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This paper investigates the existence of positive solutions for a class of singular p-Laplacian fourth-
order differential equations with integral boundary conditions. By using the fixed point theory in
cones, explicit range for A and y is derived such that for any A and y lie in their respective interval,
the existence of at least one positive solution to the boundary value system is guaranteed.

1. Introduction

Boundary value problems for ordinary differential equations arise in different areas of
applied mathematics and physics and so on. Fourth-order differential equations boundary
value problems, including those with the p-Laplacian operator, have their origin in beam
theory [1, 2], ice formation [3, 4], fluids on lungs [5], brain warping [6, 7], designing special
curves on surfaces [8], and so forth. In beam theory, more specifically, a beam with a small
deformation, a beam of a material that satisfies a nonlinear power-like stress and strain law,
and a beam with two-sided links that satisfies a nonlinear powerlike elasticity law can be
described by fourth order differential equations along with their boundary value conditions.
For more background and applications, we refer the reader to the work by Timoshenko [9]
on elasticity, the monograph by Soedel [10] on deformation of structure, and the work by
Dulcska [11] on the effects of soil settlement. Due to their wide applications, the existence and
multiplicity of positive solutions for fourth-order (including p-Laplacian operator) boundary
value problems has also attracted increasing attention over the last decades; see [12-33] and
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references therein. In [28], Zhang and Liu studied the following singular fourth-order four-
point boundary value problem

(b (' (1)) = f(tu(t)), 0<t<l,

(1.1)
u(0) =u(l) —au(@) =u"(0) =u"(1) —-bu"(n) =0,

where ¢, (x) = |x|p_2x,p >1,0<¢n<1,0<a b<1 feC(0,1)x(0,m),(0,:)), f(t x)
may be singular att = 0 and/or t = 1 and x = 0. The authors gave sufficient conditions for the
existence of one positive solution by using the upper and lower solution method, fixed point
theorems, and the properties of the Green function.

In [32], Zhang et al. discussed the existence and nonexistence of symmetric positive
solutions of the following fourth-order boundary value problem with integral boundary
conditions:

(pp (' (1)) =w(t) f(tu(t), 0<t<l,

1
u(0) =u(l) = fo g(s)u(s)ds, (1.2)

1
By (0 0) = (1) = [ )P (' (9)ds,

where ¢, (x) = |x[P 2x, p > 1, w € L'[0,1] is nonnegative, symmetric on the interval [0,1], f :
[0,1] x [0,+00) — [0, +00) is continuous, f(1 —t,x) = f(t,x) for all (t,x) € [0,1] x [0, +c0),
and g, h € L'[0,1] are nonnegative, symmetric on [0, 1].

Motivated by the work of the above papers, in this paper, we study the existence of
positive solutions of the following singular fourth-order boundary value system with integral
boundary conditions:

(b (W'(1)))" = AP Tay (1) fr(tu(t), o(t), O0<t<1,
(6 (0" (1)) = pP L aa (1) folt, u(t), v (1)),

1

u(0) = u(1) = f u(s)dt (s),

0

1
Ppn (1 (0)) = by, (u"(1)) = fo Ppn (1 (5))dn (5), (13)

1

2(0) = o(1) = f o(s)dea(s),

0

1
By (0" (0)) = b (2 (1)) = f B (0'(5)) (),

where A and y are positive parameters, ¢, (x) = IxP2x, pi > 1, ¢g = (j)];il, 1/pi +1/q; =1,
&,m : [0,1] — R* (i = 1,2) are nondecreasing functions of bounded variation, and
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the integrals in (1.3) are Riemann-Stieltjes integrals, fi : [0,1] x Rf x R* — R* and
f2 1 [0,1] x R* x Ry — R* are two continuous functions, and fi(t, x,y) may be singular
at x = 0 while f,(t,x, y) may be singular at y = 0; a1, a» : (0,1) — R* are continuous and
may be singular att = 0 and/or t = 1, in which R* = [0, +c0), R} = (0, +0).

Compared to previous results, our work presented in this paper has the following new
features. Firstly, our study is on singular nonlinear differential systems, that is, a; and a, in
(1.3) are allowed to be singular at t = 0 and/or t = 1, meanwhile f;(t, x, ) is allowed to be
singular at x = 0 while f,(¢, x, y) is allowed to be singular at y = 0, which bring about many
difficulties. Secondly, the main tools used in this paper is a fixed-point theorem in cones,
and the results obtained are the conditions for the existence of solutions to the more general
system (1.3). Thirdly, the techniques used in this paper are approximation methods, and a
special cone has been developed to overcome the difficulties due to the singularity and to
apply the fixed-point theorem. Finally, we discuss the boundary value problem with integral
boundary conditions, that is, system (1.3) including fourth-order three-point, multipoint and
nonlocal boundary value problems as special cases. To our knowledge, very few authors
studied the existence of positive solutions for p-Laplacian fourth-order differential equation
with boundary conditions involving Riemann-Stieltjes integrals. Hence we improve and
generalize the results of previous papers to some degree, and so it is interesting and important
to study the existence of positive solutions for system (1.3).

The rest of this paper is organized as follows. In Section 2, we present some lemmas
that are used to prove our main results. In Section 3, the existence of positive solution for
system (1.3) is established by using the fixed point theory in cone. Finally, in Section 4, one
example is also included to illustrate the main results.

Definition 1.1. A vector (u,v) € (C*[0,1]NnC*(0,1))x(C?[0,1]NnC*(0, 1)) is said to be a positive
solution of system (1.3) if and only if (1, v) satisfies (1.3) and u(t) > 0, v(t) > 0 or u(t) > 0,
v(t) >0forany t € (0,1).

Let K be a cone in a Banach space E. For 0 <7 < R < +oo,let K, = {x € K : ||x|| < r},
0K, = {x e K :|x|| =7}, and Er,R = {x € K : 7 < ||x|| £ R}. The proof of the main theorem

of this paper is based on the fixed point theory in cone. We list one lemma [34, 35] which is
needed in our following argument.

Lemma 1.2. Let K be a positive cone in real Banach space E and T : K,g — K a completely
continuous operator. If the following conditions hold
(@) ITx|[ < llx]l for x € 0Kg;
(ii) there exists e € 0Ky such that x # Tx + me for any x € 0K, and m > 0. Then T has a fixed
point in K, g.
Remark 1.3. If (i) and (ii) are satisfied for x € 0K, and x € 0Ky, respectively. Then Lemma 1.2
is still true.

2. Preliminaries and Lemmas

The basic space used in this paper is E = C[0, 1] x C[0, 1]. Obviously, the space E is a Banach
space if it is endowed with the norm as follows:

= = t = t
1,01 o= fluell + ol [lull = maxu(®)], [lv] = maxjo(b)] (2.1)
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for any (u,v) € E. Denote C*[0,1] = {u € C[0,1] : u(t) >0, 0 <t < 1}. For convenience, we
list the following assumptions:

(Hy) a1,az: (0,1) — R* are continuous and

1 gi-1
O0<L;:= <j e(s)ai(s)ds> <+o0o, 1=1,2, (2.2)

0

where e(s) =s(1-s),s € [0,1].

(Hy) ¢éi,mi : [0,1] — R* (i = 1,2) are nondecreasing functions of bounded variation, and
a; € [0,1), pi € [0,1), where

1 1
= . L= . P — . 2.3
@ fod@(s), 6 fdms), i=1,2 (2.3)

0

(H3) f1:[0,1] xRf xR* — R*, f5:[0,1] x R* x Rj — R* are continuous and satisfy

1(tx,y) <ai(t,x)+hi(t,y), Y(txy)e[0,1] xR; xR*,
y)s8 y Y 0

(2.4)
2(tx,y) < @(t,x)+ha(t,y), V(t,x,vy)e[0,1] xR xRY,
V)= & y y 0

where g1, hy : [0,1] x Rj — R* are continuous and nonincreasing in the second variable, and
g, h1:[0,1] x R* — R* are continuous and for any constant r > 0,

1 1
0< f e(s)ai(s)gi(s,r)ds <+o0, 0< f e(s)ax(s)ha(s,r)ds < +oo. (2.5)

0 0
Similar to the proof of Lemmas 2.1 and 2.2 in [32], the following two lemmas are valid.

Lemma 2.1. If (H;) holds, then for any y € L(0, 1), the boundary value problem

(1) = §q (y(h), 0<it<l,

1 (2.6)
x(0) = (1) = [ x()di(s)
has a unique solution
1
x(t) = f Hilt, $)by, (y(5)) ds, 2.7)
0
where
1
Hi(t,s) = G(t,s) + — o J‘ G(r,s)déi(r), i=1,2,
Y (2.8)

s(1-1), 0<s<t<l1,

G(t,s) =
(t2) {t(l—s), 0<t<s<l.
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Lemma 2.2. If (H;) holds, then for any z € L(0, 1), the boundary value problem
-y"(t)=z(), 0<t<]1,

1
¥(0) = y(1) = fo y(s)dni(s)

has a unique solution

1
v = [ Kt 9)z()ds
0
where
1 1
i\t, :G 7 T a2 G 7 d i 7 | = 7 &
Ki(t,s) (ts)+1_ﬁif0 (1,s)dni(t), i=1,2

Remark 2.3. Fort, s € [0,1], we have
1
e(t)e(s) < G(t,s) <e(s) or e(t)<maxe(t)=-.
te[0,1] 4
Remark 2.4. If (H>) holds, it is easy to testify H;(t, s) defined by (2.8) that:
1 .
pie(s) < Hi(t,s) <yie(s) < 7yi <y, t,s€[01], i=12,

where

1 e

Yi = 1—a’ Pi

, i=1,2.
- 1—[Xi !

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Remark 2.5. From (2.11), we can prove that the properties of K;(t,s) (i = 1,2) are similar to

those of H;(t,s) (i=1,2).
Lemma 2.6. For x >0, y > 0, we have
b rey) < {2%1 e )l 322 o
bq,(x) + ¢4, (y), IT<gi<2
<2 Py )+ dy ()], a>1i=12,
$q(x) > Pg () > §g,(0)=0, x>y>0,g:>1,i=1,2

Proof. The proof of this lemma is easy, and we omit it.

(2.15)

(2.16)



6 Discrete Dynamics in Nature and Society

Let
K = {(u, v) € C*[0,1] x C*[0,1] : u, v are concave on [0,1],
(2.17)
i > A i >A
trer[l(},rll]u(t) > IIuII,trer[l(}il]v(t) > IIUII},
where

prof™ prof” Jy e(s)dni(s) 1
A = min — (s Oi="—F—F —/ Vi= ,i=1,2. (2.18)

! 1-p 1-p

It is easy to see that K is a cone of E. Forany 0 < r < R, let K, r = {(#,v) e K : r <
lull <R, r <|lv|| < R}.

Remark 2.7. By the definition of p;, 0j, yi, vi (i=1,2), wehave 0 < A < 1.
To overcome singularity, we consider the following approximate problem of (1.3):

(@, (W' (1)) = AP ag(t) fia(t, ult), v(t), 0<t<1,

(p, (0" (1)) = pP> s (t) fan(t, ult), v (1)),

1

u(0) = u(1) = f u(s)de (s),

0

1
B (4/0) = (/D) = | 9300 5D ), (219)

1
00) =o(1) = [ o(6)di(s)
0
1
b (00) = (0" (D) = [ (0 (5)) ),
where 7 is a positive integer and
fin(t,u,v) = f1 (t, max{u, n_l},v>, fout,u,v) = fo <t, u, max{v, n_1}>. (2.20)

Clearly, fin € C([0,1] x R* x R*,R*) (i =1,2).
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By Lemmas 2.1 and 2.2, for each n € N, A > 0, u > 0, let us define operators A} : K —
C[0,1],B, : K — C[0,1],and T, : K — E by

1 1
A(u,v)(t) = Afo Hi(t, 5)¢q, <J0 Ki(s, T)a1(T)f1n(T,u(T),‘(J(T))dT> ds, (2.21)

1 1
Bﬁ(u,v)(t) = #fo Hy(t, s)gqu (Jo Kz(s,T)az(T)fzn(T,u(T),v(T))dT> ds, (2.22)

and T, (u,v) = (A} (u,v), By (u,v)), respectively.

Lemma 2.8. Assume that (H1)—(Hs) hold, then for each A >0, u >0, n € N, T}, : RT,R — Kisa
completely continuous operator.

Proof. Let A > 0, u >0, and n € N be fixed. For any (u,v) € K, by (2.21), we have

n 1
(Af‘l (u,v)> (t) = =gy, <f0 Ki(t, t)aq (T)fln(T,u(T),U(T))dT> <0,
A (u,0)(0) = A} (u,0)(1) (2.23)

1 1
= Af H1(0,5)¢g, <I Ki(s, T)a1(T)f1n(T,u(T),U(T))dT> ds >0,
0 0

which implies that A} is nonnegative and concave on [0, 1]. Similarly, by (2.22) we can obtain
that B, is nonnegative and concave on [0, 1]. For any (u,v) € K and t € [0, 1], it follows from
(2.13) that

1 1
AL, 0) () = Afo Hi(t, s)y, < fo Ki(s, 7)ai () flnw,um,v(f))dT) ds
(2.24)

1 1
S)L)qv'lh_l Jo e(s)Pq <I e(t)ai(7) fin(T, u(T),v(T))dT> ds.

0

Thus

1 1
||A£;(u, v)” <Ay fo e(s)da, <f e(T)a (1) fln(T,u(T),v(T))dT> ds. (2.25)

0
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On the other hand, by (2.13) and (2.18), we have

1 1
A(u,v)(t) = A -[o Hi(t, s)q <f0 Ky (s, T)a1(T)fln(T,u(T),U(T))dT> ds

1 1
Z.)Lplel_lJ‘ e(s) g, <I e(T)a1(T)f1n(T,M(T),U(T))dT> ds (2.26)
0 0
ol o] s i)
Y vl
This implies that
Al A
min AL(1,0)(1) 2 Al 43 e o) | (227)

Similar to (2.27), we also have

tg[%ﬁl]Bﬁ (u, (14, 0) || (2.28)
Therefore, T,(K) C K.

Next, we prove that T, : EnR — K is completely continuous. Suppose (U, ) €
K,r and (ug,v0) € Kyg with ||[(ttm, vm) — (o, v0)|| — 0 (m — oo). We notice that t €
[0,1] fin(t, tty(E), O (t)) = fin(t, uo(t),vo(t)) — O (in — oo). Using the Lebesgue dominated
convergence theorem, we have

1
511‘1 <.[0 Ki(s,7)a1(7) fiu(7, um(T)/vm(T))dT>

1
_¢le_1 <J‘o Ki(s,7)ai(7) fin (T, u0(T), 00 (T))dT>

1
<y f e(1)a1(7) | fin(T, U (T), 0m(T)) = fin(T, u0(7),v0(7))|dT — 0, M — 0.

0
(2.29)
Therefore,

”Ai‘l(um,vm) - Ai‘l(uo,vo)”

1
<in f e(s)
0

1
(,bql < 0 Kl (S/ T) a (T)fln(T/ Um (T)/ Um(T)dT)> (230)

ds —0, m— oo.

1
$o <f0 Ki (s, 7)a1 (%) fin (7, 10 (7), 00 (r))dr)
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Similarly, we also have

So A : EnR — C[0,1] and Bﬁ : Er,R — CJ0,1] are continuous. Therefore, T, : EnR — Kis
also continuous.

Let D C fr,R be any bounded set, then for any (u,v) € D, we have (14,v) € K, r <
lu| £ R, r <||v]| < R, and then 0 < Ar < u(1) < R, 0 < Ar < v(tr) < Rfor any 7 € [0,1]. By
(H3), we have

L, = <

It is easy to show that A}(D) is uniformly bounded. In order to show that T, is a compact
operator, we only need to show that A}(D) is equicontinuous. By the uniformly continuity
of Hi(t,s) on [0,1] x [0,1], for all &€ > 0, there is 6 > 0 such that for any #;, f5, s € [0,1] and
|ty — t2| < 6, we have

Bl (14, 0) = Bh(uo, v0) | — 0, m — oo, (2.31)

1 qm-1
J e(t)ai(t)gi(s, rA)dT> < +oo. (2.32)
0

[Hi(t1,s) — Hi(t, 5)| <e. (2.33)

This together with (2.15) and (2.32) implies

A, 0) (1) = Ay, 0) (1)

1 1
<A Io |Hi(t1,8) — Hi(t2, 8)|¢g, <f0 Ki(s, T)al(T)fln(Tru(T)rv(T))dT> ds

<ew? g, (Jd e(t)ai(7) [gl <T, max{u(T),n‘1 }) - hl(T,U(T))]dT>

0

1
< e)m’f“lc,bq1 (L e(t)ay (1) [gi1 (T, TA) + h1(T,U(T))]dT>

0 0

r 1 1
< s)lvllh_lZ‘“‘l ¢q, <I e(T)al(T)gl(T,TA)dT> + ¢ <I e(T)al(T)hl(T,U(T))dT>]

qi-1
< E)Lv;h_lqu_l L,+L, <rr[})e}]x hy (T,y)> , |-t <6, (u,v)€D.

ye[rAR]

L

(2.34)

This means that A2 (D) is equicontinuous. By the Arzela-Ascoli theorem, A2 (D) is a relatively
compact set and that A} : K, g — C[0,1] is a completely continuous operator.
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In the same way, we can show that Bl - ?,,R — CJ0,1] is also completely continuous,
and so T, : K,g — K is completely continuous. Now since \, y, and n are given arbitrarily,
the conclusion of this lemma is valid. O

3. Main Results

For notational convenience, we denote by

M; = 6<pioqf’1ALi>_l, N; = <Yiviqi_1L,~>_l, i=1,2,

q-1

q2-1
t/ 7 t/ 7
fi =1 limsup supM fy= <lim sup supM> , (3.1)

x—a won Pp (%) ’ y—a oy (i)pz(]/)
x€R

yeR*

Q-1 -1
t,x, t x,
fla = lim inf inf M , fZa = [ liminfinf fz( X y) ,
x—a te01] ¢P1 (x) y—a ;ee[;&] ¢P2 (y)

yeRt

where a denotes 0 or co. The main results of this paper are the following.
Theorem 3.1. Assume that (Hy)—(H3) hold. Then we have:

(C) If £, fiew, fy € (0,00) and My/ fi, < N1/ fY, then for each A € (My/ fieo, N1/ £?),
p € (0, N2/ f), the system (1.3) has at least one positive solution.

(C)If £, f), frs € (0,00) and M/ foe < Na/f), then for each A € (0,N1/fY), p €
(M2/ free, N2 /fg), the system (1.3) has at least one positive solution.

(G Iff) =0, fie = 00,0 < f) < oo, then for each € (0,00), p € (0, N>/ f3), the system
(1.3) has at least one positive solution.

(Ca) IFO < f) < oo, f) =0, fao, = 0, then for each X € (0,N1/f} ), p € (0,00), the system
(1.3) has at least one positive solution.

5 2 =0, fiow =00 (1 =1,2), then for eac € (0,00), u € (0,00), the system (1. as at

(C)Il0 0 (i=1,2), th h X e (0,00), u€(0,0), the sy 1.3) h
least one positive solution.

(Co) If 0 < f) < 0, fioo = 00 0F fo, = 0, 0 < f) < oo, then for each X € (0,N1/f}),
€ (0, Na/ fY), the system (1.3) has at least one positive solution.

(CHIFf2 =00 < fioo <00, and f = 0,0 < fo, < 00, then for each A € (M1/ fis, ),

U € (0,00)0rL € (0,0), u€ (My/fren, ), the system (1.3) has at least one positive
solution.

Proof. We only prove the condition in which (C;) holds. The other cases can be proved
similarly.
Let A € (M1/ fieo, N1/ f0), p € (0, N2/ (f3)), choose &1 > 0 such that fio, — &1 > 0 and

N N.
! , O<pu< 02 .
fr + &

My

fie — €1 T fl+a (3.2)
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It follows from flo € (0,0) of (Cy) that there exists r; > 0 such that for any ¢ € [0, 1],

-1

fi(t,x,y) < <f{J + £1>pl_l¢m (%) < [7’1 (ff + €1>]m , 0<x<r,y>0, (3.3)
Ry <(Bra)” g <[n(f+re)]™, x200<ysn 69

Let K;, = {(4,v) € K : ||u|| <m,||v]| < r1}. For any (u,v) € 0K,,, n > 1/r;, by (2.13), (3.3), we
have

t€[0,1]

||Aﬁ(u,v) || = max f Hi(t,5)¢q, <f1 K1(s,7)a1(7) fin (T,u(T),U(T))dT> ds
0 0

1
<!y [ (e@a@ (7 + ) g utryar) (5)
<y (f+en)ln

= '/\Nl_l <f? + £1>1’1.

Similarly, we also have

Bﬁ(u,v)” S‘uN2‘1<f§+el>r1. (3.6)
Therefore, we have

1T, 0)1| = || A%, 0)| + |

Bl (u,v) ”

< AN (fY v o) + NG (£ e )| (3.7)

< 2r = ||(u,0)]].
On the other hand, by fi, > fic — €1 > 0, there exists Ry > 0 such that
filtx,y) > (fio—e)" 'y (x),  te[0,1], x> Ry, y>0. (3.8)

Let Ry > max{2r;, A"'Ry}, Kg, = {(#,v) € K : |lu|| < Ry, ||v|| < Ri}. Next, we take (1, ¢,) =
(1,1) € 0Ky, and for any (u,v) € 0Kg,, m > 0, n € N, we will show

(u,v) # A (u,0) + m(p1, ¢2). (3.9)
Otherwise, there exist (19, vp) € 0Kg, and my > 0 such that

(uo, vo) = A} (10, v0) + mo (1, 2). (3.10)
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From (ug,v9) € 0Kg,, we know that |lup|| = Ry or ||og]| = R;. Without loss of generality, we

may suppose that ||u|| = Ry, then uy(T) > Aljuo|| = ARy > Ry for any 7 € [0, 1]. So, by (2.13),
(3.8), we have

1 1
uo(t) = )LJ‘O Hi(t, )¢, <f0 Ki(s,m)ai(7) fin(7, uo(T),Uo(T))dT> ds +myg

0

1 1
>Ap1of” j e(s)¢q, (I e(7)ai(7) fin(T, uo(T),vo(T))dT> ds +my
0

0

1 1
Z)Lplo'{h—l J‘o e(s)Pq <f e(r)a1(7) (floo - gl)pl_l‘i)m (u0(7)) dT> ds +my (3.11)

1 1
>Aprol” j e(s)dq (I e(1)a1(7) (fioo — 51)p1_1(AR1)p1_1dT>d5 +my

0 0
= —Aplo'frl (floo - 51)AR1L1 + my

= .)LMIl(floo —51)R1 + mpy > Rl.

This implies that R; > Ry, which is a contradiction. This yields that (3.9) holds. By (3.7), (3.9),
and Lemma 1.2, forany n > 1/r; and A € (Ml/floo,Nl/flo ), pe(, Nz/féJ ), we obtain that
T, has a fixed point (u,, v,) in Erl,Rl satisfying r; < ||uy|| < Ry,r1 < ||va]| < Ri.

Let {(un,vn)},5,, be the sequence of solutions of boundary value problems (2.19),
where n; > 1/ is a fixed integer. It is easy to see that they are uniformly bounded. Next
we show that {u,},., are equicontinuous on [0,1]. From (u,,v,) € K, g, we know that
Ri > uy(1) 2 Allunll 2 Ar, Ry 2 v,(7) > Allvg|| > Ary, T € [0,1]. For any € > 0, by the
continuous of Hi(t,s) in [0,1] x [0, 1], there exists 6; > 0 such that for any t3, t5, s € [0,1] and
|ty — t2| < 61, we have

[Hi(t1,8) — Hi(t, )| < e. (3.12)
This combining with (2.15), (2.32) implies that for any #;, t, € [0,1] and |t; — 2| < &1, we have

[t (t1) — un(ta)|

1 1
< .)LI |H1(t1, S) - Hl(tz, S)|¢q1 <,[0 Kl (5/ T)al (T)fln(T/ un(T)r Un(T))dT> ds
0

< s)Lv;h_ld)ql <I1 e(t)ar(T) [gl <T, max{un (1), n! }) + hi(T, Un(T))]dT>
0
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< g)tvih—lqu—l b <J‘l e(t)ai (1) (T, rA)dT> + ¢, <J‘1 e(T)a (T)hl(T,U(T))dT>]

0 0

q-1
< s)uvi’l_lzqﬂ L, +1L, <T€I[§,‘1?X hy (T,]/)> .

ve[nAR]

(3.13)

Similarly, {v,},5,, are also equicontinuous on [0,1]. By the Ascoli-Arzela theorem,
the sequence {(un,vy)},5,, has a subsequence being uniformly convergent on [0,1]. From
Lemma 2.2, we know that

1
l(s) = AP f K (5,701 () i (7,17, (7)),
(3.14)

1
oli(s) = P! fo Ka(s, 7)as(7) fan(7, tn (), 0a(7))d.

Since the properties of K;(t,s) (i = 1,2) are similar to those of H;(t,s) (i = 1,2), so (u),v))
have the similar properties of (u,, v,), thatis, (1), v}) also has a subsequence being uniformly
convergent on [0,1]. Without loss of generality, we still assume that {(u,, v4)},5,, itself
uniformly converges to (¢, v) on [0, 1] and { (1, vy)},5,, itself uniformly converges to (1", v")
on [0,1], respectively. Since {(u, Un)},5,, € ErLRl C K, so we have u, > 0, v, > 0. By (2.19),
we have

Uy (t) = lm(%) + <t— %)ulrl(%)
B A S

S2 51
[ dsi[ " e funtr (@), vu(r)dT)dss, te ),
1/2 1/2

o) =0a(3 ) + (1-3)ui(3)
f 1t/2 as .[ 15/2 P (vxprl (%) * (SZ - %)Uﬁmﬂ (%) (3.16)

- " dsq rl ﬂprlaz(T)fzn(T,un(T),Dn(T))dT>d52, te (0,1).
2

1/ 1/2

From (3.15) and (3.16), we know that {u,(1/2)},,,, {v,(1/2)},5,,, {4,(1/2)},5,.,
{(0n(1/2)} 5, {1 (1/2)} 5, {0y (1/2)},5,, are bounded sets. Without loss of gener-
ality, we may assume (u,(1/2),v,(1/2)) — (c1,d1), (up(1/2),0,(1/2)) — (c2,dn),
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(1l (1/2),92(1/2)) — (c3,d3) asn — co. Thenby (3.15), (3.16), and the Lebesgue dominated
convergence theorem, we have

u(t) = u<1> +c (t — 1) - r ds r bq, <c§1_1 + cgl_l <52 - 1)
2 2 12 i 2

(3.17)
S2 S1
- j dsq APl a1(T)f1(T,u(T),U(T))dT)dsz, te(0,1),
1/2 1/2
o(t) = v<%> +di <t - %)
t s i 1 1
- j ds| g(dy +di <sz - -) (3.18)
12 Jip 2
S S1
- dsy ‘upz_laz(T)fz(T,u(T),U(T))dT)dSZ te(0,1).
1/2 1/2
By (3.17) and (3.18), direct computation shows that
(@ (1)) = W Lar (1) fr (8, ut), 0 (1)),
(3.19)

($p: (V")) = w7 a2 () fot, u(b), 0(t), O0<t<1.

On the other hand, (u,v) satisfies the boundary condition of (1.3). In fact, u,(0)
un(1) = [y un(s)dei(s), va(0) = va(1) = [30u(8)d&a(s), by, (Us(0)) = by, (1))
Jo B, ()1 (5), P (V(0) = Gy (0R(1)) = [y Py (0i(5))drpa(s), and so the conclusion
holds by letting n — oo. O]

Theorem 3.2. Assume that (H1)—(H3) hold. Then we have:

(D1) If fro, f12, f5° € (0,00) and M1/ fio < N1/ f[°, then for each A € (M1/ f10 , N1/ f{°),
u € (0,N2/ f5°), the system (1.3) has at least one positive solution.

(D2) If £, fao, f5° € (0,00) and M/ foo < Na/ f5°, then for each X € (0,N1/f), p €
(M2/ f20 , N2/ f5°), the system (1.3) has at least one positive solution.

(D3) If fio = o, f{°=0,0 < f5° < oo, then for each A € (0,0), u € (0, N2/(f5°)), the system
(1.3) has at least one positive solution.

(Dy) If 0 < f° < o0, f20 = o0, f5° =0, then for each A € (0, N1/ f°), p € (0, 0), the system
(1.3) has at least one positive solution.

(Ds) If fio = oo, f° =0 (i = 1,2), then for each A € (0,0), p € (0, 0), the system (1.3) has at
least one positive solution.

(D) If 0 < f° < o0, fio = w or foo = o, 0 < f5° < oo, then for each A € (0, N1/ f{?),
u € (0, N2/ f5°), the system (1.3) has at least one positive solution.

(D7) If f2=0,0 < fio < o0, and f5° = 0,0 < fr < oo, then for each A € (M1/ f10 , ),
U € (0,00) or A € (0,00), p € (Mpy/ fr,0), the system (1.3) has at least one positive
solution.
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Proof. We may suppose that condition (D7) holds. Similarly, we can prove the other cases.
Let A € (M1/ fio, N1/ f°), u € (0, N2/ f5°). We can choose &, > 0 such that N1 — &, >0,
N> —& >0 and

)Lffo < N1 — &y, ‘Llfzoo < Nz — €. (3.20)
It follows from (D;) and (2.16) that there exists R; > 0 such that for any t € [0,1]
1 -l
filtx,y) < <X(Nl - 62)> Pp(x), x2R5, y>0, (3.21)

1 pol
fa(t,x,y) < (X(Nz - 52)> bp, (y), x>0, y>R;. (3.22)

Let R, = A™'R}, Kg, = {(u,v) € K : |lu|| < Ry, ||7|| < Ry}. For any (u,v) € dKg,, n € N, by
(2.13), (3.21), we have

1 1
Al(u,v) || = maxJ I Hi(t,s)f,, <f0 Ki(s,T)a: (1) fln(T,u(T),v(T))dT> ds
0

te[0,1]
4 ! 1 ot 3.23
<anvi gy, <f e(r)ai(r) <1<N1 - 52)) P (u(T»dT) (3.23)
0
p-11
< )qul X(Nl - 52)L1R2 < R,.
Similarly, by (3.22) we have ||Bl, (1, v)| < R,. Therefore,

1T, 0) = |

Aﬁ(u,v)” + |

B'(u, v)” <2R, = |, )|, (u,v)€0Kg, neN. (3.24)

On the other hand, choose €3 > 0 such that M; +&3 < Afj9. By the condition f1o € (0, o0)
of (D) and (2.16), there exists r; > 0 such that

1 pi-l
fAtxy) > (X(Ml + 53)> $p(x), te[0,1], 0<x<r], y=>0. (3.25)

Let 0 < o < min{Ry,7}}, Ky, = {(u,v) € K : |[u|| < rp, ||v]| < r2}. Next, we take (¢1,¢2) =
(1,1) € 0Ky, n > 1/1p , and for any (u,v) € 0K,,, m > 0, we will show

(u,v) # A (u,v) + m(p1,92). (3.26)
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Otherwise, there exist (19, vy) € 0K,, and my > 0 such that
(uo, vo) = A} (10, v0) + mo (1, 2). (3.27)

From (uo, v) € 0K,,, we know that ||uy|| = r» or ||vp|| = r2. Without loss of generality, we may
suppose that ||ug|| = r», then ug(7) > Allugl| > Ar, for any 7 € [0, 1]. So, we have

1 1
o () = )‘L Hi(t, )¢ <f0 Ki(s, 7)1 (7) fin (7, 10(7), 00 (r))dr) ds +m

1 1
> Aol fo e(s) g, <f e(t)ai(7) fin(T, uo(T),vo(T))dT> ds +my

0

0

1 1 -1
2 /\,010'171—1 jo e(s)dq, <f e(T)a1(7)<%(M1 +53)>P . (uo(T))dT>d5 +my (3.28)

1 1
> )Lplofrl J e(s)Pq, <f e(r)ar () (M + 53)P11(Arz)p11d7> ds +my
0

0

a1l

1 (M1 + 53)AT2L1 + mgo > 1.

1 q
— 6_)Lp10'1]

This implies that , > 1, which is a contradiction. This yields that (3.26) holds. By (3.24),
(3.26), and Lemma 1.2, for any n > 1/r; and A € (M1/ fi0, N1/ f°), p € (0, N2/ f5°), we

obtain that T, has a fixed point (u,, v,) in Erz,Rz and r; < ||uyl| < Rp, 72 < ||va]| < Ro. The rest
of proof is similar to Theorem 3.1. O

4. An Example

Example 4.1. We consider system (1.3) with p; =3/2, po=7/3, ai1(t) =1/(t\/(1 -t) , ax(t) =
1/((1-1) Vb,

2+1
u

fl(t,u,v) =

+1 +sin<v2 +v+t>, (t,u,v) € [0,1] x Rj x R¥,

4.1)
H+t+3

fo(t,u,0) =2 +sin(u +In(t + 1)) + N

(t,u,v) € [0,1] x R* x R{.
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Obviously, ai, a; are singular att = 0 and t = 1, f1(t,u, v) is singular at u = 0 and f»(t, u,v)
is singular at v = 0. Choose g1(t,u) = (#* + 1)/+/u, hi(t,0) = 1 +sin(v> + v + t), @(t,u) =
2 +sin(u+In(t+1)),and hyo(t,v) = (t* +t +3) /+/v. Let

( 1 ( 1
0, se€ »0,3), 0, se€ _0,§>,
1 (1 2 1 (1 3
86 =13 sely3)  ee={5 sel33)
1 [2 1 1 3 1
\ Z/ s€ -gl ’ L 5/ s € -Z/ 7 (42)
1 1
( ) 0, s e [0, §>, ( ) 0/ s € 0/ E)/
= = <
R T E R
5/ S 2/ 7 k7/ S 2/

By direct calculation, we have ay = 1/4, ap =1/3, 1 =3/5, po =4/7, j’é e(s)a;(s)ds =
(2/3) (i =1,2). Itis easy to check that fig = f0 = oo, f{° = f5° = 0, and the conditions (H;)-
(H3) and (Ds) are satisfied. By Theorem 3.2, system (1.3) has at least one positive solution
provided A, p € (0, +0).

Remark 4.2. Example 4.1 not only implies that f1(t,u,v), f2(t,u,v) can be singular at u = 0
and v = 0, respectively, but also indicates that there is a large number of functions that satisfy
the conditions of Theorem 3.2. In addition, the condition (Ds) is also easy to check.
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