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This paper is concerned with a Holling type III predator-prey system with stage structure for
the prey population and two time delays. The main result is given in terms of local stability
and bifurcation. By choosing the time delay as a bifurcation parameter, sufficient conditions
for the local stability of the positive equilibrium and the existence of periodic solutions via
Hopf bifurcation with respect to both delays are obtained. In particular, explicit formulas that
can determine the direction of the Hopf bifurcation and the stability of the bifurcating periodic
solutions are established by using the normal form method and center manifold theorem. Finally,

numerical simulations supporting the theoretical analysis are also included.

1. Introduction

Predator-prey dynamics continues to draw interest from both applied mathematicians and
ecologists due to its universal existence and importance. Many kinds of predator-prey models
have been studied extensively [1-6]. It is well known that there are many species whose
individual members have a life history that takes them through immature stage and mature
stage. To analyze the effect of a stage structure for the predator or the prey on the dynamics of
a predator-prey system, many scholars have investigated predator-prey systems with stage
structure in the last two decades [7-15]. In [7], Wang considered the following predator-prey
system with stage structure for the predator and obtained the sufficient conditions for the

global stability of a coexistence equilibrium of the system:

dx ary(t)x(t)

ar - X0 -ax®) -5
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dy  ax(y()

ar = Tx(t) —ny1 (t) - D}/l(t),
d
% = Dy (t) — raya(t),

(1.1)

where x(t) represents the density of the prey at time t. y; (t) and y»(t) represent the densities
of the immature predator and the mature predator at time t, respectively. For the meanings
of all the parameters in system (1.1), one can refer to [7]. Considering the gestation time of
the mature predator, Xu [8] incorporated the time delay due to the gestation of the mature
predator into system (1.1) and considered the effect of the time delay on the dynamics of
system (1.1).

There has also been a significant body of work on the predator-prey system with stage
structure for the prey. In [12], Xu considered a delayed predator-prey system with a stage
structure for the prey:

% = axy(t) — rix1(t) — bxi(t),
% = bx; (t) — r2xo () — blxg(t) - %, (1.2)
dy _mxl-nyt-1) .,

dt — 1+mx,(t—7)

where x;(t) and x;(t) denote the population densities of the immature prey and the mature
prey at time t, respectively. y(t) denotes the population density of the predator at time .
All the parameters in system (1.2) are assumed positive. a is the birth rate of the immature
prey. b is the transformation rate from immature individual to mature individuals. b; is
the intraspecific competition coefficient of the mature prey. r; and r, are the death rates of
the immature and the mature prey, respectively. r is the death rate of the predator. a; and
a, are the interspecific interaction coefficients between the mature prey and the predator,
respectively. a;x>/ (1 + mx;) is the response function of the predator. And 7 is a constant
delay due to the gestation of the predator. In [12], Xu investigated the persistence of system
(1.2) by means of the persistence theory on infinite dimensional systems, and sufficient
conditions are obtained for the global stability of nonnegative equilibrium of the model by
constructing appropriate Lyapunov function. But studies on the predator-prey system not
only involve the persistence and stability, but also involve many other behaviors such as
periodic phenomenon, attractivity, and bifurcation [16-19]. In particular, the properties of
periodic solutions are of great interest [20-24]. Therefore, F. Li and H. W. Li [14] considered
the property of periodic solutions of the following system:

d
% = axy(t) — rix1(t) — bxi(t),
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d
% = bxl (i’) - TzJCz(t) - blxg(t) -

a5 (D y (t)
1+mx3(t)’
dy axi(t-1)y(t-T)

dt 1+mx3(t-7) -

ry(t).

(1.3)

Motivated by the work of Xu [12] and F. Li and H. W. Li [14] and considering the intraspecific
competition of the immature prey population, we consider the following system:

B~ axa) - s () ~ b (1) ~ exi (1),
d a3 (Hy(b)
S = bxi(0) - () - (- ) - % (14)
dy _ a3 (t = T)y(t — 12) ~
dt — 1+mxl(t-m) ry (@),

where x;(t) and x;(t) denote the population densities of the immature prey and the mature
prey at time t, respectively. y(t) denotes the population density of the predator at time t. The
parameters a, aj, az, b, by, 1, 11, 12, and m are defined as in system (1.3). c is the intraspecific
competition of the immature prey, Tiis the feedback delay of the mature prey, and 7 is the
time delay due to the gestation of the predator.

The organization of this paper is as follows. In Section 2, by analyzing the
corresponding characteristic equations, the local stability of the positive equilibrium of
system (1.4) is discussed, and the existence of Hopf bifurcation at the positive equilibrium
is established. In Section 3, we determine the direction of Hopf bifurcation and the stability
of bifurcating periodic solutions by using the normal form theory and center manifold
theorem in [20]. And numerical simulations are carried out in Section 4 to illustrate the main
theoretical results. Finally, main conclusions are included.

2. Local Stability and Hopf Bifurcation

From the viewpoint of biology, we are only interested in the positive equilibrium of system
(1.4). It is not difficult to verify that system (1.4) has a positive equilibrium Eo(x?,xg,yo),

where
~(b+r1)+1/(b+1)*+4acx)

X, =
1 2¢ ’

0 _ r
%=\ o 2.1)

0 (bx) - 12§ = by (x9)%) (1 + m (x3)°)

y:
ar (x))”

7

if the following conditions hold: H; : a, > mr, Hy : bx(l) > (rp + blxg)xg.



4 Discrete Dynamics in Nature and Society

Letx1(t) = z1(¢) + x?, x(t) = zo(t) + xg, y(t) = z3(t) +y°, and we still denote z; (), z2(t),
and z3(t) by x1(t), x2(t), and y(t). Then system (1.4) can be transformed to the following
form:

dx R
d_t1 = anxi(t) + apx(t) + Z fl(ll)xllxé’
i+j22
de
=i = () +anxa(t) + any(t) + fuxa(t —71)
ijkl) i j
v > Ry, (22)
i+j+k+1>2

d
T = any() + ot - ) + oyt -m)

ijk) i j
¥ Z é])yxé(t—Tz)yk(t—Tz),

i+j+k>2
where
a1 = —-r—-b- 2cx(1)/ ap =a, axy =b,
2a;x91° a1 (x3)”
ap = —1—bix) - 1—2}/22’ axs = _1(—2)02'
<1+m(xg) ) 1+m(x3)
2a;x9y°
asy = —71, P = —blxg/ Y32 = 5y 27 Y3 =1,
<1 +m(x) >
@ _ 1 A
e e (x(l)’xg’y())’
11! et (£)a (1)
iikl 1 oIk £, 23)
fz(] ) _ T : 1 | <x?,x3,y0>,
LJREE 0x) (t)axz(t)ayk(t)axz(t - 1)
Gl _ 1 Ok fs 0 x9,y°
3T W 5ipox K (a0 ”),
JR i (1) axh (t — 1) dyk (t — 12)
fi = axa(t) — rixi (£) — bxy (£) — cxp(t),
a1x5(8)y (t)

fa = bxi(t) —raxa(t) —bixa(t)xa(t —71) - p—

wx(t-T)y(t-72)
1+ mx3(t— 1)

fs= ry(t).
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Then we can get the linearized system of system (2.2)

dx

d_tl = anxi () + aaxa(t),

dXQ

i an x1(t) + anxa(t) + axny(t) + fox2(t — 1), (2.4)
d

d_g = agy(t) + ynxa(t - ) + y3y(t - ).
Therefore, the corresponding characteristic equation of system (2.4) is

B+ moA® + mgd +my + <n2)uz +mA+ n0>e‘)‘71
+ <p2)u2 + le\ + po)é_)ﬁz (25)
+ (g + qo)e_)‘(ﬂm) =0,
where mg = (apa21 — a11a2)a33, M1 = A11A2 + A11033 + A0A33 — X121, Mo = —(A11 + A + A33),
ny = —a11a33ﬂ22, ny = (tX11 + 433)ﬁ22, np = —[522, Po = a11a23Y32 + A12021Y33 — A11022)33, P1 =
11Y33 + A22)33 — X23Y32, P2 = —¥33,90 = —a11ﬂ22Y33, q = [522}’33-
Next, we consider the local stability of the positive equilibrium E°(x¥, x), °) and the

Hopf bifurcation of system (1.4) for the different combination of 7; and 7.

Case 1. (11 = 72 = 0). The characteristic equation (2.5) becomes

)Ls + m12.)kz + mn)u +mq=0, (26)

where Mmip = My + Ny + pa, M1 =My + N+ p1+ g1, Mg = Mo + Mo + Po + qo-

It is not difficult to verify that m, > 0 and myo > 0. Thus, all the roots of (2.6) must
have negative real parts, if the following condition holds: Hy; : mypmy; > mjo. Namely, the
positive equilibrium E°(x¥, x3,°) is locally stable in the absence of time delay, if Hy; holds.

Case 2. (11 > 0,7 = 0). On substituting 7, = 0, (2.5) becomes

.)L3 + m22)L2 + m21./\ + mipo

(2.7)
+ (lez./\z + 7121.)L + 1’120>€_)‘T1 = 0,
where my; = my + P2, Mo = my + p1, Myo = Mg + Po, N2 = N, N1 = N1 + g1, N20 = Mo + qo-
Let A = iw; (w1 > 0) be a root of (2.7). Then, we have
Nny1w1 sin Tiw1 + <n20 - 1’122(,()%) COSTHiw = m22w% — My,
(2.8)

Nny1wi1 COS TMW1 — <1’120 - nmu%) sinT1w1 = w“;’ — MmMoy1w1.
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Squaring both sides and adding them up, we get the following sixth-degree polynomial
equation:

(/J? + 622(/.741l + 621(0% + ey = 0, (2.9)

_ 2 2 _ 2 2 _ 2 2
where ey = m3, — n5, — 2myy, ex1 = My, — 2mygMay + 210N — My, €20 = My, — M.

Let w} = vy, then (2.9) becomes

U:f + 62217% +e73101 + ey = 0. (2.10)

Define

fi(m) = U% + e'220% + e2101 + ey. (2.11)

If ep0 < 0, it is easy to know that (2.10) has at least one positive root. On the other hand,
if exo > 0, according to Lemma 2.2 in [25], (2.10) has positive roots if €2, — 3ex; > 0 and

v = (—exn+1 /e%2 -3e21)/3 >0, f1(v]) < 0hold. Therefore, we give the following assumption.

Hj: equation (2.10) has at least one positive root.
Without loss of generality, we assume that it has three positive roots which are denoted

as v11, v12, and vy3. Thus, (2.9) has three positive roots wix = /v1k, k = 1,2,3. The

corresponding critical value of time delay Tl(;() is

4 2 .
G 1 Anwi + Anwy + Ao 2jor
T, = ——arccos i 5 +
w1k Bz4(,(J1k + B22w1k + By W1k (212)
k=1,2,3, j=0,1,2,...,
2
where Ay = ny — mpny, Axn = Mgy + My — Moy, Ay = —Myonoo, By = nj,, By =

ngl — 2npony, By = n%o.

Let 7o = min{Tl(g) bk e{1,2,3}, wio = wik,-

To verify the transversality condition of Hopf bifurcation, differentiating the two sides
of (2.7) with respect to 71, and noticing that A is a function of 71, we can obtain

dA ] - 302 + 2mp) + my

d_T1 - _.)L(.)L3 + mgz)LZ + m21)t + mZo) (2 13)

2n22)t + N1 _ T1
)L(TIQQ)LZ + 1’121./\ + 1’120) A
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Thus,
Re [ﬂ] - _ _ 3/\2 + 21’112le + My
d’T1 - )L()LS + mzz)tz + m21.)t + mzo)
(2.14)
+Re [ 27122)& + Ny ‘
)L(nzz)LQ + 1’121./\ + nzo)
Therefore,
Re dix -1 _ 3wy, + 2(m3, — n3, — 2my )wiy + ma, — 2magmyn
2 2
dr A=iwig (wi’o - 17121(,010) + (1’)12() - mzzwfo) (2 15)
| 2mp,w], + ny, = 2nxoma
5 .
(npwiy —no)” +njwi,
From (2.9), we can get
3 2 2\? 2 2 5 5
<w10 - m21w10> + <m20 - mzzwm) = <n22w10 - n20> + Ny wi- (2.16)
Then, we have
dl -1 3'0%* + 282201* + é71
Re dry - ( 2 )2 2,02
11 \=iwyo NopWws, — Mog) + N5, W
10 21%10 (217)

7

fi(@1)
2

_(n w2y - p0)” + 12w
22870 20 21%10

where v1, = W}, € {v11, V12, 13}
Therefore, Re[d\/dri]}L,,, #0if Ha © f;(v1.) #0 holds. Notice that Re[dA/dri] L,
and [dRe(\)/dT])_;,,, have the same sign. Then we have [d Re(\)/dm1],_;,,, #0if Hx; holds.

In conclusion, we have the following results.

Theorem 2.1. Suppose that the conditions Hay and Hyy hold. The positive equilibrium E° of system
(1.4) is asymptotically stable for 1 € [0, Ti9) and unstable when T > Ti9. Further, system (1.4)
undergoes a Hopf bifurcation when T = Tjo.

Case 3. (12 > 0,7 = 0). On substituting 7, = 0, (2.5) becomes

)L3 + m32./\2 + m31)u + mszp + <p32)t2 + p31)t + p30>eﬁ\T2 = O, (218)

where m3; = my + ny, Mz = my + Ny, Mz = My + Mo, P32 = P2, P31 = P1+ 41, P30 =Pot+ qo.
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Figure 1: E% is locally asymptotically stable for 7 = 0.8500 < 7j9 = 0.9032 with initial value “2.31;1.9; 2.34.”
Let A = iw> (w, > 0) be a root of (2.18). Then, we get

p 2 2
p31wsz SN Ty + <P30 - P32w2> COS Thw = Mz, — N3,

(2.19)
P31z COS Thwy — <p30 - pgz(,d%) sin Thwy = wg — Mz wy,

which follows that

(A)g + 632(,0;1 + 631(,0% +e3 =0, (220)

h =m2, —p2 -2 =m2 -2 12 _ 2 R B,
where e3p = M3, — p3, — 2M31, €31 = My — 2M3oM3p + 2P30P32 — P31, €30 = M3y — P3g-
Let w% = vy, then (2.20) becomes

U; + 63205 +e3102 + ez = 0. (221)

Define
fz(Uz) = Ug + 63205 + €310 + e3p. (2.22)

Similar as in case (2), we give the following assumption.
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Figure 2: EV is unstable for 7; = 0.9200 > 719 = 0.9032 with initial value “2.31; 1.9; 2.34.”

H3,: equation (2.21) has at least one positive root.

Without loss of generality, we assume that it has three positive roots denoted by v»1,
vy, and vy3. Thus, (2.20) has three positive roots war = /v, k = 1,2, 3.

The corresponding critical value of time delay 7'2({3 is

; 1 Asw? + Apwl + Az 2jr
¥ = —arccos{ 2k 2k + Iz

* Baswy, + Bsyws, + Bxg wa’ (2.23)

k=123, j=0,1,2,...,

where Asy = ps1 — maps, As = Maops + Mapso — Ma1pa1, Asog = —Msopso, Baa = p3y, B =
P53, — 2paopa2, Bo = p3p-

Let 1 = min{Tég) 1, ke{1,2,3}, wy = wa,-

Similar as in case (1), next, we suppose that the condition Hz, : f,(v2.)#0 holds,

where vy, = w%o € {v21,v22,v23}. Then we have [dRe())/dr;]

\=iwy 7 0- By the above analysis,
we have the following results.
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Figure 3: E is locally asymptotically stable for 7, = 0.4400 < 75 = 0.5124 with initial value “2.31; 1.9; 2.34.”

Theorem 2.2. Suppose that the conditions Hz and Hzp hold. The positive equilibrium E° of system
(1.4) is asymptotically stable for T, € [0,Ty) and unstable when T, > Tx. Further, system (1.4)
undergoes a Hopf bifurcation when T, = Ty.

Case4. (11 =7 =71>0).
For 7 = 7 =7 > 0, (2.5) can be rewritten in the following form:

)L3 + m42)L2 + 11141)L + My
+ <n42)tz + gk + 7140)6_)”7 (2.24)
+ (a1 + qu)e™ =0,

where my, = my, my = my, My = My, hgy = Ny + P2, Na1 = N1 + p1, N4 = No + Po, 441 = 4o,

G40 = qo-
Multiplying e'™ on both sides of (2.24), it is obvious to get

Tl42)tz + Tl41./\ + My + <)L3 + m42.)uz + m411 + m40>e)‘7 + (q41./\ + q40)€_)w =0. (225)
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Figure 4: EV is unstable for 7> = 0.5500 > 75 = 0.5124 with initial value “2.31; 1.9; 2.34.”

Let A = iw(w > 0) be the root of (2.25). Then, we have

Ay SinTw + Ay cosTw = Ays,

(2.26)
A3 cOSTW + AggSinTw = Ayg,

_ 3 _ 2 3 _
where Ay = quw — myw + w’, Ay = Mmyg — Mappw” + qao, Dz = quw + Myw — w>, Ay =

2 2
My — Mypw” — Gao, Dgs5 = Nypw” — Ny, Age = —Nyw.
It follows that

A5(A)5 + A3w3 + Alw
wb + B4(,U4 + B2w2 + B()’

SinTw =

(2.27)
A4w4 + A2w2 + AO

wb + B4w4 + Bzwz + BOI

COSTw =

where Ag = (qao — mao)ng0, A1 = (Ma1 + qa1)nao — (Mo + Gao)Ma1, Az = (M0 — Gao) a2 + (Ga1 —

_ _ _ _ 2
My1) N4y — MapNag, Az = MapNgy —Nao — (M4 +Ga)Nap, Ay = Mg —Mapnap, As = ny, By = my;—qy,,
Bz = mﬁl - qﬁl - 21114071142, B4 = miz - 211141.
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Figure 5: E is locally asymptotically stable for 7 = 0.3900 < 7 = 0.4178 with initial value “2.31; 1.9; 2.34.”
From (2.27), we can get

w'? + e4500™ + essw® + eg300° + e + esw?® + eso = 0, (2.28)

where ess = 2By — Aé, €44 = Bi + 2B, — Ai - 2A3A5, eq3 = 2By + 2B,By — Ag - 2A1A5 - 2A2A4,
€42 = B% + ZB()B4 - A% - 2AOA4 - 2A1A3, €41 = ZBoBz - A% - 2AOA2, €40 = Bg - A(z)
Let w? = v3, then (2.28) becomes

vg + e450§ + e44U§ + e43v§’ + e4zv§ +epv3 + ey = 0. (2.29)

Suppose that (2.29) has at least one positive root, and, without loss of generality, we assume
that it has six positive roots which are denoted as v31, v3y, v33, V34, U35, and vze. Then, (2.28)
has six positive roots wi = /o3, k =1,2,3,4,5,6.

The corresponding critical value of time delay T,EJ Vis

T Asw? + Ayd? + A 2
T,ij ) = w—arccos{ k k i
k

w? + Byw} + Bow), + By wi (2.30)

k=1,2,3,4,56, j=0,1,2,....

Let 7y = min{7." }, k € {1,2,3,4,5,6}, wy = wk,.



Discrete Dynamics in Nature and Society 13

2.5 T T 2
2
1.5
< s <
= =
] 1 { I
1
0.5 . . 0.5 . .
0 200 400 600 0 200 400 600
Time t Time t
—— Immature prey —— Mature prey
3
4
25} —~
5 <2
< g
=
2 | 0
3
1 ) 2.5
1.5 . . *“2(/) 0 15 y(t)
0 200 400 600
Time t
—— Predator

Figure 6: E¥ is unstable for 7 = 0.4600 > 7y = 0.4178 with initial value “2.31; 1.9; 2.34.”

Next, we verify the transversality condition. Differentiating (2.25) regarding 7 and
substituting T = 79, we get

(2.31)

dA]‘l A+Bil AC+BD
Re =

dar| _ ~"¢lc+Di| T cz+D2’

T=T0)

where

A= <m41 - 3w5> COS Tow( — 2M 4wy Sin Tywy
+ (41 COS Towy + M4y,

B = <m41 - 3w§> sin Towy + 2m4pwg COS Ty
—qu sin Tywy + 21142(4]0,

C= <m41 —qa1 — wé)wg COS Ty

2 .
+ (LI40 + My — m42w0)w0 SN Towoy,
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D = <m41 +qu - wé)wg sin Tywy

+ <q40 — My + m42(4)%>600 COS Tywy.

(2.32)

Thus, if the condition (Hyy) : AC + BD #0 holds, the transversality condition is satisfied.

Theorem 2.3. Suppose that the conditions Hyy and Hap hold. The positive equilibrium E° of system
(1.4) is asymptotically stable for T € [0,7y) and unstable when T > 7. Further, system (1.4)
undergoes a Hopf bifurcation when T = Ty.

Case 5. (1y > 0and 1, € [0, T20))-
We consider (2.5) with 7, in its stable interval, and 7; is considered as a parameter.
Let A = iwq. (w1« > 0) be the root of (2.5). Then, we have

As1sin Tyw1s + Asp COS Tiw1x = Asz,

(2.33)
As1 cO8 Tiw1x — Asp SINTyw1s = Asy,
where
As1 = w1 — qo SIN ToW1x + G1W14 COS TrW14,
2 .
A52 = Np — NaWw7, + o COS a1« + 1W1x SIN T2 W1,
2 .
Asz = mywi, — My — P1W1s SIN Tow14
) (2.34)
+ <p2w1* - PO) COS TrW1x,
3
Asy = wy, — M1W1s — P1W1x COS TaW1x
2 .
- (pzwl* - p0> Sin T w1«.
From (2.33), we can get the following transcendental equation:
6 4 2
wy, +esnwy, +eswi, +es
4 2
+ <C54w1* + Csowy, + C50> COS Tr W1 (2_35)

5 3 .
+ <C55w1* + cs3wy, + C51w1*> sin hw, =0,

where eso = m+p;—n3—q3, es1 = m3+pi—ni—qi+2nony, —2momy —2pops, es; = my+p;—ns—2my,
C50 = 2mopo —2noqo, €51 = 2mop1 +2n1q0 — 2mipo — 2noq1, Cs2 = 2myp1 +2n2q0 — 2mapo — 2mops —
2n1q1, Cs3 = 2mypy + 2n2q1 + 2po — 2map, Cs4 = 2mapy — 2p1, Cs5 = —2pa.
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In order to give the main results, we suppose that (2.35) has finite positive root.
We denote the positive roots of (2.35) as wsy, ws; - - - wsk. For every ws; (i = 1,2,...,k), the

corresponding critical value of time delay Tl(’] ) j=12,...is

G _ 1 As1Asy + AspAsy 5
Tli = w—arccos W + 17T ,
1« 51 * A5 Wi=ws; (236)

i=12,...,k, j=0,1,2,....

Lett;, = min{’rl(l_0> li=1,2,...,k}, and w;, is the corresponding root of (2.35) with 77, .

In the following, we differentiate the two sides of (2.5) with respect to 7, to verify the
transversality condition.

Taking the derivative of A with respect to 7 in (2.5) and substituting 7 = 7;,, we get

a1t

Red—T

, (2.37)

_ Re[ Pg + Pri ] _ PrQr + P1Q:

Qr+Qri Q2+Q?

T1=T1x

where

12 R roo
Pr=my —3(wy,)” +2nw), sint),wy, + 1y cos 7)),
. i / ! . ! /
+sin Towh, (2pow), - pr1awy, — qusin Ty, W), )

! 1 \2 o
+ COS Thw,, <p272(w1*) +p1 — poT2 + g1 COS Tl*w1*>,

’ s ’ g
Pr = 2myw;, — ny sin Ty, w;, + 2nyw;, cos Ty, wi,
. ’ ) \2 ]
+sin w), (poT2 — p1 — P2 (wy,)” — gu cos Ty, wy,
' ’ ' s
+ COS Tatwy, <2P2w1* — P12y, — 41 81N Tl*wl*)’
’ 1 N\3\ : o 1 \2 ’o 2.38
QR = (nowl* —np (wl*) > STy, Wy, — My (wl*) COS T, Wy, ( )
. ’ ' oo ’\2 - oo
+ sin mywi, ( qow!, cos 71, w), + g1 (wh,)” sin T, wi,
’ [ o 1 \2 o
+ COS Tawy, | Jowy, SIN Ty, W1, — q1 (w1*> COS T1, W1y )»
_ ’ 1 \3 o I N2 s o
QI = \Nowy, — M2 (wl*) COS Ty, W, +m (wl*) S Ty, W,

. ’ 1 \2 o [ R
+sIn 1w, <q1 (wh,)" cos 71,0}, - gow, sin Tl*w1*>

! PN2 s ' I
+ COS Thw), <q1 (w),)” sinTy, ), + gowy, cos Tl*w1*>.

Obviously, if the condition Hs, : PrQr + PiQj#0 holds, the transversality condition is
satisfied. Through the above analysis, we have the following results.
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Theorem 2.4. Suppose that the conditions Hs; and Hsy hold and T, € [0,7y). The positive
equilibrium E° of system (1.4) is asymptotically stable for 1 € [0,7,,) and unstable when T > T},
Further, system (1.4) undergoes a Hopf bifurcation when Ty = Ty,.

Case 6. (1, >0and 7 € [0,719)).
We consider (2.5) with 7y in its stable interval, and 7, is considered as a parameter.
Substitute A = iw). (wp, > 0) into (2.5). Then, we get

6 4 2
wz* + 862(,02* + 661(,01* + €¢0
4 2
+ <c64w2* + Cors, + C60> COS T} o (2.39)

5 3 :
+ <c65w2* + Ce3y, + c61w2*> SIN T W7o,

_ 2.2 .2 2 _ .2 2 .2 2 22 2
where egy = my+ny—py—qo, €61 = Mi+n7—p]—q;—2non2—2moma+2pop2, €er = M5+1;5—p,—2m1,

Co0 = 211101’10 —2]90110, Col = 211101’11 +2p111() —21111 no —2]90111, Ce2 = 21’”11’11 +2p2110 —211121’10 —21110112 -
2P1(11, Ce3 = 211’11112 + 2P2!11 + 211() - 21’1’12111, Cea = 2m2n2 - 2111, Ce5 = —21’[2.

Similar as in case (5), we give the following assumption. He;: (2.39) has finite positive
root.

The positive roots of (2.39) are denoted as we1, Wep,...wek. For every wei (i =

1,2,...,k), the corresponding critical value of time delay 7'2(1] ) |j=1,2,...is

202 L os] BotBes+ Anles
2w A2+ A2 '
2% 61 62 W =Wei (240)
k=1,2,3,4,56 j=012,...,
where
Ag1 = P1wa. — o SIN T1W2. + G104 COS T1W1., (2.41)
Aga = po — paw3, + o COS T1w2s + G1Was SIN T1W2s, (242)

2 .
Agz = mpwy, — My — N1W1, SIN T1W),
(2.43)
+ <n2w§* - 110) COS T1W2x,

3
Ags = Wy, — MWy — N1W)4 COS T1W)4
(2.44)
- (np_w%* - n0> SIN T W)y

LetT), = min{Tz(?) |i=1,2,...,k}, and wj, is the corresponding root of (2.39) with 7,.
Then, we suppose that He; : [d Re())/d1,],-,; holds. By the general Hopf bifurcation
theorem for FDEs in Hale [26], we have the following results.
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Figure 7: E° is locally asymptotically stable for 7; = 0.6000 < 7], = 0.6125 and 7, = 0.25 with initial value
“2.31;1.9;2.34.”

Theorem 2.5. Suppose that the conditions Hey and Hep hold and 71 € [0,7i). The positive
equilibrium E° of system (1.4) is asymptotically stable for T, € [0,7,,) and unstable when T, > 75,
Further, system (1.4) undergoes a Hopf bifurcation at when 7, = T,,.

3. Direction and Stability of Bifurcated Periodic Solutions

In Section 2, we have obtained the conditions under which a family of periodic solutions
bifurcate from the positive equilibrium of system (1.4) when the delay crosses through the
critical value. In this section, we will determine the direction of Hopf bifurcation and stability
of bifurcating periodic solutions of system (1.4) with respect to 7; for 7, € (0, ) by using
the normal form method and center manifold theorem introduced by Hassard et al. [20]. It is
considered that system (1.4) undergoes Hopf bifurcation at 7, = 77,, 7> € (0, 72). Without loss
of generality, we assume that 7;, > 7;,, where 7, € (0, 72).

Letr =7, + u,p € R t = 571, x1(5T1) = 21(5), X2(5T1) = 22(5), Y(s71) = 23(5). We still
denote s by t. Then, system (1.4) can be transformed into the following system:

u(t) = Lyuy + F(p,uyr), (3.1)
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where u(t) = (u1(t), u»(t), us(t))" € C = C([-1,0,R®) and L, : C —» R}, F: RxC — R®are
given, respectively, by

Lep = (x1) (A'¢<o> .5 ¢< > L) )
. (3.2)
F(#’(Ib) = (T{* + l’l) (Fl,Fz, F3)T/

where

$(0) = ($1(0),$2(0),$3(0))" € C,
an a0
A= an an ax ),
0 0 a33
00 O
={0 0 0 ],
0 132 y33
0 0 O
c=(0pn0),
0 0 O
Fi=an¢i(0)+---,

Fy = a3n13(0) + and2(0)da(=1) + azd2(0)p3(0)
+ a3 (0) + axsd3(0)¢3(0) +

! / !
T T T
2 2% 2% 2%
F3=angy( —== | +ana| —== |ds| ——=~
Tl* Tl* Tl*
! ! !
T T T
3 2% 2 2% 2%
+tangy| - ) taudy( = g - )+,
T1s T1s T1x
2
3may (x9) Yy - ar1y°
an = —¢an = N
(1 +m(x)) )
2a1x)
ap = —byap=-———"-"—5,
(1 +m(x)) )
dmayxyy (1 m(x ) >
azs =
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3may (x2) -m

T (1 +m(x)) ) /

azy” ~3maz (x))"y”
asy =

(1 +m(x3) >

sy = 2a2xg

(1 +m(x)) >

dmarx)y <m(x2) - 1>
ass =

(1 +m(x)) >

s = a, —3may (x2)

(3.3)

Hence, by the Riesz representation theorem, there exists a 3 x 3 matrix function 7(0, ) :
[-1,0] — R3 whose elements are of bounded variation such that

0
L= L dn(0,1)$(0), ¢ e C([-1,0],R). (34)
In fact, we choose
(T{*ﬂl) (A'+B +C), =
(Tivep) (B +C), 0 ¢ [—2 0)
n@u) =y, , o (3.5)
<T1*+/4>C ’ <_1 _T_1>’
L0, 0=-1.
For ¢ € C([-1,0], R®), we define
%, -1<0<0,
Ad=1 66)
[ an@mee), e-o
1
and
-1<60<0,
R(u)¢ = { Fud), (3.7)
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Then, system (3.1) can be transformed into the following operator equation:
i(t) = A(p)us + R(p)uy. (3.8)

For ¢ € C'([0,1], (R®)*), where (R®)" is the 3-dimensional space of row vectors, we define the
adjoint operator A* of A(0):

—%, 0<s<1,
A(p) =19 .0 (3.9)
f—l dTTZ(é, 0)‘p(_§)r s=0.
For ¢ € C([-1,0],R®%) and ¢ € C'([0,1], (R®)"), we define a bilinear inner product:
0 0
(p(5),9(0)) = 9(0)p(0) - f J- (- 0)dn(0)p(5)dé, (3.10)
0=-1J¢=0

where 77(8) = 7(8,0).
By the discussion in Section 2, we know that + iw), ], are eigenvalues of A(0). Thus,
they are also eigenvalues of A*.
Suppose that g(6) = (1,42, g3)" €79 is the eigenvector of A(0) corresponding to
iw', 7 and g*(s) = (1/p)(1, g%, g*)e™-75 is the eigenvector of corresponding to —icw,_7/.. B
1 T1x q PINL 93,43 & P & 1T BY
direction computation, we can get

T
_ zwl* — 11
q2 = s
12

. el !
ya2 (i), — any) e

q3 = N
a2 (i“”l* — a3 - Y33€_’TZ*“’1*>
(3.11)
- a1 + 1w'1*
4 = T
. a3 (an —iw),)
q3 = N\
a1 (0(33 + Y33e T + zw1*>
Then, from (3.10), we can get
0 0
(q°(s),9(0)) =77 (0)4(0) - L ) L . g (¢ - 0)dn(0)q(¢)dé
1 —x —% 0 —x —x it W 0 T
=5 1+qzqz+q3q3—f (1,95, 45)0e™-1"dn(0) (1, 92, q3) (3.12)
-1

P
_lTl*

1 —x —% ! — w) I ity W) —*
= 5[1 + 2G5 + 435 + T frgadre” T + T, e (Yagp + Yssqa)%]-
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Therefore, we can choose
P =1+ g2, + 4335 + T Pradye T + T, e (v + Y3303) Ty (3.13)

such that (g*,9) =1and (4%, 9) =

In the remainder of this section, following the algorithms given in [20] and using
similar computation process in [27], we can get the coefficients that can be used to determine
the direction of Hopf bifurcation and the stability of the bifurcating periodic solutions:

/

&0 = 2; [1111< (1)(0)>2

5 (a1 (470)) + g 07 (1) + a4 047 )

! 2 ! !
— o T« of T\ .o Tox
+ a - +a - - ,
"3<31<‘7 < >> = ( m)“’ ( >>]

[2a11q(1 (O)q(1>(0) +q <2a21q(2) (0)5(2)(0)

'v:,||-

811 =

+an(q? (07?1 +3? )9 (-1))

+ax(42(0)7%(0) +3? (047 (0)))

802 = 2;, [a11< (1)(0)>2 +4, <a21 <§(2>(0)>2

+a3? (077 (-1) + a3 (03 (0))

75\ _ T,
(2 ()
1% 1%

(3.14)
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1= 2%* [au <2W1<}> 0)g™ (0) + Wz((l)) (o);,a) (0))
+ 33 (@ (207 (092 (0) + W33 (077 (0) )

+axn(WE g2 1) + 3w 07 1)
WD + ;W8 0770 )

v (W 0490) + ;W2 07 0)
W07 + ;W8 077 0))

+3a4(42(0)) 72 0)

was((190) 570 + 20207 0970 ) )
—x @ T @ T
+q5| asn( 2W <—T>q <—T
(o (ot (-5 )0 (5
! ! 3.15
i () () o
1% 1%
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with
WZO(Q) 1g20‘1(0) lT W, 9 18026]( ) _n-] wl, +E1€2iT],*w%*9,
1*(‘01* 3T1*w1*
(3.16)
Wi (6) = g11q(0) oiTwL0 _ 8119(0) e im0 4 E,
1*('01* 1’7.'1*(4)1*
where E1, E; can be determined by the following equations, respectively,
™
ay a12 0 &
-2 6[22 . a3 El =2 A?) ,
0 —ye ™ ag A®
(; (3.17)
an - an 0 =
an an+Pn  as  )E2=-| AP |,
0 Y2 a3zt s 3)
4;

with
A = an (400)),

2
AP = an(92(0)) +a2q? (014 (1) + a6q? (0049 (0),

, 2
®3) _ o  Tox @) 3) Tz*

A® =4 2 ) ) 44 )
: 31(" <>> = <Ti*>q <

8y = 2a19" (0)700),
Ay = 2ax4? (07 (0)
+an (99077 (1) +7% 09 (-1))

+ax (9?0770 +3% (049 0)),

®) @) - _Tox
AY) =2
? o < T1*>q < Tl*>

(3.18)
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Figure 8: EY is unstable for 7, = 0.6800 > 7;, = 0.6125 and 75, = 0.25 with initial value “2.31; 1.9; 2.34.”
ayy = 2wy, — an,
ayy = 2}, — ax — Pope 2T, (3.19)
a’33 = 2iw’1* — 33 — )’336_2i7£*w,1*.
Then, we can calculate the following values:
C1(0) = L 811820—2|gu|2——|g02|2 -
27,0, 3 27
Re{C;(0)}
= -
Re{X'(7],)} (3.20)

o =2Re{C1(0)},

r_ _Im(C(0) +5Im{X (7))

’
Tl*wl*

Based on the above discussion, we can obtain the following results.
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Figure 9: E is locally asymptotically stable for 7, = 0.4500 < 7, = 0.5094 and 7, = 0.15 with initial value
“2.31;1.9;2.34.”

Theorem 3.1. From (3.20) one has

(i) the direction of the Hopf bifurcation is determined by the sign of 6: if 6 > 0(6 < 0), then
the Hopf bifurcation is supercritical (subcritical);

(ii) the stability of bifurcating periodic solutions is determined by the sign of o: if o < 0(c > 0),
the bifurcating periodic solutions are stable (unstable);

(iii) the period of the bifurcating periodic solution is determined by the sign of T: if T > 0(T < 0),
the bifurcating periodic solution increases (decreases).

4. Numerical Example

In this section, we give some numerical simulations to verify the theoretical analysis in
Sections 2 and 3. Leta =8, a1 =425,a, =3, b=5,b1=1,¢c=05m=2,r=1,rn =1,
and r, = 2. Then, we have the following particular case of system (1.4):

dx

d_tl = SXZ(t) - X1 (t) - 5X1 (t) - 0'5x%(t)/
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dx2

4.25x%(t)y(t)
dt

= 5x1(t) = 2x2(t) — x2(t)x2(t — 1) - 1+ 222(p)
2

dy _ 3x5(t— )y (t — 1)
dt 1+42x3(t— 1)

—y(t).

(4.1)

It is not difficult to verify that a, > mr, bx? > (r,—by xg)xg, namely, the conditions Hjand H»
hold. Therefore, system (4.1) has at least a positive equilibrium. By means of Matlab, we can
get that the positive equilibrium of (4.1) is E9(1.2111,1.0000, 2.1568).

For 71 > 0, » = 0, we can get wig = 1.3881, 119 = 0.9032. From Theorem 2.2, we know
that the positive equilibrium E? is asymptotically stable when 7; € [0, 719). The corresponding
waveform and the phase plot are illustrated by Figure 1. When the time delay 7; passes
through the critical value 719, the positive equilibrium E? will lose its stability and a Hopf
bifurcation occurs, and a family of periodic solutions bifurcate from the positive equilibrium
EY. This property is illustrated by the numerical simulation in Figure 2. Similarly, we have
wyo = 0.8497, 7o = 0.5124, when 1, > 0, 71 = 0. The corresponding waveform and the phase
plots are shown in Figures 3 and 4.

For 7y = » = 7 > 0, we can obtain wy = 1.0000, 7p = 0.4178. From Theorem 2.2, we
know that, when the time delay 7 increases from zero to 7y, the positive equilibrium E? is
asymptotically stable. Once the time delay 7 passes through the critical value 7, the positive
equilibrium EY will lose its stability and a Hopf bifurcation occurs. This property is illustrated
by the numerical simulation in Figures 5 and 6.

For 7y > 0 and 75, = 0.25 € [0, 70), we have |, = 0.8020, 7;, = 0.6125. According
to Theorem 2.2, the positive equilibrium E? is asymptotically stable when 71 € [0,7],) and
unstable when 71 > 77, which can be depicted by the numerical simulation in Figures 7
and 8. In addition, from (3.20), we can obtain C1(0) = —-1.1949 + 3.2464i, 6 = -23.4294, ¢ =
—-2.3898, T = 2.4949. Thus, from Theorem 2.3, we know that the Hopf bifurcation with respect
to 7; with 75, = 0.25 € [0, 7p) is subcritical, the bifurcating periodic solutions are stable and
increase. Similarly, we have w;,, = 0.8872, 7,, = 0.5094, for 7, > 0 and 7;, = 0.15 € [0, 719). The
corresponding waveform and the phase plots are shown in Figures 9 and 10.

5. Conclusions

In this paper, a delayed predator-prey system with Holling type III functional response and
stage structure for the prey population is investigated. Compared with literature [14], we
consider not only the time delay due to the gestation of the predator but also the negative
feedback of the mature prey density and the intraspecific competition of the immature prey
population. F. Li and H. W. Li [14] has obtained that the species in system (4.1) with only the
time delay due to the gestation of the predator could coexist. However, we get that the species
could also coexist with some available time delays of the mature prey and the predator. This
is valuable from the view of ecology.

The sufficient conditions for the local stability of the positive equilibrium and the
existence of local Hopf bifurcation for the possible combinations of two delays are obtained.
The main results are given in Theorems 2.1-2.5. By computation, we find that the time delay
due to the gestation of the predator is marked because the critical value of 7, is smaller
than that of 71 when we only consider them, respectively. Furthermore, the explicit formulae
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Figure 10: E° is unstable for 7, = 0.5700 > 7;, = 0.5094 and 7, = 0.15 with initial value “2.31; 1.9; 2.34.”

which determines the direction of the bifurcation and the stability of the bifurcating periodic
solutions is established when 7 > 0 and 7, € [0,Ty) by using the normal form theory
and center manifold theorem. The main results are given in Theorem 2.3. Finally, numerical
simulations are carried out to support the obtained theoretical results.
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