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This paper is devoted to investigate the global behavior of the following rational difference

equation: Y41 = ay,—/(f+y Zf‘(:o yzf(zm)nz'(:oyzf(zm))' n=0,1,2,..., wherea,pB,y,p,q € (0,)
and k, t € {0,1,2,...} with the initial conditions xo, x_1,..., X_2k, X-2max(ks}-1 € (0,00). We will
find and classify the equilibrium points of the equations under studying and then investigate their
local and global stability. Also, we will study the oscillation and the permanence of the considered
equations.

1. Introduction

The aim of this paper is to study the dynamics of the solutions of the following recursive
sequence:

a]/n—t
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]/n+1 = 7 n:01112/"'/ (11)

where a,8,v,p,9 € (0,00) and K € {0,1,2,...}, where K = max{k,t}, with the initial
conditions xo, x_1, ..., X_2k, x-2x-1 € (0,00). We deal with the classification of the equilibrium
points of (1.1) in terms of being stable or unstable, where we investigate the global attractor
of the solutions of (1.1) as well as the permanence of the equation. Also, we establish some



2 Discrete Dynamics in Nature and Society

appropriate conditions, which grantee the oscillation of the solutions of (1.1). For more results
in the direction of this study, see, for example, [1-23] and the papers therein.

In the sequel, we present some well-known results and definition that will be
useful in our investigation of (1.1). Let I be some interval of real numbers and let
f:I*! — I be a continuously differentiable function. Then, for every set of initial conditions
X_k, X_k+1, - - -, X0 € I, the difference equation

Xne1 = f(Xp, Xp-1,..., Xn-k), n=01,..., (1.2)

has a unique solution {x,},. .

Definition 1.1 (permanence). The difference equation (1.2) is said to be permanent if there
exist numbers m and M with 0 < m < M < oo such that, for any initial conditions
X—ky X—k+1,---,%X-1,%X0 € (0,00), there exists a positive integer N which depends on the initial
conditions such that m < x,, < M for alln > N.

[o.o]
n=-k

Definition 1.2 (periodicity). A sequence {x;,}
x, forall n > —k.

is said to be periodic with period p if x4 =

Definition 1.3 (semicycles). A positive semicycle of a sequence {x,},._, consists of a “string”
of terms {xy, X111, ..., X} all greater than or equal to the equilibrium point x, with [ > —k and
m < oo such that either I = —k or [ > -k and x;_; < Xx; either m = oo or m < oo and x,,,11 < Xx. A
negative semicycle of a sequence {x,},._, consists of a “string” of terms {x;, Xi11,..., X, } all
less than the equilibrium point X, with [ > —k and m < oo such that either / = -k or [ > —k and
xj_1 > x; either m = oo or m < oo and x,,,41 > X.

Definition 1.4 (oscillation). A sequence {x,},._ is called nonoscillatory about the point x if
there exists N > —k such that either x,, > x forall n > N or x,, < x for all n > N. Otherwise,

{xn )5k is called oscillatory about x.

2. Dynamics of (1.1)

The change of variables v, = (8/y)"/P*®™4lx, reduces (1.1) to the following difference
equation

TXp—t
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where r = a/p.

In this section, we study the local stability character and the global stability of the
equilibrium points of the solutions of (2.1). Also, we give some results about the oscillation
and the permanence of (2.1).

Recall that the equilibrium points of (2.1) are given by
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Then, whenever r < 1, (2.1) has the only equilibrium point x = 0, and, while at » > 1, (2.1)
possesses the unique positive equilibrium point x = ((r — 1)/ (k + 1))1/ (kD))

The following theorem deals with the local stability of the equilibrium point x = 0 of
(2.1).

Theorem 2.1. The following statements are true.
(i) If r < 1, then the equilibrium point X = 0 of (2.1) is locally asymptotically stable.
(ii) If r > 1, then the equilibrium point x = 0 of (2.1) is a saddle point.

(iii) If r = 1, then the equilibrium point X = 0 of (2.1) is nonhyperbolic with A = 0 < 1 and
A=1

Proof. The linearized equation of (2.1) about X = 0 is .1 — ru,— = 0. Then, the associated
eigenvalues are A = 0 and A = r. Then, the proof is complete. O

Theorem 2.2. Assume that r < 1, then the equilibrium point x = 0 of (2.1) is globally asymptotically
stable.

Proof. Let {x,};._,x_; be a solution of (2.1). It was shown in Theorem 2.1 that the equilibrium
point X = 0 of (2.1) is locally asymptotically stable. So it suffices to show that

lim x,, = 0. (2.3)
n—oo
Now, it follows from (2.1) that
x T Xt
n+l =
p+a_q q 9 _ptq q 9 .4 p+q
L2, X, 5 Xy oty ¥ X1 X3 Xpokany T T X1 Xis X k) (2.4)
< rXpoop.

Now, assume that X = max{x_p, Xx_2141,-.-.,%-1,%0/7}. Then, it follows from (1.1) and after
some simple computations are achieved that xy(,-1ys < "X, i=0,1,...,2t. Therefore x, — 0
asn — oo, and this completes the proof. O

Theorem 2.3. Assume that r > 1. Then, every solution of (2.1) is either oscillatory or tends to the
equilibrium point X = ((r = 1)/ (k + 1))/ &),

Proof. Let {x,};._ox_; be a solution of (2.1). Without loss of generality, assume that
{xn}oe_ok_1 is a nonoscillatory solution of (2.1), then it is suffices to show that lim,_, ., x,, = x.
Assume that x,, > x for n > ny (the case where x,, < x for n > ng is similar and will be

omitted). It follows from (2.1) that

TXy—t
Xn+l =
P+a_q q T _pH q T4 p+q
L+, 1, 5 Xy opary ¥ X1 X3 Xy okany ¥ T X1 X3 Xk

(2.5)

.
< = .
= < 1+ (k + 1)?’*("”)‘7) et
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Hence, each subsequence {x(1)yns+i}, j = 0,1,...,t, of {x,};. is decreasing sequence and

therefore it has a limit. Let for some j = 0,1,...,t, lim, X (s1)nsj = W, and, for the sake
of contradiction, assume that y > x. Then, by taking the limit of both sides of

YX(t+1)n+j-t

X(t+)n+j+1 = , n=0,12,..., (2.6)

kK P k4
1+ 30 x(t+1)n+j—(2s+1)Hszox(t+1)n+j-(zs+1)

we obtain g = rp/(1 + (k + 1)uP**+Da)  which contradicts the hypothesis that x =
((r=1)/(k + 1))/ #*®D49 js the only positive solution of (2.2). Therefore, limy, o X (t41ynsj =
u, forallj =0,1,...,t This means that all the subsequences {x(+1yn+i}, ] =0,1,...,t 0f {x,} g
have the same limit, X, and therefore lim,,_, . x,, = X, which completes the proof. O]

Theorem 2.4. Assume thatt =0, r > 1, and let {x,},. _o_; be a solution of (2.1) which is strictly
oscillatory about the positive equilibrium point x = ((r —1)/(k + 1))1/(p+(k+1)’7) of (2.1). Then, the
extreme point in any semicycle occurs in one of the first 2(k + 1) terms of the semicycle.

Proof. Assume that {x,},. ,._; is a strictly oscillatory solution of (2.1). Let L > M > N >
2(k+1),and let {xn, Xn+1, ..., XM} be a positive semicycle followed by the negative semicycle
{xm, Xpa1, - - -, xL ). Now, it follows from (2.1) that

X X FXN+2k+1 x
N+2(k+1) = AN = prq 4 7 . 4 p+q q q prqg ~ N
T+ X ok X Nsak—2 XN XNsokXNsak—a AN T F X Xy
- 7
x —XN =X -x
> AN+2k+1 1+ (k N 1)§p+(k+l)q N N+2k+1 N
VX N+2(k+t)
N q q q prg YN
T XN2k-1XN2k-3 XN T T XNk T XN

IN

r
N < 1+ (k+ 1)&P*<"*1>‘1> o

XN+2k — XN S XN+2k-1 — XN <o+ - S xN+1 — XN < xny —xn = 0.

(2.7)
Then, xn > xN+2(k+1) for all N > 2(k +1).
Similarly, we see from (2.1) that
x X X M+2k+1 X
M+2(k+1) =AM = Prq 4 q q p+q q q prq M
T+ X ok X paak-a " Xn + Xk Xvsok-a " Xp + o F X Xy

r
2> XM42k+1 — XM = XM+2k+1 — XM
1+ (k+1)xr+keta
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Y XM+2k

- 1+x

p+q q

- XM
q q p+q
M+2k-1XMa2k-3 " Xmg T+ X

Mi2k-1"" X M-1

.
> _
- xM+2k<1 +(k+ 1)EP+<’<+1>‘1> ™

= XM+2k = XM < XM42k-1 = XM >+ 2 XMl — XM > Xy — Xp = 0.
2.8)

Therefore, xpri23c41) > xpm for all M > 2(k + 1). The proof is complete. O

Theorem 2.5. Assume that t = 2k,r > 1, and let {x,};._,,_; be a solution of (2.1) which is strictly
oscillatory about the positive equilibrium point X = ((r — 1)/ (k + 1)) ®*&DD of (2.1). Then, the
extreme point in any semicycle occurs in one of the first 2k terms of the semicycle.

Proof. Assume that {x,};. _,,_; is a strictly oscillatory solution of (2.1). Let L > M > N >
2k +1, and let {xn, xN41,- .., XM} be a positive semicycle followed by the negative semicycle
{xn, XMa1, - - -, xL ). Now, it follows from (2.1) that

XN
XN+2k+1 — XN = — XN
P+ 4 q q p+q q q p+q
T+ X0 X Nsak2 XN T X Nsak XNk XN T Xy Xy

.
< — = — = 0.
=N ( 1+ (k + 1)?’*‘"””) v =N =0

(2.9)
Then, xn > xn4ok forall N > 2k + 1.
Similarly, we see from (2.1) that
x x el x
M+2k+1 =AM = prq 4 q q p+q q q prqg ~ M
T+ X ok X nrak—2 " XM T XX nmaoka XM+ F Xppo " Xy
>x 4 —xpm=xpm—-xpm=0
R Tl A
(2.10)
Therefore, xpri0k > xp for all M > 2k + 1. The proof is complete. ]

Theorem 2.6. Assume that t = 2k + 1, v > 1, and let {x,},;. _,._; be a solution of (2.1) which
is strictly oscillatory about the positive equilibrium point x = ((r —1)/(k + 1))1/ (p+(k+1)q) of (2.1).
Then, the extreme point in any semicycle occurs in one of the first 2k + 1 terms of the semicycle.
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Proof. Assume that {x,},. ,._; be a strictly oscillatory solution of (2.1). Let L > M > N >
2k + 1 and let {xn, xN41,..., XM} be a positive semicycle followed by the negative semicycle
{opm, XM41, - - -, xL }- Now it follows from (2.1) that

XN+2(kt1) = XN = TN x
N+2(k+1) = AN = P+q q q q p+q q q p+q N
L+ X ka1 X Na2ko1 XN T XNk XNsako1 XN T Xk T XN

,
< - = - =
‘xN<1+(k+1)x”*<k”>q> NN =

(2.11)
Then, xn > xn2k forall N > 2k + 1.
Similarly, we see from (2.1) that
x x Uadl x
M+2(k+1) = XM= pq q q q pq q q prq M
T+ X ok X maok-1 XM+ Xnpaokst Xnaok-1 " Xm T F Xppoopsn = Xm
>x r XM =X xpm =0
N\ (ke gD )T T M AT
(2.12)
Therefore x 2k > xp for all M > 2k + 1. The proof is complete. O

Theorem 2.7. Equation (2.1) is permanent.

Proof. Let {x,};._ox_; be a solution of (2.1). There are two cases to consider.

(i) {xn}e k1 is a nonoscillatory solution of (2.1). Then, it follows from Theorem 2.3
that

lim x, =X, (2.13)

n—oo

that is, there is a sufficiently large positive integer N such that |x, — x| < ¢ for all
n > N and for some € > 0. So x — € < x,, < X + ¢, this means that there are two
positive real numbers, say C and D, such that C < x,, < D.

(i) {x,)% 5, is strictly oscillatory about X = ((r — 1)/ (k + 1))/ #P+(k+Da),

Now, let {xg1, X542, ..., X} be a positive semicycle followed by the negative semicycle
{X41, Xes2, ..., 2y ). If xy and xp are the extreme values in these positive and negative
semicycles, respectively, with the smallest possible indices V and W, then by Theorem 2.4
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we see that V —s <2(k+1) and W —u < 2(k + 1). Now, for any positive indices y and L with
u < L, it follows from (2.1) forn =y, u+1,...,L -1 that

,
XL = XL1< >
p+q_4q q q q a4 p+q
LX) pX) g X gy F X[ o X g Xy g o F X Xy X

_ X1
- p+q q q p+q p+q q q p+q
<1 tXp3 Xt T Xt xL—Zk—3> <1 t X X g T T Xy xL—Zk—Z)
T 1
= XL-¢r H 1+ Zk xP Hk xq
n=1 i=0 *L-(2i+1)-n L Li=0* L-2i+1)—y
I-1 1
— L-u
= x,r H Ty T )
1= i=0 Xy_ir1y L Li=0%y—2i41)
(2.14)

Therefore, for V = L and s = p, we obtain

Xy = X rV*Sﬁ 1
s k P k 4
n=s \ 1+ 2ico xq—(2i+1)ni=0xq—(2i+1) (2.15)

< Er2k+1 - H.

Again whenever W = L and yu = t, we see that

s 1
—tl—J
XW = Xt k p k q
st \ 1+ Zico %5 iany [ im0 Xy iy

w-1 1
2 erﬂ‘ (1 k+1 Hp+(k+1)q>
it N+ (k1) (2.16)

1 W-t-1
I
=Xxr
<1 + (k + 1)HP*(’<*1>‘7)

1 2k+1
> ?( > =G.
1+ (k +1)Hp+(k+1)q

That is G < x, < H. It follows from (i) and (ii) that min{C, G} < x,, < max{D, H}. Then, the
proof is complete. O



8 Discrete Dynamics in Nature and Society

Acknowledgments

This paper was funded by the Deanship of Scientific Research (DSR), King Abdulaziz
University, Jeddah. The authors, therefore, acknowledge with thanks the DSR technical and
financial support.

References

[1] A. M. Amleh, E. A. Grove, G. Ladas, and D. A. Georgiou, “On the recursive sequence x,.1 = & +
Xn-1/%y,” Journal of Mathematical Analysis and Applications, vol. 233, no. 2, pp. 790-798, 1999.

[2] R.P. Agarwal, Difference Equations and Inequalities, vol. 228, Marcel Dekker, New York, NY, USA, 2nd
edition, 2000.

[3] C.Cinar, “On the difference equation x,41 = X1/ (=1+x,%,-1),” Applied Mathematics and Computation,
vol. 158, no. 3, pp. 813-816, 2004.

[4] C. Cinar, “On the positive solutions of the difference equation x,41 = ax,_1/(1 + bx,x,-1),” Applied
Mathematics and Computation, vol. 156, no. 2, pp. 587-590, 2004.

[5] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “On the difference equation x,,1 = ax, —
(bxy,)/ (cxp — dxn-1),” Advances in Difference Equations, vol. 2006, Article ID 82579, 10 pages, 2006.

[6] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “On the difference equation x,.1 = ax,_x/(f +
YTTEoxni),” Journal of Concrete and Applicable Mathematics, vol. 5, no. 2, pp. 101-113, 2007.

[7] E. M. Elabbasy, H. El-Metwally, and E. M. Elsayed, “Global behavior of the solutions of difference
equation,” Advances in Difference Equations, vol. 2011, 28 pages, 2011.

[8] H. El-Metwally, “Qualitative properties of some higher order difference equations,” Computers &
Mathematics with Applications, vol. 58, no. 4, pp. 686-692, 2009.

[9] H. M. El-Owaidy, A. M. Ahmed, and Z. Elsady, “Global attractivity of the recursive sequence x,,,; =
(a0 = Pxu—i)/ (y + x4),” Journal of Applied Mathematics & Computing, vol. 16, no. 1-2, pp. 243-249, 2004.

[10] E. M. Elsayed, “Solution and attractivity for a rational recursive sequence,” Discrete Dynamics in
Nature and Society, vol. 2011, Article ID 982309, 17 pages, 2011.

[11] E. M. Elsayed, “Solutions of rational difference systems of order two,” Mathematical and Computer
Modelling, vol. 55, no. 3-4, pp. 378-384, 2012.

[12] E. A. Grove and G. Ladas, Periodicities in Nonlinear Difference Equations, vol. 4, Chapman & Hall/CRC,
Boca Raton, Fla, USA, 2005.

[13] R. Karatas and C. Cinar, “On the solutions of the difference equation x,.1 = (ax,—(x+2))/(—a +
[1252x-),” International Journal of Contemporary Mathematical Sciences, vol. 2, no. 13, pp. 1505-1509,
2007.

[14] V. L. Koci¢ and G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with
Applications, vol. 256, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1993.

[15] M. R. S. Kulenovi¢ and G. Ladas, Dynamics of Second Order Rational Difference Equations with Open
Problems and Conjectures, Chapman & Hall/CRC, Boca Raton, Fla, USA, 2002.

[16] D.Simsek, C.Cinar, and I. Yalcinkaya, “On the recursive sequence x,,.1 = x,-3/ (1+x,-1),” International
Journal of Contemporary Mathematical Sciences, vol. 1, no. 10, pp. 475-480, 2006.

[17] S. Stevi¢, “On the recursive sequence X1 = Xp-1/g(x,),” Taiwanese Journal of Mathematics, vol. 6, no.
3, pp. 405414, 2002.

[18] C. Wang and S. Wang, “Oscillation of partial population model with diffusion and delay,” Applied
Mathematics Letters, vol. 22, no. 12, pp. 1793-1797, 2009.

[19] I Yalcinkaya, “On the global attractivity of positive solutions of a rational difference equation,” Sel¢uk
Journal of Applied Mathematics, vol. 9, no. 2, pp. 3-8, 2008.

[20] I Yalginkaya, C. Cinar, and M. Atalay, “On the solutions of systems of difference equations,” Advances
in Difference Equations, vol. 2008, Article ID 143943, 9 pages, 2008.

[21] 1. Yalginkaya, C. Cinar, and M. Atalay, “On the solutions of systems of difference equations,” Advances
in Difference Equations, vol. 2008, Article ID 143943, 9 pages, 2008.

[22] 1. Yalcinkaya, “On the global asymptotic stability of a second-order system of difference equations,”
Discrete Dynamics in Nature and Society, vol. 2008, Article ID 860152, 12 pages, 2008.

[23] I Yalginkaya, “On the difference equation x,+1 = a + (Xp—m/ x’,j),” Discrete Dynamics in Nature and
Society, vol. 2008, Article ID 805460, 8 pages, 2008.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



