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Cho et al. [Comput. Math. Appl. 61(2011), 1254-1260] studied common fixed point theorems on
cone metric spaces by using the concept of c-distance. In this paper, we prove some coupled fixed
point theorems in ordered cone metric spaces by using the concept of c-distance in cone metric
spaces.

1. Introduction

Many fixed point theorems have been proved for mappings on cone metric spaces in the
sense of Huang and Zhang [1]. For some more results on fixed point theory and applications
in cone metric spaces, we refer the readers to [2-15]. Recently, Bhaskar and Lakshmikantham
[16] introduced the concept of a coupled coincidence point of a mapping F from X x X into X
and a mapping g from X into X and studied fixed point theorems in partially ordered metric
spaces. For some more results on couple fixed point theorems, refer to [17-23].

Recently, Cho et al. [7] introduced a new concept of c-distance in cone metric spaces,
which is a cone version of w-distance of Kada et al. [24] (see also [25]) and proved some fixed
point theorems for some contractive type mappings in partially ordered cone metric spaces
using the c-distance.

In this paper, we prove some coupled fixed point theorems in ordered cone metric
spaces by using the concept of c-distance.
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2. Preliminaries

In this paper, assume that E is a real Banach space. Let P be a subset of E with int (P) #0.
Then P is called a cone if the following conditions are satisfied:

(1) Pisclosed and P# {0};

(2) a,b e R, x,y € P implies ax + by € P;

(3) x € PN —P implies x = 6.

For a cone P, define the partial ordering < with respect to P by x < vy if and only if

Yy —x € P. We write x < y to indicate that x < y but x # y, while x < y stand for y — x € int P.
It can be easily shown that A int (P) C int(P) for all positive scalars A.

Definition 2.1 (see [1]). Let X be a nonempty set. Suppose that the mappingd : X x X — E
satisfies the following conditions:

(1) 0 <d(x,y) forall x,y € X and d(x,y) = 0 if and only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,y) 2d(x,z)+d(y,z) forallx,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 2.2 (see [1]). Let (X,d) be a cone metric space. Let (x,) be a sequence in X and
x € X.

(1) If, for any ¢ € X with 0 <« ¢, there exists N € N such that d(x,,x) < c for all
n > N, then (x,) is said to be convergent to a point x € X and x is the limit of (x,).
We denote this by lim,, , ,x, = xor x, — xasn — oo.

(2) If, for any ¢ € E with 0 < ¢, there exists N € N such that d(x,, x,,) < c for all
n,m > N, then (x,,) is called a Cauchy sequence in X.

(3) The space (X, d) is called a complete cone metric space if every Cauchy sequence is
convergent.

Definition 2.3 (see [7]). Let (X,C) be a partially ordered set, and let F : X x X — X be
a function. Then the mapping F is said to have the mixed monotone property if F(x,y) is
monotone nondecreasing in x and is monotone nonincreasing in y; that is,

x1 C xp implies F(x1,y) C F(x2,y) (2.1)
forall y € X and
y1 C v, implies F(x,y2) C F(x,y1) (2.2)

forall x € X.

Definition 2.4 (see [7]). An element (x,y) € X x X is called a coupled fixed point of a mapping
F:XxX — Xif F(x,y) =xand F(y,x) = y.
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Recently, Cho et al. [7] introduced the concept of c-distance on cone metric space (X, d)
which is a generalization of w-distance of Kada et al. [24].

Definition 2.5 (see [7]). Let (X, d) be a cone metric space. Then a function g : X x X — E'is
called a c-distance on X if the following are satisfied:
(ql) 8 2 gq(x,y) forall x,y € X;

(92) q(x,z) L q(x,y) +q(y,z) forall x,y,z € X;

(q3) for any x € X, if there exists u = u, € P such that q(x, y,) < u for each n > 1, then
q(x,y) < u whenever (y,) is a sequence in X converging to a point y € X;

(q4) for any c € E with 0 < ¢, there exists e € E with 0 < e such that g(z,x) < e and
q(z,y) < cimply d(x,y) < c.

Cho et al. [7] noticed the following important remark in the concept of c-distance on
cone metric spaces.

Remark 2.6 (see [7]). Let g be a c-distance on a cone metric space (X, d). Then
(1) qg(x,y) = q(y, x) does not necessarily hold for all x,y € X,
(2) q(x,y) = 0 is not necessarily equivalent to x = y for all x, y € X.

The following lemma is crucial in proving our results.

Lemma 2.7 (see [7]). Let (X, d) be a cone metric space, and let q be a c-distance on X. Let (x,) and
(yn) be sequences in X and x,y,z € X. Suppose that (u,) is a sequence in P converging to 6. Then
the following hold:
(1) if q(xn, y) LUy and q(x,, z) < uy, then y = z;
(2
(€]
(4) If q(y, xy) = uy, then (x,) is a Cauchy sequence in X.

if q(Xn, Yn) 2 Uy and q(x,, z) L uy, then (y,) converges to a point z € X;
if q(xn, Xm) 2 Uy for each m > n, then (x,) is a Cauchy sequence in X;

)
)
)
)

3. Main Results

In this section, we prove some coupled fixed point theorems by using c-distance in partially
ordered cone metric spaces.

Theorem 3.1. Let (X, C) be a partially ordered set, and suppose that (X, d) is a complete cone metric
space. Let q be a c-distance on X, and let F : X x X — X be a continuous function having the mixed
monotone property such that

k
q(F(x,y), F(x"y")) < 5 (q(x,x") +4(y,¥")) (3.1)

forsome k € [0,1) and all x,y,x*,y* € X with (x T x*) A (y T y*) or (x I x*) A (y C y*). If there
exist xo, Yo € X such that xo C F(xo,yo) and F(yo, xo) C Yo, then F has a coupled fixed point (u,v).
Moreover, one has q(v,v) = 0 and q(u, u) = 6.
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Proof. Let xo,1y9 € X be such that xg T F(xo,yo) and F(yo, xo) E yo. Let x; = F(x0,y0) and

y1 = F(yo,x0). Since F has the mixed monotone property, we have xo C x; and y; T yp.
Continuing this process, we can construct two sequences (x,) and (y,) in X such that

Xn = F(xn—ll yn—l) E Xn+l = F(x"’ yn)’

(3.2)
Yn1 = F(yn,%n) Cyn = F(Yn1, %n1).
Let n € N. Now, by (3.1), we have
q(.X'n/ Xn+1) = q<F<xn—1/ yn—l)r F(Xn, yn))
k
< E (Q(anlr .’X'n) + q(ynflr yn) )/
(3.3)

q(xXns1,%n) = q(F (%n, Yn), F(Xn-1, Yn-1))

k
< E (q(xn/ xn—l) + q(ynr yn—l) ) .
From (3.3), it follows that
k
(e, Xp1) + (X1, Xn) < 5 (q(xn1, %n) + G(Yn-1,Yn) + G(xn, Xpn=1) + G(Yn, Yn-1)).  (B4)
Similarly, we have
k 35
G(Yn, Yne1) + G(Yne1, Yn) < E(q(xn_hxn) +q(Yn-1,Yn) + 4(xn, Xn-1) + Q(Yn, Yn-1)).  (3:5)

Thus it follows from (3.4) and (3.5) that

q(Xn, Xni1) + G(Xni1, Xn) + G(Yn, Y1) + G(Yni1, Yn)

< k(q(xn-1, %) + G(Yn-1,Yn) + 4(Xn, Xn-1) + G(Yn, Yn-1))- 30
Repeating (3.6) n-times, we get
q(xn, Xns1) + Q(Xns1, Xn) + G(Yn, Yns1) + d(Yns1, Yn) 37)
<k"(q(x1,x0) + q(y1, Y0) + q(x0, x1) + 4 (Y0, ¥1))-
Thus we have
q(xn, xni1) 2 K" (q(x1,%0) +4(y1,y0) +q(x0, 1) + q(v0, 1)), 58)

G(Yn, Yns1) LK™ (q(x1, x0) + q(y1,y0) + g(x0, x1) + q(v0,¥1))-
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Let m,n € N with m > n. Since

m-1

q(Xn, Xm) 2 Zq(xi, Xi+1),

i=n

(3.9)
m-1
qG(Yn, Ym) < ZQ(]/i/]/i+1)/
and k < 1, we have
le
q(xn, xm) < (q(x1,x0) + q(y1,0) + q(x0, x1) + q(¥o, 1)),
1-k (3.10)

k?l
q(Yn, Ym) < % (q(x1,x0) + q(y1,y0) + q(x0,x1) + q(Yo, y1))-

From Lemma 2.7 (3), it follows that (x,) and (y,) are Cauchy sequences in (X, d). Since X is
complete, there exist u, v € X such that x, — u and y, — v. Since F is continuous, we have

Xni1 = F(xun, yn) — F(u,v),
1 ( Yy ) (u,v) (3.11)
Yne1 = F(yn/xn) I F(v,u).

By the uniqueness of the limits, we get u = f(u,v) and v = F(v, u). Thus (u, v) is a coupled
fixed point of F.
Moreover, by (3.1), we have

q(u,u) = q(F(u,v), F(u,v)) < g(q(u,u) +q(v,v)),
(3.12)

4(0,0) = (F(v,0), F(o,u)) < 5 (q(0,0) + ().

Therefore, we get
q(u,u) + q(v,v) <k(q(v,v) + q(u,u)). (3.13)

Since k < 1, we conclude that q(u, u) + g(v,v) = 6, and hence q(u, u) = 8 and q(v, v) = 6. This
completes the proof. O

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that any two elements x and y
in X are comparable. Then the coupled fixed point has the form (u, u), where u € X.

Proof. As in the proof of Theorem 3.1, there exists a coupled fixed point (1, v) € X x X. Here
u = F(u,v) and v = F(v, u). By the additional assumption and (3.1), we have

9(1,0) = q(F(w,0), F(o,1)) < = (4(1,0) +9(0,1)),
(3.14)

q(v,u) = q(F(v,u), F(u,v)) < g(q(v, u) +q(u,v)).
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Thus we have
q(u,v) +q(v,u) < k(q(v,u) +q(u,v)). (3.15)

Since k < 1, we get q(u,v) + q(v,u) = 6. Hence q(u,v) = 0 and g(v,u) = 0. Let u, = 0 and
x, = u. Then

X, U) X Uy,
4% 1) (3.16)

q(xn,0) < Uy.
From Lemma 2.7 (1), we have u = v. Hence the coupled fixed point of F has the form (u, u).
This completes the proof. O

Theorem 3.3. Let (X, ) be a partially ordered set, and suppose that (X, d) is a complete cone metric
space. Let q be a c-distance on X, and let F : X x X — X be a function having the mixed monotone
property such that

* * k * *
q(F(xy) F(x"y")) 2 7(a(x,x") +q(y,¥7)) (317)
for some k € (0,1) and all x,y,x*,y* € X with (x T x*) A (y Jy*) or (x I x*) A (y C y*). Also,
suppose that X has the following properties:

(a) if (xy) is a nondecreasing sequence in X with x, — x, then x, E x foralln > 1;

(b) if (xy) is a nonincreasing sequence in X with x, — x, then x C x,, for alln > 1.

Assume there exist xy, yo € X such that xo T F(x0,yo) and F(yo, x0) T yo. If yo T xo, then F has a
coupled fixed point.

Proof. As in the proof of Theorem 3.1, we can construct two Cauchy sequences (x,,) and (v,)
in X such that

(3.18)

Moreover, we have that (x,) converges to a point u € X and (y,) converges to v € X,

le
7% (401, x0) +q(y1, o) +q(x0, 1) +q (Yo, 1)),

q(xp, Xm) 2
(3.19)

le
q(Yn, ym) < 1% (q(x1,x0) + q(y1,y0) + q(x0,x1) + q(¥o, 1))
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for each n > m > 1. By (q3), we have

kn
q(xn,u) < ——(q(x1,x0) + 4(y1, ¥o) + 4 (x0, x1) + 4 (Yo, 1)),
1-k
- (3.20)
q(yn,0) = 75 (401, %0) +4(y1,90) +q(x0,%1) +4(yo, 1)),
and so
2k™
q(n, 1) +q(yn,0) < 777401, %0) + 4 (1, ¥0) +q(x0,x1) + 4 (o, y1))- (3.21)
By the properties (a) and (b), we have
VEYnCyCxCx, Cu (3.22)
By (3.17), we have
q(xn, F(u,v)) = q(F(xy-1,Yn-1), F(u,v))
k
<- (Q(xn—lf u) + Q(J/n—l,v)),
(3.23)
q(Yn F(0,u)) = q(F (Yn-1, %n1), F (v, 1))
k
< Z(q(yn—l/ U) + q(xn—lru))'
Thus we have
k
q(xn, F(1,0)) +4(yn, F(0,0)) = 5(q(n-1,4) +4(Yn1,0))- (3:24)

By (3.21), we get

2kn—1
7% @@ x0) +q(y1,y0) +4(x0, 1) +q(yo, 1))

4t F1,9)) + G(y, F(0,10)) < g -

kn
75 (01, %0) + (1, yo) +q(xo,x1) + 4 (o, y1))-

(3.25)

Therefore, we have

n

Q(xan(urU)) < 1k; k (Q(xlzxo) + 5](]/1,]/0) + q(x()rxl) + q(y()/yl))/

(3.26)
q(yn, F(v,u)) < 1k_—k(q(x1,xo) +q(y1, v0) +q(x0,x1) +q(y0, y1))-
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By using (3.20) and (3.26), Lemma 2.7 (1) shows that u = F(u,v) and v = F(v,u). Therefore,
(u,v) is a coupled fixed point of F. This completes the proof. O

Example 3.4. Let E = C%{[O,l] with ||x]| = [|x]le + [|X'|lc and P = {x € E : x(¢t) > 0,t € [0,1]}.
Let X = [0, +o0) (with usual order), and letd : X x X — E be defined by d(x, y)(t) = |x—y|e'.
Then (X, d) is an ordered cone metric space (see [7, Example 2.9]). Further, letq: X xX — E
be defined by q(x,y)(t) = ye'. It is easy to check that g is a c-distance. Consider now the
function F : X x X — X defined by

§-w) xzy,
0, x<y.

F(x,y) = (3.27)

Then it is easy to see that

q(F(x,y),F(u,v)) < %(q(x, u) +4q(y,v)) (3.28)

forall x,y,u,v € X with (x < u) A(y > v) or (x > u) A (y < v). Note that 0 < F(0,1) and
1> F(1,0). Thus, by Theorem 3.1, it follows that F has a coupled fixed point in E. Here (0, 0)
is a coupled fixed point of F.
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