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The homotopy perturbation method is employed to obtain approximate analytical solutions of the

wave-like nonlinear equations with initial-boundary conditions. An efficient way of choosing the
auxiliary operator is presented. The results demonstrate reliability and efficiency of the method.

1. Introduction

In this paper, we consider the equation
U — Cllax = (X, 1,1, Uy, Uy, Uy) + g(x,F), 0<x <00 (1.1)
with initial conditions
u(x,0) = p(x),  u(x,0) = ¢(x), (1.2)
and boundary condition
u(0,t) = h(t), (1.3)
where f, g, ¢, ¢5, and h are known functions.
Problems like (1.1)-(1.2)-(1.3) model many problems in classical and quantum

mechanics, solitons, and matter physics [1, 2]. If f is a function of u only, we obtain a Klein-
Gordon or sine-Gordon-type equations.
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In the last decade, some various approximate methods have been developed, such as
the homotopy perturbation method (HPM) [3-13] and Adomian’s decomposition method
(ADM) [14-20] to solve linear and nonlinear differential equations.

Unlike the various approximation techniques for solving nonlinear wave type
problems, which are usually valid for initial value problems (without boundary conditions)
or some special type of problems (homogenous, etc.), our technique is applicable for all
initial-boundary problems of type (1.1)-(1.2)-(1.3). Chowdhury and Hashim [9] applied the
HPM for solving Klein-Gordon and sine-Gordon equations, with initial conditions (1.2).
El-Sayed [19] and Wazwaz and Gorguis [20] used ADM for solving wave-like and heat-
like problems. Their approaches cannot be applied for all wave-like equations with initial-
boundary conditions since the operator L = uy cannot control the boundary condition (1.3)—
see Example 2.1 below.

The central idea here is that the problem

U — Cdrx = g(x, 1),

u(x,0) = p(x), us(x,0) = ¢(x), u(0,t) = h(t),

(1.4)

has a unique solution (see, e.g., [21]) and therefore there exists an inverse of the operator
L =ty — CPlyy.

The main idea of HPM is to introduce a homotopy parameter, say p, which takes
values from 0 to 1. When p = 0 the equation usually reduces to a sufficiently simplified form
(linear or very easy nonlinear). As p increases to 1, the equation goes through a sequence of
“deformations” (homotopics) and at p = 1 takes the original form of the equation.

We rewrite (1.1) as

Lu = f(x,t,u,tx, Uy, Uxy) + g(x,1), (1.5)
and construct the following homotopy:

Lu—Lovg +p[Log — f(x,t,u, ux, 1y, 1) — g(x,1)] = 0. (1.6)

Usually we take vy as a solution of the problem (1.1)-(1.2)-(1.3) with f = 0 or simply vy = 0.
Assume that the solution of (1.6) is in the form

U=uy+pus+pus+---, (1.7)

and substituting (1.7) into (1.6) and equating terms of the same powers of p we obtain a
system of equations for ug, u, up, . . .. Solving these system of equations we obtain a solution
in the form

U=Uyg+U] +Uy+--- . (1.8)
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2. Applications

The HPM and ADM offer excellent choices for obtaining the closed-form analytical solutions
of wave-like equations. Chowdhury and Hashim [9], El-Sayed [19], and Wazwaz and
Gorguis [20] recently showed how the HPM and ADM can be applied to find an analytic
approximate solution of wave-like equations with initial conditions (1.2). They mainly used
the operator L = uy for solving the wave-like problems. But in case of inhomogeneous
nonlinear or even linear equations with initial-boundary conditions, these approaches have
some difficulties. If we construct the standard homotopy with L = uy, for solving wave-like
equations with initial-boundary conditions, usually in the second or even in the first stage of
HPM, we obtain an “overdetermined” or very difficult problem. To explain these difficulties
we consider the following example.

Example 2.1. Consider the linear problem

Ut — Uxy = 6X,
(2.1)
u(x,0) = —x>, u(x,0) =0, u(0,1) = sin’t.

The exact solution is

u=-x>+sin®(t-x) forx<t

(2.2)

=—x% forx>t.

Using our HPM technique we can easily find this solution. Indeed, let us take L = uy — Uy,
vy = 0 and construct the homotopy

Lu — Lvy + p[Lvy — 6x] = 0. (2.3)

Now substituting (1.7) into u and equating the coefficients of like powers of p, we get a system
of linear equations

Luy =0, uo(x,0) = —x3, ug(x,0) =0, 1uo(0,t) = sin’t,
Luq = 6x, up(x,0) =0, uy(x,0) =0, u1(0,t) =0, (2.4)

Lu, =0, uz(x,0) =0, uy(x,0) =0, u(0,£) =0,....
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Solving correspondingly we obtain

up = —%((x #0974 (x=0%) = -3fx - x* for x>t

= 3t’x — x> +sin’(t — x) for x <t,

1 t pxt+i-s (25)
u = 5,[ f 6ydyds=3t2x, for x > t,
0

x—t+s

1 t—x Ax+t-s 1 t X+t—s
Uy = 5,[ f 6ydyds+§f 6ydy ds =3t°x, for x <t.
0 t—x

t—-x-s x—t+s

up = 0,.... Thus we obtain an exact solution ueyxact = U1 + Us.

Now let us show that this problem can not be solved when L is taken as L = uy.
Indeed if we choose vy = 0 or vy = —x* (which seems most natural and appropriate)
and L = uy and construct the homotopy

Lu — Lvg + p[Lvg — ttxy — 6x] =0, (2.6)
we obtain an overdetermined problem for ug in the form

Lug=0,  up(x,0)=-x>, uo(x,0) =0, 10(0,t) = sin’t (2.7)

which has no solution.
If in the first stage we consider the boundary conditions uy(x,0) = —x2, up(x,0) = 0,
up(0,t) = 0, we obtain uy = —x* and in the second stage we need to solve the problem

Luq = ugyy + 6x, uy1(x,0) =0, uy(x,0) =0, u1(0,t) = sin’t, (2.8)

which is overdetermined again and has no solution.

Example 2.2. Consider the problem

Upp — Uy = Uyl — 2 x + €'x,
(2.9)
u(x,0) = x, u(x,0) = x, u(0,t) =0.

The exact solution is u = e'x. We take again L = uy — iy, v9 = 0, and construct the homotopy

Lu-Log+p [Lvo —uu+e¥x - etx] =0. (2.10)
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Substituting (1.7) into (2.10) we obtain

L<u0+pu1 +p2u2+--->—Lvo

(2.11)
+p[Lvo— <u0x+pu1x +p2u2x+--->(uo+pu1 400 +e2tx—etx] =0,
and equating terms of the coefficients of like powers of p gives
Lug = Lvog, uo(x,0)=x, wup(x,0)=x, uo0,t)=0,
Luy + Lvg — upettp + e*x —e'x =0, u1(x,0)=0, wuyi(x,0)=0, u1(0,¢) =0,
(2.12)

Luy —ugeuy —uxtg =0, up(x,0) =0, uy(x,0)=0, u(0,t)=0,

Luz — uoug — uiuy —ugetiz =0, uz(x,0) =0, wuz(x,0)=0, u3(0,t)=0,

Solving these equations we obtain (see [21, Chapter 3.4])

o [(x+t)+(x—t) f ydy=x+& Zt)z—(x;t)zzx(tn),

X+t— s
_ _ A4 1682 — 6f — 302 t_
f J y(s+1)>-e*y+e y>dyds 12( +4t° + 6t° — 6t — 3e” +12¢ 9),

—t+s

2.13)
for x > t and
t-x s xit-s
f f 8(y,s)dyds+ 3 f f . 8 s)dyds
=x%e™ - 4ert X zx + ;t — x> + ;t X+ %t‘x4 + 11—2t4x - %xzeZt‘zx
+xe'™ - %tzx3 ;tx - 1x + g 4 jIX5 +tx® - %tx4 - iert + %tzxe' (2.14)
+xe' + 2x3 - 3x4 + ixS + %xZesz[ - xZ—; - xzj—i }L :ji

= 1xt4+1xt3+1xif2—1xt—1x2+x —3x
= Xt + gt gt - st - gxet b xel - 4
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Table 1: Maximum errors for Example 2.2.

E\ x 0.1 0.2 0.3 0.4 0.5 0.6 0.8 0.9
0.1 1x107° 3x107 4x107° 6x107° 7 x107° 9x10~ 1078 108
0.2 3x107° 2x107 3x107 4 %107 5x 107 6x107 8 x 107 9x1077
0.4 6x107° 4%x107 5x107° 3x107° 4x107° 4x107° 6x107° 7 x 1075

0.5 7 x 1077 5x 1077 6x107° 4%1075 104 2x107* 2x107* 3x107*
0.7 1078 7 %107 9x107° 5x107° 2x10™ 7x10™ 2x107? 2x1078
0.8 7x107* 1073 2x1073 3x1073 3x1073 4x1073 5x 1073 6x1073
1.0 3x107° 6x107° 9x107° 1072 1072 0.018 4 2x1072 3x1072

for x < t. In a similar manner we have
1
Ly = tigxtty + trxtdg = (£ + 1)ﬁx<t4 +483 + 612 — 6t — 36 + 12" — 9)
1
+ E<t4 + 48 + 612 — 6t — 3% + 12¢! —9) (t+1)x (2.15)

- %x(t +1)(F +48 + 68 61 -3¢ +12¢ - 9),
and therefore
uy =L <%x(t +1) <t4 + 4 + 61° — 6t — 3e* + 12e' — 9))

x+t-s
f f < (s +1)(s* + 45" + 652 65—3625+12€s—9>)dyds (2.16)

—t+s

- % (247 + 14 + 426° - 210 ~ 3781 - 63te™ + 1008te’ + 63t — 1008¢' +1008),

for x > t. In a similar manner we obtain

5 5 te? 5xt 3
Luzzu0xu1+u1xu0:%+6xt4+§xt3—x§ + 2xte t—%—%+2xet—7x,

t—x Ax+t-s 1 t X+t-5
f f g(y,S)ddeEL f g(y,s)dy ds,

—t+s

(2.17)

for x < t, where g(y,s) = (1/6)ys® + (5/6)ys* + (5/3)ys® — (1/2)yse* + 2yse® — (5/2)ys —
(1/2)ye* +2ye® - (3/2)y and so

— 1 7 1 6 1 5 5 3 3 2 1 o ¢ 1 ¢
Uy = 252xt + 36xt + 12xt 1zxt 4xi,‘ 8xte + 2xte’ + 8xt 2xe’ + 2x. (2.18)

The absolute errors between the exact and three term approximation of the series solution for
some values of (x,t) € [0,1] x [0,1] are shown in Table 1.
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Example 2.3. Now we consider the problem

Upp — Uy = uit —16£°x% + 16t%x — 2> — 2x% + 2x,

u(x,0) = x, u(x,0) =0, u(0,t) =0

The exact solution is u = x + t>x — t2x%. We take vy = 0, and construct the homoto
194

Lu — Lvy + p|Lvg — 1%, + 16£*x% — 16£%x + 212 + 2x> — 2x| = 0.
P xt

(2.19)

(2.20)

Now substituting (1.7) into (2.20) and equating terms of the coefficients of like powers of p,

we obtain

Lugy =0, up(x,0) = x, uge(x,0) = ug(0,t) =0,

Luj + Log — ud, + 1682x% — 168%x + 2% + 2x* = 2x =0,  u1(x,0) = u3(x,0) = u1(0,£) = 0,

Luz - 2u0xtu1xt = 0, uz(x, 0) = uzt(x, 0) = uz(O, i’) = 0,

Lus — (u1x)” = 2uoxetions =0, uz(x,0) = uz(x,0) = u3(0,£) =0

Solving equations yields

(x+t+x-t)=

NI'—‘

Up =

x+t—s
f j 1652y2 +165%y — 25> - 2% + 2y> dyds
—t+s
4 4 1
= _Et6 3t4x + 3t4 - §t4 - 2x*> +t2x  for x > t.

In a similar manner we get

t-x px+t-s
Uy = f f 16s2y2 +165%y — 25> - 2y* + 2y> dyds

t—-x—s

x+t—s
1 f f 16523/2 +165%y — 25% - 2y* + 2y>dy ds = —%th
t—x

—t+s

16 4 4 8 4 4x° 4
- Et3x3 - §t3x + §t2x4 + 2% + £2x — Eth - étx3 + % + %,

44
-t
3 X

(2.21)

(2.22)

(2.23)
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Table 2: Maximum errors for Example 2.3.

t\ x 0.1 0.2 0.4 0.5 0.7 0.8 0.9

0.1 2x107° 107° 107° 9x1078 5x107° 105 2x107°
0.2 3x10™* 2x10™* 2x107° 5x10° 9x107° 2x107* 3x10™*
0.4 3x107° 3x107° 7x107 3x107* 2x1073 3x107° 6x107
0.5 6x107° 6x 1073 2x1073 1x107° 4x107° 9x107° 1072

0.7 1072 1072 102 9.9 %1073 2x1072 4x1072 6x1072
0.8 2x1072 2x1072 2x1072 2x1072 4x1072 7 x 1072 0.1106
0.9 2x1072 3x1072 3x1072 4x1072 8 x 1072 0.12594 0.1862

for x < t. Taking only two-term approximation for u we have

4 4 4 1
u:u0+u1:x—Et6—§t4x2+§t4x—§t4—t2x2+t2x for x > ¢,
85 4, 16545 45 4,,
Y PO Y 224
uU=x 15t9c+3tx gt * —3 x+3 x (2.24)

8 4 4 1
+ 227 + Px — Etx5 - gtx3 + Ex6 + §x4,

for x < t. The absolute errors between the exact and two-term approximation of the series
solution for some values of (x, t) € [0,1] x [0, 1] are shown in Table 2. A higher accuracy level
can be attained by evaluating some more terms.

Example 2.4. Now we consider the problem

Up — Uyy = Uy + U —2X — 2,
(2.25)
u(x,0) = x?, u;(x,0) =0, u(0,1) = sin’t.

It is easy to show that the HPM can not be applied if L is taken as 1. The exact solution is

u=x>+sin*(t—x) for x <t

(2.26)

=x> forx>t.

We construct the homotopy

Lu—Lvg +p[Lvg — uy —us +2x +2] =0, (2.27)
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with L = uy — . Substituting (1.7) into u and equating the coefficients of like powers of p,
we get a system of linear equations

Luy =0, up(x,0) = x?, upt(x,0) =0, up(0,t) = sin’t,
Luy = ugy + Ut —2x -2, up(x,0) =0, uy(x,0) =0, u1(0,£) =0, (2.28)

Luy = uqy + uyy, u(x,0) =0, ux(x,0) =0, u(0,t) =0,
Solving we obtain
_1 2 N2 L2 N S 20
u0—§<(x+t) (t x))+sm (t-x) = 2tx +sin®(t —x) for x <t,

1
uO:E((x+t)2+(x_t)2>=x2+t2 forx>t,

Luy =uge +ugp —2x —2=2t+2x-2x-2=2t-2,

x+t—s x+t—s
f f (2s-2)dyds+ - f f (2s -2)dyds (2.29)
t—x

t-x-s —t+s

3 2

1
=t2x—tx2—2tx+§x +x° for x <t,

Luy = ugy + ugy —2x -2 =2t-2,

x+t—s
f f (25 -2)dyds = %tz(t -3) for x>t

—t+s
Continuing we obtain

Ly = tgy +uyp = £2 = 2bx = 2t + x> + 2x + 2tx — x> = 2x = 12 = 2,

t—x x+ts x+ts
f j 25 dyds+ j j s —25 dyds
t-x—s t—x —t+s

2.30)
7. 5, 4 1, 2 (
= —t3 —t —5Px+ —tx® +3tx* - =x* - Zx® forx<t,
3 4 3
x+t— S 1 1 5
-2 d ds = —=t° f t.
J‘ J n s s yds= 12 3 or x >

Thus the three-term approximation is

7 4 4 3

u=sin’(t - x) + x> + =3x - Etzx2 alxy ol - Y forx< t,
3 2 3 4 3 (2.31)

1
2 4
u=x"+-—t forx>t,
12 '

and the error is less than (1/12)t* for x > t.
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3. Conclusion

Homotopy perturbation method has been successful for solving many linear and nonlinear
wave-type problems. However, it has difficulties in dealing with initial boundary problems,
namely, in including all initial and boundary conditions together into the process of
homotopy perturbation and computation. Our main goal is to construct the homotopy
perturbation scheme containing all initial and boundary conditions together. The goal is
achieved by involving an auxiliary operator which includes both variables x and t.
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