. 1t is easy to see that

Ku(t) =Au(t), te[l,n], uekE (2.27)
is equivalent to the following equation:

M u(t-1) +u(t) =0, te[l,n],
(2.28)
u(0) =0, u(n+1) = au(m).

By Lemma 2.9, we suppose that ¢y (t) = sin(t¢x) is a nontrivial solution of (2.28). Then,

A(sin(t + 1)¢x — 2 sin gy + sin(t — 1)¢&x) + sinté, = 0. (2.29)

Hence, for any k € [1,n], A = A = (4sin®(&/ 2))_1is an eigenvalue of the linear operator
K with the corresponding eigenfunction ¢ (tf) = sin(téx). Since the linear operator K is
identified with a linear transformation from R" to R", the set of eigenvalues of the linear
operator K consists of the strictly decreasing finite sequence of Ay, k = 1,2, ..., n. Obviously,
the algebraic multiplicity of each eigenvalue Ax of K is equal to 1. This completes the
proof. O
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Remark 2.12. When a = 0, we see that BVP (1.1) is reduced to Dirichlet boundary value
problem and Ay = (4sin®(kar/2(n + D)k =1,2,...,n. Whena = 1 and m = n, BVP
(1.1) is reduced to the focal boundary value problem and Ay = (4sin?(2k — 1)or/4n + 2)71,
k=1,2,...,n.

Lemma 2.13. Suppose that (Hy) holds, and u = (u1,uy,...,u,)" € P\ {0} is a solution of BVP
(1.1). Then u € P°.

Proof. If u(t) = 0 for some t € [1, n], then

u(t+1) +u(t—1) = A%u(t - 1) = —f(t,u(t)) = 0. (2.30)
So u(t+1) =0, and it follows that if u is zero somewhere in [1, n], then it vanishes identically
in [1,n]. O

Remark 2.14. Similarly to Lemma 2.13, we know also that if (H,) holds and u € =P \ {6} isa
solution of BVP (1.1), then u € —P°.

Lemma 2.15. Suppose that (Hp)—(Hy) hold. Then the operator A is Fréchet differentiable at 6 and oo,
where operator A is defined by (2.20). Moreover, A'(0) = oK and A'(o0) = f.K.

Proof. By (Hs), for any ¢ > 0, there exist 6 > 0 such that |f (¢, x) - fox| < €|x| for any 0 < |x| < 6,
t € [1,n]. Hence, noticing that f(t,0) = 0 for any t € [1,n], we have

(| Au = A6 - foKul| = ||K(fu - fou) || < [IK]| - tfer[lf},>f]|f(t,u(t)) = Pou())| < el K|l - llull  (2.31)

for any u € E with 0 < ||u|| < 6, where ||K|| = maXe[1,.] >5_q |G(t, k)|. Consequently,

. ||Au— A6 - BoKul|| B

i 0. 2.32
(= [lul| (232)

This means that the nonlinear operator A is Fréchet differentiable at 6, and A'(0) = K.

By (Hy), for any € > 0, there exist M > 0 such that | f (f, x) — foo x| < €|x| for any |x| > M,
t € [1,n]. Let ¢ = maxxyefi,n)x[-mm]|f (£, x) — Poox|. By the continuity of f(t, x) with respect
to x, we have ¢ < +oo. Then, for any (¢, x) € [1,n] xR, |f(t, x) — foox| < €]x| + c. Thus

| Au - B Ku|| < |IK|| 'trer[%lf (t, u(t)) = Pooru(t)| < K| (ellue]| + ) (2.33)

for any u € E. Consequently,

A oKl

0, 2.34
llul| = oo [l 234

which implies that operator A is Fréchet differentiable at co, and A'(e) = ., K. The proof is
completed. O
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Lemma 2.16. Let T be given in condition (Hs). Suppose that (H1)-(Hy) hold. Then, A(P) C P,
A(=P) C —P. Moreover, one has the following.

(i) There exists an ry € (0,T) such that for any 0 < r < 1y,

i(A,PNB(O,r),P)=0, i(A,—~PNB(H,r),—P)=0. (2.35)
(ii) There exists an Ry > T such that for any R > Ry,

i(A,PNB@,R),P)=0, i(A-PNB(6,R),-P)=0. (2.36)

Proof. By (H;) and the fact that G(¢, k) is positive on [1, n]x[1,n], we get that forany ¢ € [1,n],
f(t,P)CP,f(t,-P) c-P,and K(P) ¢ P, K(-P) C —P. Then A(P) C P and A(-P) C -P.

We only need to prove conclusion (i). The proof of conclusion (ii) is similar and will
be omitted here. Let yp = infj,-1|lu — foKu||. Condition (H3) yields yp > 0. It follows from
(2.32) that there exists ry € (0, T) such that

1
[| Au = foKul| < Syollul, (2.37)

where 0 < [Ju|| < rp. Setting H (s, u) = sAu+(1-s)foKu, then H : [0,1] xE — E is completely
continuous. For any s € [0,1] and O < |[u|| < ry, we obtain that

1
lu—H(s,u)| > ||u-poKu| - s||Au - poKu|| > yollull - §y0||u|| > 0. (2.38)

According to the homotopy invariance of the fixed point index, for any 0 < r < rp, we have
i(A,PNB(O,r),P)=i(foK,PNB(6,r),DP), (2.39)

i(A,-PNB(,r),-P) =i(foK,-PNB(6,r),-P). (2.40)

Let ¢1(t) = sin(té;). Then Kg; = Mgy and ¢; € P (see Lemma 2.11 and the proof of
Lemma 2.9). We claim

u-poKu#oyp;, YuePnoB(O,r), c>0. (2.41)

Indeed, we assume that there exist u; € PN 0B(6,r) and o1 > 0 such that u; — fyKu; = o1¢1.
Obviously, w1 = foKuy + o141 > o1¢1. Since fy #A;l,k =1,2,...,n,then o7 > 0. Set Omax =
sup{o : u; > o }. Itis clear that 07 < Omax < +o0 and ©; > Omax(p1- Then

w1 = PoKuy + 0191 > BoKOmaxp1 + 0191 = (Pod10max + 01) 1. (2.42)

Since foA1 > 1, then foliOmax + 01 > Omax, Which contradicts with the definition of omax. This
proves (2.41).
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It follows from Lemma 2.1 and (2.41) that

i(foK,PNB(6,7),P) = 0. (2.43)

Similarly to (2.43), we know also that

i(BoK,~P N B(8,r),-P) = 0. (2.44)

By (2.39), (2.43), (2.40), and (2.44), we conclude

i(A,PNB@6,r),P)=0, i(A-PNB(6,r),-P)=0. (2.45)

3. Main Results

Now with the aid of the lemmas in Section 2, we are in position to state and prove our main
results.

Theorem 3.1. Assume that the conditions (Hy)—-(Hs) hold. Then BVP (1.1) has at least two sign-
changing solutions. Moreover, BVP (1.1) has at least two positive solutions and two negative
solutions.

Proof. From the proof of Lemma 2.7, we have

- t 7 at m-1 -1
éG(t,k) = mg{(nn -k) - —n+1_amkz;{(m—k) —é(t—k)
B t nn+1) at m(m-1) t{t-1)
T hn+l-am 2 n+l—am 2 2 (3.1)
[(n +1)%- am2]2
8(n+1-am)’ -
Since G(t, k) is positive on [1,n] x [1, n], by (Hs), we have for any u € E with ||| =T,
[(Au) (D] = | DG, k) f(k,u(k)| < DG, k)| f (k, u(k))|
k=1 k=1
(3.2)

n
<p 'TDG(t,k)<T, Vte[ln].
k=1

This gives

[Aull <T = lul. (3.3)



Discrete Dynamics in Nature and Society 11

By (3.3) and Lemmas 2.3 and 2.2, we have

deg(I- A,B(6,T),0) =1, (3.4)
i(A,PNB(O,T),P) =1, (3.5)
i(A,~PNB(6,T),-P) = 1. (3.6)

From (H3) and Lemma 2.11, one has that the eigenvalues of the operator A'(0) = oK which
are larger than 1 are

Pori, Poda, ..., Pork,, (3.7)

From (Hy) and Lemma 2.11, one has that the eigenvalues of the operator A'(c0) = f,, K which
are larger than 1 are

ﬁoo)‘l/ ﬂoo)‘Z/ cee /ﬂoo-)tkl . (38)
It follows from Lemmas 2.4 and 2.5 that there exist 0 < r; < rg and R; > Ry such that

deg(I - A,B(6,1),0) = (-1)F =1, (3.9)

deg(I - A,B(6,R,),0) = (-1)F =1, (3.10)

where ry and Ry are given in Lemma 2.16. Owing to Lemma 2.16, one has

i(A,PNB(6,1),P) =0, (3.11)
i(A,~PNB(6,r),-P) =0, (3.12)
i(A,PNB(6,Ry),P) =0, (3.13)
i(A,~PNB(6,Ry),-P) = 0. (3.14)

According to the additivity of the fixed point index, by (3.5), (3.11), and (3.13), we have

i<A,P N (B(e, T)\ B(O, m),p) = i(A,PNB(O,T),P)—i(A,PNB(6,r),P)=1-0=1,
(3.15)

i(A,Pm <B(9,R1) \ B(@,T)),P) =i(A,PNB(6,Ry),P) —i(A, PNB(,T),P)=0-1=-1.
(3.16)

Hence, the nonlinear operator A has at least two fixed points u; € PN (B(6,T) \ B(6,r1)) and

u, € PN (B(6,Ry) \ B(6,T)), respectively. Then, u; and u, are positive solutions of BVP (1.1).
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Using again the additivity of the fixed point index, by (3.6), (3.12), and (3.14), we get

i(A, -Pn (B(@,T) \ B(Q,r1)>,—P> =1-0=1, (3.17)

i<A, -Pn <B(9, Ri)\ B, T)),—P) =0-1=-1. (3.18)

Hence, the nonlinear operator A has at least two fixed points u3 € —P N (B(8,T) \ B(6,11))
and uy € -PN(B(6,Ry) \ B(6,T)), respectively. Then, uz and u, are negative solutions of BVP
(1.1). Let

I = {u ePn (B(G,T) \B(G,r1)> : Au = u},

,={ueprn (B(G,Rl) \B(e,T)) CAu = u},
(3.19)

{
Is ={u ePn <B(6,T) \ B(O,r1)> : Auzu},
{ (

B(6,R) \B(@,T)) : Au:u}.

It follows from Lemmas 2.6, 2.13, Remark 2.14, and (3.15)—(3.18) that there exist open subsets
01,0;,03, and Oy of E such that

ILcO cPn <B(6,T) \ B(G,rl)>, I,cO,CcPn <B(9,R1) \ B(6, T)),

(3.20)

I;COs€-Pn <B(9,T) \ B(®, r1)>, I,CcO,C-Pn <B(6, R)) \B(@,T)),
deg(I-A,04,0)=1, (3.21)
deg(I - A,0,,0) =-1, (3.22)
deg(I-A,05,0)=1, (3.23)
deg(l — A, 04,0) =-1. (3.24)

By (3.4), (3.21), (3.23), (3.9), and the additivity of Leray-Schauder degree, we get
deg(l —A,B(6,T) \ (O_1u0_3u B(O, m),a) —1-1-1-1=-2, (3.25)

which implies that the nonlinear operator A has at least one fixed point us € B(6,T) \ (01 U
O3 UB(6,1)).
Similarly, by (3.10), (3.22), (3.24), and (3.4), we get

deg(I ~ABO,R) \ (o_2u64u3(9,T)),9) =1+1+1-1=2, (3.26)
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which implies that the nonlinear operator A has at least one fixed point us € B(6, R;) \ (O, U
O4UB(0,T)). Then, us and ug are two distinct sign-changing solutions of BVP (1.1). Thus, the
proof of Theorem 3.1 is finished. O

Theorem 3.2. Assume that the conditions (Hy)-(Hs) hold, and that f(t,x) = —f(t,—x) fort € [1,n]
and x € R. Then BVP (1.1) has at least four sign-changing solutions. Moreover, BVP (1.1) has at
least two positive solutions and two negative solutions.

Proof. It follows from the proof of Theorem 3.1 that BVP (1.1) has at least six different
nontrivial solutions u;(i = 1,2, ..., 6) satisfying that

ul,uzeP", u3,u4E—P°, Us, ug & PU (—P), n < ||u5|| < ||T|| < ||u6|| < R;. (327)

By the condition that f(t,x) = —f(t,—x) for t € [1,n] and x € R, we know that —us and —u
are also solutions of BVP (1.1). Let uy = —us, ug = —ug, then u;(i = 1,2,...,8) are different
nontrivial solutions of BVP (1.1). The proof is completed. O

By the method used in the proof of Theorems 3.1 and 3.2, we can prove the following
corollaries.

Corollary 3.3. Assume that the conditions (H1)-(Hs) and (Hs) or (H1), (Ha), (Ha), and (Hs) hold.
Then BVP (1.1) has at least one sign-changing solution. Moreover, BVP (1.1) has at least one positive
solution and one negative solution.

Corollary 3.4. Assume that the conditions (Hq)-(Hs) and (Hs) or (H1), (Ha), (Hy), and (Hs) hold,
and that f(t,x) = —f(t,—x) for x € Rand t € [1,n]. Then BVP (1.1) has at least two sign-changing
solutions. Moreover, BVP (1.1) has at least one positive solution and one negative solution.

Next, we present a simple example to which Theorem 3.2 can be applied.

Example 3.5. Consider the second-order three-point discrete boundary value problem

Afu(t-1)+ f(t,u(t)) =0, te[l,4],

(3.28)
u(0) =0, u(5) = u(3),
wheren=4,m=3,a=1,and
( bx
— <2
. x| <20,
2b 60b
[ S <x<
(18 401>x+4:01 360, 20 <x <30,

t,x) =3 3.29
0 s 2 Va0 o oo o
401 4017 - !
x<5+&>, |x| > 30,

\ 100+x2

b € (4sin?(3r/16),4sin?(5x/16)). Obviously, fy = b, . = 5, and f(t,x) = —f(t,—x) for all
(t,x) € [1,4] x R.
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From Lemma 2.11 and the proof of Lemma 2.9, we know that the set of eigenvalues
of the linear operator K (see (2.19)) consists of the strictly decreasing finite sequence of A,
k =1,2,3,4, where Ay = (4sin?((2k — 1)yr/16))_1. Then the conditions (H7)—(H4) hold. Since
[f(t,x)| < (b/2) < (3/2) forall (¢, x) € [1,4] x[-12,12], then (H5) holds withT = 12 and p = 8.
Therefore, by Theorem 3.2, BVP (3.28) has at least four sign-changing solutions. Moreover,
BVP (3.28) has at least two positive solutions and two negative solutions.
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