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The first and second order of accuracy stable difference schemes for the numerical solution of the
mixed problem for the fractional parabolic equation are presented. Stability and almost coercive
stability estimates for the solution of these difference schemes are obtained. A procedure of
modified Gauss elimination method is used for solving these difference schemes in the case of
one-dimensional fractional parabolic partial differential equations.

1. Introduction

It is known that various problems in fluid mechanics (dynamics, elasticity) and other areas
of physics lead to fractional partial differential equations. Methods of solutions of problems
for fractional differential equations have been studied extensively by many researchers (see,
e.g., [1-28] and the references therein).

The role played by stability inequalities (well posedness) in the study of boundary
value problems for parabolic partial differential equations is well known (see, e.g., [29-34]).
In the present paper, the mixed boundary value problem for the fractional parabolic equation

ou(t,x Z
out,x) | D u(t, x) - Z(ap(x)uxp> = f(t,x),
at p=1 Xp
x=(x1,...,xm) €Q, 0<t<T, (1.1)

u(t,x)=0, xe€S,
u(0,x)=0, x eQ
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is considered. Here Dtl/ 2= Déiz is the standard Riemann-Liouville’s derivative of order 1/2
and Q is the open cube in the m-dimensional Euclidean space

R™:{xe€Q:x=(x1,...,%n); 0<xj <1,1<j<m]j (1.2)

with boundary 5Q=QuUS, ay(x)(x € Q) and f(t,x)(t € (0,T),x € Q) are given smooth
functions and a,(x) > a > 0.

The first and second order of accuracy in t and second orders of accuracy in space
variables difference schemes for the approximate solution of problem (1.1) are presented. The
stability and almost coercive stability estimates for the solution of these difference schemes
are established. A procedure of modified Gauss elimination method is used for solving these
difference schemes in the case of one-dimensional fractional parabolic partial differential
equations.

2. Difference Schemes and Stability Estimates

The discretization of problem (1.1) is carried out in two steps. In the first step, let us define
the grid space

ﬁh = {x=xp = (hlpll--'/hmpm)rp = (plf""pm)’
0<pj<Mj hiMj=1,j=1,..,m}, 2.1)

Qh=§hﬁg, Sh=§h05.

We introduce the Hilbert space Ly, = L, (ﬁh) of the grid function tph(x) ={o(hji, ..., hmjm)}
defined on Q, equipped with the norm

1/2
2
x€EQy

To the differential operator A* generated by problem (1.1), we assign the difference operator
A7 by the formula

o

Mz

AZuh =- <ap (x)u%) (2.3)

Xp,Jp

Il
—_

P

acting in the space of grid functions u"(x), satisfying the conditions u"(x) = 0 for all x € Sj,.
It is known that Aj is a self-adjoint positive definite operator in L,(€;). Here,

1 . . . . . .
(Pxp,ip = h—((p(hl]l, . .,hj (]7 + 1), . -/hm]m) - (p(hl]l,. . .,hj]]',. .. /hm]m))/
P
(2.4)

1 . . . . . .
(pr,]'p = h—p((p(hljl,,h]]],,hm]m) - (p(hljl,,]’l](]] - 1),,hm]m))
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With the help of A}, we arrive at the initial boundary value problem

do"(t, x)

ot D20 (t, x) + AZoM(t,x) = fi(t,x), 0<t<T, x€Qy,

2"0,x) =0, x¢€ Q

for a finite system of ordinary fractional differential equations.
In the second step, applying the first order of approximation formula

ET(k-r+1/2) (ur —uH)

1
/2, _
Dy "tk = N (k—r)! Tl/2

r=1

for

1 (% s,
DY2u(t) = g | (s s

(2.5)

(2.6)

(2.7)

(see [35]) and using the first order of accuracy stable difference scheme for parabolic
equations, one can present the first order of accuracy difference scheme with respect to ¢

h h
ul(x) —u?_(x) e
S D) + A = fi (), xE€Qy,
fl@) = f'(t,x), te=kr,1<k<N,N7=T,

ug(x) =0, xeQ,

for the approximate solution of problem (2.5). Here

F<k —-r+ 1) = J ghre1/20-t gy,
2 0

Moreover, applying the second order of approximation formula

( 2V2 22 V2T

_ "), k=1,
N NN N W A

V6 (4 2 2 VT
= z = - ! k=2
Trﬁ{5u0+5u1+5u2} 5o u'(0), y
1/2 U = k-1

1 &> {[(k = m)by (k — m) + b (k — m)]ttes
2
+[@m =2k = 1)by (k = m) = 2 (k — 1) |ty 1

+[(k=m+1)bi(k —m) + by(k — m)]u,,}

3
i

\

+c[-uk—p — 4uy_1 + Suy], 3<k<N

(2.8)

(2.9)

(2.10)
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for

t— T/2

12 TN TN 211
D u(t=3) = r(1/2) 375)  WEds (10

(see [27]) and the Crank-Nicholson difference scheme for parabolic equations, one can
present the second order of accuracy difference scheme with respect to f and to x and

u} (x) —u}_ (x) 1 =
R DYl (x) + A (uZ(x) +ul (x)> = flx), xeQ,

p
fr@ = f(t-2,%), t=kr,1<k<N,NT=T, (2.12)
u(’)’(x) =0, x€ ﬁh
for the approximate solution of problem (2.5). Here and in the future
2 V2
d= , = N b + =
NN ANV i) =\r+3=\r-

(2.13)

ba(r) = 1 <<r . ;>3/2 . (r_ §>3/2>.

Theorem 2.1. Let 7 and |h| = \/h?+ -+ h be sufficiently small positive numbers. Then, the
solutions of difference scheme (2.8) and (2.12) satisfy the following stability estimate:

< C; max
Loy 1<k<N

max

max (2.14)

h h
|”k |fk L
2h

where Cy does not depend on T, h and fli’, 1<k<N.

Proof. We consider the difference scheme (2.8). We have that

k
ul(x) = > R"*'Fl(x)r, 1<k<N, (2.15)
s=1

where

R=(I+1A} ) Fh (x) = fk (x) - Dtlk/zuk(x)
(2.16)

D1/2uh( )_ Zr(k(km:’;)l,/z) —1/2[ D1/2 h(.X')+f (X)]
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Using formula (2.15), we can write

W) = SR 1 [-D}Pul(x) + fi ()| 7

s=1

(2.17)
K k
= = Y RID AUl ()T + D R M (x)T, 1<k <N.
s=1 ‘ s=1
First, we will prove that
1/2 < h
maglPid, <Mt @19

Using formula (2.17), we get

h _ .k
M - D}/ u () + f1(x) = A (x)

Dl/Zuh(x)+fk (x) +ZAka s+1D1/2 h(x)T ZAka s+1f (X)T
s=1 s=1

(2.19)
Using formulas (2.16) and (2.19), we obtain
T(k-m+ 1/2) up, (x) =l ()
Dl/zuh( x) = Z (k —m) < 172 . >
_ ZF(k m+1/2) 1/2[ Dl/Zuh (x)+fm(x)]
(2.20)

F(k m+1/2) 3/2 x pm-s+1 1/2 h
Z ] AFR™ DUl (x)

slms

r(k m+1/2) 3/2 X pm—s+1
\FSZ;;S—( - ARRTL ().

Now, let us estimate zj = ||Dt1k/ zuZHLZh, 1 < k < N. Applying the triangle inequality and the
estimate [34]
4=t =

, <M, 1<k<N, 2.21
Low—Loy — KT - - T ( )

Loy — Lo
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we get

T(k-m+1/2) 4
Z (k m)l

2+ || £

Lop ]

AX Rm—s+1 3/2
h

Tk -m+1/2)
Z (k —m)!

ZsT

sl m=s

Lop — Lo

(2.22)
Z F(k m+1/2)

x pm—s+1
ol AR
m=s

fe

Lzh

T1/2
Lon

forany k =1,..., N. Then, using the difference analogy of integral inequality, we get (2.18).
Second, applying formula (2.17), estimates (2.18) and (2.21), we obtain

s 1 Lop — Lo

k-1

N

fi

h
e,

+ My |zs +

k
el - Sl o],
Lo <5 Lop — Lop s Lop
(2.23)
k
+ Z”Rk_erl Ml 7 < Cimax )ff .
o Lop — Lon Lop 1<k<N Lon

Estimate (2.14) for the solution of (2.8) is proved. The proof of estimate (2.14) for the solution
of (2.12) follows the scheme of the proof of estimate (2.14) for the solution of (2.8) and rely
on the estimate

|axBEc? b S % |* b SL1<k<N (2.24)

Here,
B=(1-3A7)(1+ %A;;)*l, C=(I+ gA;;f. (2.25)
Theorem 2.1 is proved. O

Theorem 2.2. Let 7 and |h| = \/h% +--- + h}; be sufficiently small positive numbers. Then, the
solutions of difference scheme (2.8) satisfy the following almost coercive stability estimate:

(4)-...,
XpXpJp

where C, is independent of T, h and f,i’, 1<k<N.

h .k
U — U4

T

max
1<k<N

C2 In ——
Ly T+ |h| 1<k<N

x| (2.26)

1§kSNp:1 Loy,
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Proof. We will prove the estimate

ul —ul
max || k-1 < Mmm{ln =1+ |1r1 AN, ; } |fk (2.27)
1<k<N T 2h > H2h 1<k<N
Loy
Using formula (2.19) and estimate (2.21), we obtain
ARz < MminIn =, 1+ [in || A7 ax | ,

g{g;gZ( for, < Mmin n A | pmax (L
maxZ| ASRFSAD 2yl < Mmm{ln =1+ |lr1 |25 | F— } max |Dt1/2uk7'|
1<k<N Loy, on = Lon | ) 1<k<N k Lo

(2.28)

and estimate (2.18), the triangle inequality and equation (2.8), we get (2.27). From that it

follows:
} 1<k<N

Then, the proof of estimate (2.26) is based on estimates (2.27), (2.29), and the following
theorem on coercivity inequality for the solution of the elliptic difference problem in Lyy,.

max
1<k<N

A’ﬁuZ”L < M, mm{ln— 1+ |1n||A ”Lzh—>L2h

| . (2.29)

Theorem 2.3. For the solutions of the elliptic difference problem

A;uh(x) =wh(x), xeQ,

(2.30)
u'(x)=0, xe8,
the following coercivity inequality holds (see [14, 36])
< |, h
; Wiy Lo — C”w Lo (2.31)
where C does not depend on h and w".
Theorem 2.2 is proved. O

Theorem 2.4. Let T and |h| = \/h? +--- + h3, be sufficiently small positive numbers. Then, the
solutions of difference scheme (2.12) satisfy the following almost coercive stability estimate:

”Z B ”Z—l 1¢
+ max =

max
1<ksN 2 -

1<k<N

< C3 11’1
Lo T+ |h| 1<k<N

- (kv ed), sl e

2h 1

where C3 does not depend on T, h and f,i’, 1<k<N.
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The proof of Theorem 2.4 follows the proof of Theorem 2.2 and on the estimate (2.24)
and the self-adjointness and positive definiteness of operator A; in Ly, and Theorem 2.3.

Remark 2.5. The stability estimates of Theorems 2.1, 2.2, and 2.4 are satisfied in the case of
operator

= ‘Z“k (x) + Zbk (x)— +c(x)u (2.33)

with Dirichlet condition # = 0 in S. In this case, A is not self-adjoint operator in H.
Nevertheless, Au = Aou + Bu and A is a self-adjoint positive definite operator in H and
BA; lis bounded in H. The proof of this statement is based on the abstract results of [14] and
difference analogy of integral inequality.

The method of proofs of Theorems 2.1, 2.2, and 2.4 enables us to obtain the estimate of
convergence of difference schemes of the first and second order of accuracy for approximate
solutions of the initial-boundary value problem

% - pz:ap(x)uxpxp + gbp(x)ux,, + D%u(t, x)
= f(t,x;u(t, x), uy (t,x),...,ux,(t x)),
= (x1,..., %) €Q, 0<t<T,
u(0,x) =0, x€Q,

u(t,x)=0, xe€8S

(2.34)

for semilinear fractional parabolic partial differential equations.

Note that, one has not been able to obtain a sharp estimate for the constant figuring
in the stability estimates of Theorems 2.1, 2.2, and 2.4. Therefore, our interest in the
present paper is studying the difference schemes (2.8) and (2.12) by numerical experiments.
Applying these difference schemes, the numerical methods are proposed in the following
section for solving the one-dimensional fractional parabolic partial differential equation. The
method is illustrated by numerical experiments.

3. Numerical Results

For the numerical result, the mixed problem

aug‘;x) Dl/z (t,x) - <(1 )au(t x)> £t x

f(t,x) = <3 56\\/5 +Jr2t(l + x)>t‘2 sinax —atcosarx, 0<t<1,0<x<l, (3.1)

u(t,0) =u(t,1) =0, 0<t<1,

u(0,x)=0, 0<x<1
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for the one-dimensional fractional parabolic partial differential equation is considered. The

exact solution of problem (3.1) is
u(t, x) = £ sinrx.
First, applying difference scheme (2.8), we obtain
k

un—u’;-lJrLir(k—rn/z) up, —ul!
T T (k—r1)! T1/2

r=1

1 uk - uk uk —uk
—E[(nxm)17—(1”,1)71 = ¢k,

(pflzf(tk,xn), tk =k, x,=nh,1<k<N,1<n<M-1,

We can rewrite it in the system of equations with matrix coefficients

AU, +BU, +CU,1=Dy,, 1<n<M-1,

Uy=0, Uy =

<}

Here and in the future 0 is the (N +1) x 1 zero matrixand A = a,D,C = ¢,D,

- B

o 0o o0 -0 O
0O 1 0 --0 0
0o 0 0 - 1 0
(00 0 - 0 1] (N+1)x(N+1)
[ by 0 o .- 0 0 ]
by by 0 0 0
po| o e 00 :
bni bnp bns o BN 0
DN+t bNvi2 bnais ot DNN DN N+ (e
- 0 A - 0
o ?
(PEI ug
@ u
Pn = N , Uy = K , g=nxln,
on uy™!
N
| Pn (N+1)x1 L uq = (N+1)x1

(3.2)

(3.3)

(3.4)
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1+ x5 1+x,
an = — 2 ’ Cn:_Tr
_ 1 L L 2t X
bu=1 - ba= =T bzz—ﬁ+T+ i ,
b __F(1+1/2) b _1"(1+1/2)—I’(1/2)_1 b _L+1+2+xn+1+xn
31 — \/]?T 7 32 = \/ﬁ T’ 33_\/’? T h2 s
( T(i-2+1/2) _—
JrTi-2)l J=4
r@-j+1/2) r@-j-1+1/2
(l ] /)_ (1 ] . / )r 23]51—2;
var(i-j)  Jar(i-j-1)!
Y= ra+1/2-ra/2) 1 o
JTT T’ JEim 4
L+1+2+xn+1+xn o
VT T h? ! I=t
L0, i<j<N+1
(3.5)
fori=4,5,...,N+1and
k= [3 + 127 vkr | 72 (kT) (1 + nh)] (kt)? sin(ornh) — o (kt)? cos(arnh). (3.6)
o

So, we have the second-order difference equation with respect to n matrix coefficients.
This type system was developed by Samarskii and Nikolaev [37]. To solve this difference
equation we have applied a procedure for difference equation with respect to k matrix
coefficients. Hence, we seek a solution of the matrix equation in the following form:

u]' = a]-+1ll]~+1 + ﬁ]’+1, LIM = 0, ] =M - 1,. . .,2, 1, (37)

where a;(j = 1,2,..., M) are (N + 1) x (N + 1) square matrices and f;(j = 1,2,..., M) are
(N +1) x 1 column matrices defined by

ajn = —(B+Caj) A, (3.8)

i1 = (B+Ca;) " (Dp; - CB;), j=1,2,...,M-1, (3.9)

wherej=1,2,...,M -1, a; is the (N + 1) x (N + 1) zero matrix and f; is the (N + 1) x 1 zero
matrix.
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Second, applying difference scheme (2.12), we obtain

n 1/2 n+1 n—-1 n+1
p- +D," 1+ xy,) i + o

uk —yk-1 1 uk o —2uk v uk o uk -k
2

e T T B Vet Vi
n n n— n n— _ .k
+(1+ x,) 2= 2 + T ] =y,
(3.10)
(pn:f<tk 2,xn>, tr=kt,x,=nh,1<k<N,1<n<M-1,
uy =uk; =0, 0<k<N,
=0, 0<n<M,
where
22 ud + 2v2 ul + \fzﬁu’(O,xn), k=1,
3Vr\T 3T 3V
4 2 2
V6 {—uﬁ +=ul + —ui} - —\/gﬁu'((),xn), k=2,
VT |5 5 5 5\
172 k_ ) k2
Dilesatn = g {10 = m)by (k = m) + b (k = m)Jui 2 3-11)
m=2
+[(2m - 2k = 1)by (k — m) — 2by(k — m)Jul"!
+[(k=m+1)bi(k —m) + by(k — m)]u)}
+c[-uk? - 4uk + 5uk], 3<k<N
forany n, 1 <n < M — 1. We get the system of equations in the matrix form
AUu +BU, +CU, 1 =Dy, 1<n<M-1,
(3.12)

Uy =0, Uy =0,
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where A = a,F,C = c,F,

0 0 O 0 0
1 1 0 - 0 0
r- 0 1 1 0 O )
0 0 O 1 0
(00 0 - 1T 1] (N+1)x(N+1)
[ by 0 0 0 0 ]
bn by 0 0 0
B = bs; b3, b3 0 0 /
bni b2 bz - b 0
DN+t bNvi2 bnsis ot DNaN DNeN+] (e
[0 0 0 --- 0 0]
o1 0 --- 0 O
0O 0 0 - 1 0
(00 0 - 0 1] (N+1)x(N+1)
- - - 170 -
‘P;101 u‘17
u
Yn = (P‘n , U= _q , gq=n=+1lmn,
N-1 N-1
(PTIN qu
L P (N1 LUy (N+1)x1
a__1<1+xn+1> C__1<1+xn_1>
"2\ n 2n) ) 2 2n)
bnu=1, b21=—£—1+1+—xn, by = 2v2 +l+1+xn,
3Tt T h? 3Tt T h?
46 2/6 1 1+x, 2/6 1 1+x,
b3 = ——, P =t —, byz= ——+—+ ,
5T 5/rTt T h? 5/rTt T h?

by =d[1bi(1) +b2(1)], b =d[-3b1(1) - 2b2(1)] - ¢,

1 1+x, 1 1+x,
b43=d[2b1(1)+b2(1)]—4C—;+ 2 , b44=50+;+ 2 ,

bsy = d[2b1(2) +D2(2)],  bsy = d[-5b1(2) - 2b2(2) + 1b1 (1) + b2 (1)],

bss = d[3b1(2) + b2(2) = 3b1(1) - 2b2(1)] - ¢,

1 1+x, 1 1+x,
b54=d[2b1(1)+ bz(l)]—40—;+ w2 b55:50+;+ w2
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.

A(i-=3)bi(i-3) +ba(i - 3)], j=1
d[(5-2i)by(i-3) = 2by(i—3) + (i-4)by(i—4) + ba(i—4)], j=2,
dl(i—j+1)bi(i-j) +ba(i—j) + (2j =2 +1)by(i-j-1)
3Sjgl_3/
2by(i-j-1)+(i-j-2)bi(i-j-2)+b(i—j-2)],
b,']' =4
d[3b1(2) + by(2) - 3b1(1) - 2b,(1)] - ¢, j=i-2,
1 1+x, .
d[2b1(1)+b2(1)]—4c—;+ e j=i-1,
1 1+x, .
50+;+ e j=1,
LO, i<j<N+1
(3.13)
fori=6,7,...,N+1and
k= [3 + %ﬁ‘? + (k) (1 + nh)] (k7)?sin(srnh) — o (kT)? cos(arnh). (3.14)

So, we have again the second-order difference equation with respect to n matrix coefficients.
Therefore, applying the same procedure of modified Gauss elimination method (3.7) and
(3.8) difference equation (3.12).

Finally, we give the results of the numerical analysis. The numerical solutions are
recorded for different values of N and M and uX represents the numerical solutions of these
difference schemes at (t, x,). The error is computed by the following formula:

EN = —uk|.
M 1<k<1\rinlii¢(<M—1 u(ti, Xn) =ty (3.15)

Table 1 is constructed for N = M = 20, 40, and 80, respectively.
Thus, by using the Crank-Nicholson difference scheme, the accuracy of solution
increases faster than the first order of accuracy difference scheme.

4, Conclusion

In this study, the first and second order of accuracy stable difference schemes for the numer-
ical solution of the mixed problem for the fractional parabolic equation are investigated.
We have obtained stability and almost coercive stability estimates for the solution of these
difference schemes. The theoretical statements for the solution of these difference schemes
for one-dimensional parabolic equations are supported by numerical example in computer.
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Table 1: Error analysis.

Method N=M=20 N=M=40 N=M=80
Difference scheme (2.8) 0.0040 0.0020 0.0010
Difference scheme (2.12) 0.0006726 0.0001678 0.00004187

We showed that the second order of accuracy difference scheme is more accurate comparing
with the first order of accuracy difference scheme.
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