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This paper is mainly concerned with the globally exponential stability in mean square of uncertain
neutral stochastic systems with mixed delays and Markovian jumping parameters. The mixed
delays are comprised of the discrete interval time-varying delays and the distributed time delays.
Taking the stochastic perturbation and Markovian jumping parameters into account, some delay-
dependent sufficient conditions for the globally exponential stability in mean square of such
systems can be obtained by constructing an appropriate Lyapunov-Krasovskii functional, which
are given in the form of linear matrix inequalities (LMIs). The derived criteria are dependent on
the upper bound and the lower bound of the time-varying delay and the distributed delay and are
therefore less conservative. Two numerical examples are given to illustrate the effectiveness and
applicability of our obtained results.

1. Introduction

It is well known that many dynamical systems not only depend on the present and past
states but also involve the derivative with delays as well as the functional of the past history.
Neutral delay differential equations are often used to describe the following systems [1]:

d[x(t) - Dx(t - 1)]
dt

= f(t,x(t), x(t - T)). (1.1)

Many authors have considered the dynamical analysis of the neutral delay differential
equations (see [2-7] and references therein). For example, Chen et al. in [3] and Wu et al.
in [4, 5] have given some LMI-based conditions ensuring the stability analysis and the
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stabilization of neutral delay systems. Taking the environmental disturbances into account,
the neutral stochastic delay differential equations can be given as follows:

dlx(t) - Dx(t-7)] = f(t,x(t), x(t —7))dt + g(t, x(t), x(t — T7))dB(t). (1.2)

Some fundamental theories of neutral stochastic delay differential equations are introduced
in [1, 8]. Since they can be extensively applied into many branches for the control field,
the problem about the exponential stability and the asymptotical stability of the neutral
stochastic delay systems has attracted many authors’ attention over the past few years,
and many less conservative results of delay-dependent conditions ensuring the stabilization
analysis and H,, filtering design for such systems have been reported in many works, see,
for example, [9-14] and references therein. The methods used include the Razumikhin-type
theorems [10], the Lyapunov functional [13], the fixed point theorem [14], and the linear
matrix inequality [9, 11, 12]. For example, Huang and Mao in [9] and Chen et al. in [11] have
given the exponential stability criteria of neutral stochastic delay systems. Some LMlI-based
sufficient conditions for the mean-square exponential stability analysis of stochastic systems
of neutral type have been obtained by introducing an auxiliary vector in [12]. In practice,
the parameter uncertainty is considered as one of the main sources leading to undesirable
behavior (e.g., instability) of dynamical systems, especially when implementing neural
networks in applications. The stability analysis of the uncertain neutral stochastic system
has received considerable research attention, see, for example, [15-18], and the problem of
the H, filter design of the uncertain neutral stochastic delay systems has been discussed in
[19, 20].

On the other hand, Markovian jump systems introduced by [21] are the hybrid
systems with two components in the state. The first one refers to the mode that is
described by a continuous-time finite-state Markovian process, and the second one refers
to the state that is represented by a system of differential equations. The jump systems
have the advantage of modeling the dynamic systems subject to abrupt variation in
their structures, such as component failures or repairs, sudden environmental disturbance,
changing subsystem interconnections, and operating in different points of a nonlinear plant
[22]. The stability analysis and Hy, filter design of stochastic delay systems with Markovian
jumping parameters and delay systems with Markovian jumping parameters have been
widely studied, see, for example, [23-38]. For example, in [24], Liu et al. have discussed
the exponential stability of delayed recurrent neural networks with Markovian jumping
parameters; Liu et al. in [24] and Wang et al. in [25] have considered some sufficient
conditions for the exponential stability of stochastic neural networks with mixed time delays
and Markovian switching; Mao in [13] has also given some sufficient conditions for the
exponential stability of stochastic delay interval systems with Markovian switching. More
recently, He and Liu in [39] and Balasubramaniam et al. in [40] have presented some LMI-
based sufficient conditions for the exponential stability of uncertain neutral systems with
Markovian jumping parameters. Although Kolmanovskii et al. in [17], and Mao et al. in
[18] have derived the exponential stability of the neutral stochastic delay systems with
Markovian jumping parameters, some sufficient conditions obtained by using the estimate
method are not easily checked. Thus, the problem of the stability analysis of the uncertain
neutral stochastic systems with mixed delays and Markovian jumping parameters has not
been fully investigated and there is still much room left for further consideration, which
constitutes the motivation for the present research.
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In this paper, the global exponential stability of a class of the uncertain neutral
stochastic systems with mixed delays and Markovian jumping parameters is discussed.
The delays include the discrete and distributed time delays, and the jumping parameters
are generated from a finite state Markov chain. By constructing an appropriate Lyapunov
functional, some LMIs-based sufficient conditions ensuring the exponential stability in mean
square of the uncertain neutral stochastic systems with mixed delays and Markovian jumping
parameters are obtained by using the stochastic analysis and some bounding technique. It is
worth pointing out that compared with the earlier works in [17, 18], the obtained results
given in the form of the linear matrix inequalities (LMIs) can be easily be solved by using
the standard software packages. Two illustrative examples are exploited to demonstrate the
effectiveness and applicability of the obtained results.

The content of the paper is arranged as follows. In Section 2, some necessary notations,
definitions, and lemmas will be introduced. In Section 3, we mainly study the exponential
stability in mean square of the uncertain neutral stochastic systems with mixed delays and
Markovian jumping parameters. Two illustrative numerical examples are given to show the
power of our obtained results in Section 4.

Notations. Unless otherwise specified, for a real square matrix A, the matrix A > 0 (A > 0,
A <0, A £0) means that A is a positive definite (positive semidefinite, negative definite,
and negative semidefinite, resp.); Amax(A) and Apmin(A) denote the maximum and minimum
eigenvalues of the square matrix A, respectively. Let (Q, S, {¢};50, P) be a probability space
with a natural {S;},,, and let E{-} stand for the mathematical expectation operator with
respect to this probability measure. If A is a vector or matrix, its transpose is denoted by
AT, |B| = y/trace(BTB) denotes the Euclidean norm of a vector B and its induced norm of a
matrix B. Unless explicitly stated, matrices are assumed to have real entries and compatible
dimensions. Let 7 > 0 and C([-7,0]; R") be the family of all continuous R"-valued functions
¢ on the interval [-7,0] with the norm ||| = sup{|$p(@)] : -7 < 8 < 0}. Denote by
Léo([—T,O],' R") the family of all p-measurable C([-7,0]; R")-valued random variables ¢ =
{¢(0) : =t <0 <0} such that supge[_no]]:"|‘_§(9)|2 < +00. B(t) = [Bi(t), Bo(t), ..., Bu(t)]" (£ > 0)
is an n-dimensional standard Brownian motion defined on the completed probability space
(Q,S, P).

2. Problem Formulation

Let r(t) (t > 0) be a right-continuous Markov chain on the probability space taking values in
a finite state space S = {1,2,..., N} with generator I' = {y;;} Ny given by

YijA +o(A), ifi#7],
Plr(t+A)=j|r(t) =i} = (2.1)
1+YiiA+O(A)/ lflz],

where A > 0. Here, y;; > 0 is the transition rate from i to j if i # j while

Yii = _ZYii' (2.2)

J#i
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Now, we assume that the Markov chain 7(-) is independent of the Brownian motion B(-). It is
well known that almost every sample path of r(t) is a right-continuous step function with a
finite number of simple jumps in any finite subinterval of R*.

In this paper, we will consider the following uncertain neutral stochastic systems with
mixed delays and Markovian switching:

dlx(t) = D(r(8))x(t - d(t))] = [Al(r(f), x(t) + Ax(r(t), 1) f (x () + As(r(t), £) f (x(t - d(1)))

t

+ Ayu(r(t),t) f(x(s))ds] dt

t—o(t)

t

+ G<t, x(t), x(t - d(t)), x(s)ds,r(t)>dB(t), t>0,

(2.3)

t-o(t)

with the initial value xg = ¢ € Léo([—T,O],R") (t = max{d,, o}), where x(t) € R" is the system
state vector associated with the neurons and d(t) and o(t) are the time-varying delays. Here,
we assume that the Markov chain r(-) is independent of the Brownian motion B(t) (t > 0).
f: R* — R"isneuron activation function, and the noise perturbation o : R* x R" x R" x R" x
S — R™" is the noise intensity matrix. When r(t) =i (i € S), D(r(t)), A1(r(t),t), Ax(r(t),1),
Az(r(t),t), and Ay4(r(t),t) are, respectively, denoted as D;, A1;(t), Ax(t), Asi(t), and Ay(t),
and D; (i € S) are known matrices with |D;| < 1 (i € S). Ay;(t), Ax(t), Asi(t), and Ag(t) are
matrix functions with time-varying uncertainties, that is,

Aqi(t) = A + AAq(t),

Api(t) = Az + AA(t),
(2.4)
Azi(t) = Azi + AAz(t),

Ayi(t) = Ay + AAL(L),

where Ay;, Az, Az, and Ay (i € S) are known real constant matrices and A Aq;(t), A Ay (t),
AAsi(t), and AA4(t) (i € S) are unknown matrices representing time-varying parameter
uncertainties in system model. We assume that the uncertainties are norm-bounded and can
be described as

[AAL() AAx(H) AAsi(t) AAg(t)] = MiFi(t)[N1N2xN3Ny], Fl()Fi(t)<I, i€S,
(2.5)

where M;, N1;, N»;, N3;,and Ny; (i € S) are known real matrices and F;(¢) (i € S) is unknown
real and possibly time-varying matrix for any given t. It is assumed that the elements of
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Fi(t) (i € S) are Lebesgue measurable. When F;(t) = 0 (i € S), systems (2.3) have the fol-
lowing nominal case:

t

d[x(t) - Dix(t - d(t))] = I:Alix(t) + Azl'f(x(t)) + A3,-f(x(t - d(t))) + A4i ’[

t—o(t)

f(x(s))ds] dt

t

+ o<t, x(t), x(t - d(t)),f

t—o(t)

x(s)ds,i) dB(t), t>0.
(2.6)

In order to obtain our results, we need some assumptions as follows.

Assumption 2.1. The neuron activation functions f(-) in (2.3) (or (2.6)) are bounded and sat-
isfy the following Lipschitz condition:

lfx) - fF()| < |L(x-v)|, Vx,yeR", (2.7)

where L € R™" is known constant matrix and f(0) = 0.

Assumption 2.2. The noise perturbation o satisfies the following condition:

t

trace [OT <t,x(t), x(t—d(t)), x(s)ds,i>0'<t, x(t), x(t—d(t)), t x(s)ds,i)]
t-o(t) t-o(t)

T t
< xT(t)RfiRlix(t) +xT(t - d(t))RgiRzix(t —d(t)) + [It x(s)ds] R;R&' [f x(s)ds],
t-o(t) t-o(t)
(2.8)

where Rj;, Ry, and Rs; are known constant matrices with appropriate dimensions and o(t,0,
0,0,i)=0(i €S).

Remark 2.3. Under Assumptions 2.1 and 2.2, it is easily shown that the system (2.3) with
uncertainties (2.4) admits a unique trivial solution when the initial data ¢ = 0. The readers
can refer to [41].

Assumption 2.4. d(t) and o(t) are two time-varying continuous functions that satisfy

0<di<d(t)<dy, d(t)<p<1, 0<o(t)<o, o(t)<v<l, (2.9)

where d; and d; are the lower and upper bounds of the time delay d(t), respectively.
We present the definitions and three useful lemmas as follows.
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Definition 2.5. The neutral stochastic systems with mixed delays and Markovian jump
parameters (2.6) is said to be exponentially stable in mean square if there exist a pair of
positive scalar & > 0 and I > 0 such that every solution x(¢,¢, i) of systems (2.6) satisfies

Elx(t,¢,i)* <1 sup ]E|q)(5)|2e“”, V>0, (2.10)
s 0

€[-T,

for any ¢ € L ([-7,0],R").

Definition 2.6. The uncertain neutral stochastic systems with mixed delays and Markovian
jump parameters (2.3) are said to be exponentially stable in mean square if (2.10) holds for
all admissible uncertainties (2.5).

Lemma 2.7 (see [8]). For any vectors a,b € R", the inequality

+2a'b<a’Xa+b"X'b (2.11)

holds, in which X is any n x n matrix with X > 0.

Lemma 2.8 (see [8]). Let X € R™"; then

Amin(X)a™b < a’ Xb < Ay (X)a'b (2.12)

forany a € R" if X is a symmetric matrix.

Lemma 2.9 (see [42] Schur complement). For a given matrix

Sn S
5= < ! 12> 2.13)
512 S2

with Sy1 = S}, Sa2 = S, the following conditions are equivalent:

(1) S <0,
(2) Sx2 <0, 511 - 512525{2 <0,
(3) 511 <0,85»n - S{ZSIllSu <0.

Lemma 2.10 (see [42]). Let U, V, W, and M be real matrices of appropriate dimensions with M
satisfying M = M7 ; then

M+UVW +WTviuT <0, wiv<l, (2.14)

if and only if there exist a scalar € > 0 such that

M +euu” + eWTw <o. (2.15)
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Lemma 2.11 (see [43]). For any positive symmetric constant matrix M € R™™" and a scalar y > 0,
a vector function w : [0,y] — R" such that the integrations concerned are well defined, and then the
following inequality holds:

U; “’(S)ds] M on “’(S)ds] =T f OY w! (5)Mew(s)ds. (2.16)

3. Main Results

Theorem 3.1. Suppose that Assumptions 2.1-2.4 hold and for any given positive scalar x € (0,1),
the neutral stochastic systems with mixed delays and Markovian switching (2.6) are exponentially
stable in mean square if there exist \; > 0 (i € S) and some positive definite matrices P; > 0 (i € S)
and Q; >0(1=1,2,...,10) such that the following linear matrix inequalities (LMIs) are satisfied: for
i€s,

P <A, 3.1)
[Qi11 Q2 0 PAy PAs PPAyw 0 0 0
¥ Q0 0 0 0 Qpy Qg Qing
* * Q@ 0 0 0 0 0 0
+ % x -Os 0 0 0 0 0
Q=+ « « « -0 0 0 0o o0 |<o (3.2)
e S I
s %+ % %+ x -3 0 0
s ok % x  x % % —Qy 0
L+« o« o« o« o« s+ Ol

where * denotes the entries that are readily inferred by symmetry of a symmetric matrix and

N
1
Qi = PAy + ALP + ZYiij + LR Ry + LT(Qs + Q)L + Q1 + do Qo + 3 <d§ - d%)Qs +0°Qy,
o1

N
Qinp = AL,PD; - > yiiP;D;,
=

N
Qiny = LT(Q6 + Qo)L + > yi;D] P;Di + LiR}Roi — (1 - u)Qy,
p=1
Qizs = LT(Q7 + Q10)L + Li R}, Rai — k(1 — v)Qs,

Qi7 = D] P;A;, Qis = D] P;A;, Qi = D] P; Ay
(3.3)
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Proof. Denote by C*!(R* x R" x S; R") the family of all nonnegative functions V (¢, x, i) on R* x
R" x S that are once differentiable with respect to the first variable t and twice differentiable
with respect to the second variable x. To obtain the stability conditions, we consider the
following Lyapunov functional:

V(t,x(t),i) = Vi(t, x(t),1) + Va(t, x(t), 1) + V3(t, x(t), 1), (3.4)

where

Vi, x(b),i) = [x(t) = Dix(t = d(£)]" Pi[x(t) - Dix(t - d(#))],

t t t
N T T
Vo (t, x(t),1) = J;dm x (s)Q1x(s)ds + Ld(t) L x (0)Q2x(0)d0 ds, (35)
—dy ot gt 0 t
N T T
Vs (t, x(t),1) = J_dz LH J‘e x' (u)Qsx(u)dudbds + o f_o(t) L+s x' (0)Qux(0)dO ds.

The weak infinitesimal operator £V [17] along (2.6) from R* x R" x S to R is given by

LV (t, x(t),i) = EVi(t, x(t), i) + SVa(t, x(t), 1) + LV3(t, x(t), i), (3.6)

where

LVi(t, x(t),1)

=xT(t) [PiAl,- + ALP; + iyﬁpj] x(t) +2xT () PiAg; f(x(t))
j=1
+2xT (O P, Asi f (x(t - d(t))) + 2x" (t) P Ay Jt

t-o

f(x(s))ds
0)

+2x" (t = d(t)) D] PiAux(t) = 2x" (¢ - d(t)) D] PiAzi f (x(t))

- 2x"(t - d(t))D] P, Asif (x(t - d(t))) - 2x" (t - d(t)) D] PiAsi f t

t—o(t

)f(X(S))dS

+ xT(t) [_i}/z]P]Dzl x(t - d(t)) + xT(t - d(t)) [—i}f,]DITP,] x(t)

=1 j=1

j=1

N
+xT(t-d(t)) [ZD?P;D,-] x(t-d(t))

t

x(s)ds> VixxO <t, x(t), x(t=de)), t x(s)ds>].

t—o(t) t—o(t)
(3.7)

+ trace [GT <t, x(t), x(t-d(t)),
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By Lemma 2.7, we have

X" ()P Agif (x(t),1) < x () PiAnQ5" AL Pix(t) + £ (x(£))Qs f (x(1))
< xT ()P AuQ5 AL Pix(t) + xT (1) LT QsLx(t),
2xT ()P Asi f (x(t - d(1)),i) < x" (t) P A5 Qg AL Pix(t)
+ fT(e(t = d()),1)Qef (x(t - d(1)), i)
< xT ()P A5 Qg AL Pix(t)
+xT(t—d(t))LTQeLx(t — d(t)),
—2x"(t - d(t)) D] PiAgif (x(t), i) < x" (t - d(t)) D] P Ay Q5" A}, PiDix(t — d(t))
+ fT(x(8) Qs f (x(t))
< x'(t-d(t))D] P;AxQg' A3, P;Dix(t — d(t))
+x" () LT QsLx(t),
-2x"(t - d(t)) D] PiAsi f (x(t - d(t)),i) < x" (t — d(t)) D] P;A5:Qy AL, PiD;x(t — d(t))
+ fT(x(t = d()Qof (x(t — d(t)))
<x'(t-d(t))D] P, A3Qy' AL PDix(t — d(t))
+xT(t—d(t))LTQoLx(t — d(t)).

(3.8)

(3.9)
(3.10)

(3.11)

From Lemmas 2.7 and 2.11, it implies that

2xT (1) P, Ay f f(x(s))ds < xT () P, Ay Q; AL Pix(t)

t-o(t)
t T ¢
+ [f f(x(s))ds] Q, [ f f(x(s))ds]
t-o(t) t-o(t)

< xT(t) P AuiQ; ' AL Pix(t)

t T t
+ I:L_o(t) x(s)ds] LTQ;L I:J‘t_g(t) x(s)ds],

(3.12)
—2xT(t - d(t)) DI P, Ay J't

t-o(t

f(x(s))ds < x"(t - d(t)) D} P, A4 Qg ALPDix(t - d(t))
)

. _—

o f f(x(s))ds] QmU f(x(s))ds]
|/ t-0(t) t-o(t)

<x'(t-d(t) P AuQi ALPix(t - d(t))

1

[ T t
+ f x(s)ds] LTQlOLI:f x(s)ds].
| J -0 (1) t-o(t)
(3.13)
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Substituting (3.8)—(3.13) into (3.7) and from Assumption 2.2, it follows that
LVi(t, x(t),1)

N
<x'(t) [PiAli + ALP; + ZYiij + LR} Ry; + LT(Qs + Qs)L
=1

+ PiAyQ5' AL D + PiAsi (1) Qg A3 P+ PiALQ; AP | x(t)

+ xT(t) [ATIPIDI - iYUPIDll x(t - d(t)) + xT(t — d(t))
=1
[ N
x | DI'PAy; - ZYileTijl x(t) +x(t—d(t))
j=1

x | DI P, A% Qg ALP.D; + D P.A3Q,' ALP.D;

j=1

t
J. x(s)ds] .
t—o(t)

N
+ D] P,AsiQ i ALP.D; + LT (Qg + Qo)L + ZYijDiTPjDi + )liR;iRZi:I x(t—d(t))
t T
T T
+ I:J‘ x(s)ds] [L (Q7 + QlO)L + )LiR3,'R3i] [
t—o(t)
(3.14)

On the other hand, we can obtain

LVa(t, x(t),i) < xT[Q1 + daQa]x(t) — (1= p)xT (t — d(t))Qux(t - d(t))
(3.15)

t
- Qs
—dy pt
£V (1 (1)) < 57 (1) 5 ( - ) Qs + 070 w(0) - j_dz [ sr@qu@oas
t

—o(l-v) xT(s)Qsx(s)ds

t—o(t)

<x1(0)] 5 ( - ) Qs + 00| x(0) - f: [ w@m@dods s

—o(l1-x)(1-v) t xT(s)Qsx(s)ds
t—o(t)

t T t
-k(1-v) |:J;Um x(s)ds] Qs [J;g(ﬂ x(s)ds].
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Substituting (3.14)—(3.16) into (3.6), we have
LV (t, x(t),1)

N
<x'(t) [PiAli +AlD + ZYiij + NLiRY;Rii + LT(Qs + Qs)L + P A» Q5 AL,
io1

1
+ PAs(D)Q5 ALP, + PAGQ; ALP, + Qi + b Qo + 5 (5 - ) Qs + 02Q4] x(t)

+xT(t) [ALPiDi - iYiijDi] x(t—d(t)) + x(t —d(t)) [DiTPiA{i - iYi,»DiTIJj] x(t)

=1 j=1

+xT(t—d(t)) [LT<Q6 + Qo)L + DI Pi Ay Qg  ALP:D; + DI P A3Qy' ALP.D;

N
+ D] PiA4iQ;y AL PD; + LiRLRyi + >y DI PiD; — (1 - ‘u)Qllx(t —d(t))
j=1

T
+ Uf x(s)ds] [LT(Q7 + Qo)L + LiRY Ry — (1 - v)Q4] Uf x(s)dSJ

t-o(t) t-o(t)

t —dy pt
-(1-p) f xT(s)Qrx(s)ds — f j x7(0)Q3x(0)dO ds
t-d(t) ~dy Jtes

—o(1-x)(1-v) t xT(s)Qsx(s)ds
t—o(t)

t —dq t
<O - (1- p) Ldm Qs = [ [ ¥ @)ux(e)a0ds

t
—o(l-x)(1-v) x"(s)Qux(s)ds,
t—o(t)
(3.17)

where ¢(t) = [xT(t) xT(t - d(t)) f:_g(t) xT(s)ds]T and, fori € S,

[Ty Ihy O
=] IIn 0|,
* % Il
N
[Ty = Ay + AP + ZYijPi + LR Ry + LT(Qs + Qs)L + PiA»Q5' ALP;
=1

- _ 1
+ PAS(DQ; LD + PiAuQ; ALP: + Qu + Qs + 5 (5 - d}) Qs + 0°Qs,

1 1
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N
Iy, = A{,PD; - ) P;D;,
j=1

Iy = LT(Qs + Qo)L + D] P:A»Qg' ALP.D; + D] P, A3Qy' AL P.D;

N
+ D P A4iQjg A PD; + MiRL Roi + Dy DI PiD; — (1 - ) Qy,

1
1

H33 = LT(Q7 + QlO)L + )tiRgiRBi - K(l - V)Q4.
(3.18)

In view of (3.2), we have Il; <0, for i € S. By the Lyapunov functional V (¢, x(t), i),
t
V(t,x(t),i) = [x(t) - Dix(t - d())]" Pi[x(¢) - Dix(t - d(t))] + I x'(s)Qux(s)ds
t-d(t)
t t —dy bt
+ f f xT(0)Q,x(0)d0 ds + f J‘ J xT (u)Qsx(u)du dé ds
t=d(t) /s —dy Jt+s /O

0 t
+ O'f f x7(0)Qux(0)dO ds
—o(t) J t+s

t t

<E(OILE() + f X ()[Q1 + drQa]x(s)ds + 02 f *" (5)Qux(s)ds
t-d(t) t=o(t)
—dy pt
+f f T (0)d,Q3x(0)d0 ds,
—dy Jt+s
(3.19)
where
P -PD; 0
1T, = [-DTP, DTPD; 0]. (3.20)
0 0 0

Letting a > 0, for system (2.6), we can define another operator £[e™V (t, x(t),i)] : R*x
R" xS — Ras follows:

Lle™V (L x(t),i)] = e [aV(t x(t),i) + LV (t, x(t),1)]
t

< e (1) [al T, + TL) (1) + f ¥ (5) [a(Q1 + daQ2) — (1 - 4) Q2] x(s)ds

t—d(t)

—d;
+ f f xT(0)[ad; — 1]Q3x(0)d0 ds
—dy Jt+s

+ ft xT(s) [a02 —o(l-x)(1- v)]Q4ds.
t—o(t)
(3.21)
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Now, we can choose a > 0 sufficiently small such that

Ahmax (TT) + Amax(IT;) <0,

a(Q1+d2Q2) - (1-p)Q2 <0,
(Xdz -1<0,

(3.22)

ac’-co(l-x)(1-v) <0,

forieS.
By the weak infinitesimal operator along (2.6), it is obtained from (3.21) and (3.22)
that

t

e™EV(t,x(t),i) < EV(0,x(0),1) +’[ EL[e™V (s, x(s),i)]ds 523)
0 3.23

< EV(0,x(0), ).

Using the definition of the Lyapunov functional (3.4) again, we have

EV(0,x(0), ) = E[x(0) - Dix(-d(0))]" P[x(0) - Dix(~d(0))] + fo Ex(5)Qix(s)ds
—d(0)
0 0 —d [0 (0
+ f_d(o) L ExT(0)Q,x(0)d0 ds + f_dz L L Ex (1) Qsx () d6 ds

0 0
T
e IG«» j T (0)Qux(0)d6 ds

< [Z)Lmax(ni) + d2)tmax(Q1) + TZ)‘max(QZ) + (dZ - dl)Tz/\max(QB) + GB)‘max(Qﬁl)]

x sup E|p©)]*

e[-7,0]
£ M;,
(3.24)
forieS.
Thus, from (3.23) and (3.24), it follows that
E|x(t) — Dix(t — d(t))]* < %Me‘“t, (3.25)

where © = min;es { Amin(P;) } and M = max;es{ M;}.
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From |[D;| < 1 (i € S), we obtain that there exist a positive scalar I > 0 such that
I = maxies|Di| < 1. So, for all ¢ € (0,min{a, —(2/7)log|l|}) and any 6 > 0, by using the
elementary inequality, we derive

e E|x(t)|* = e®'E|x(t) — Dix(t — d(t)) + Dix(t — d(t))[*
< (1+0)e®E|x(t) - Dix(t - d()]* + <1 + é)eEtElDix(t —d)P

1+0 (3.26)

1
<5 Me™ (@9t 4 (1 + §>e”E|Dix(t— d)?

1+6
<

M+12<1+é> Tt TOVE|x(t - d (1))

From for all ¢ € (0, min{a,—(2/7)logll|}), we have I?¢*” < 1. Thus, we can choose 0 suffi-
ciently large such that

A2 12<1 + %)e” <1. (3.27)

So,

%M + Aef A E |x(t — d(t)) % (3.28)

e E|x(t)* <
Forall T > 0, from (3.28), it follows that

9
sup[ EE|x ()] ] < ——M+ AE|(p| + Asup[ SE|x(t)] ], (3.29)
0<i<T 0<t<T

that is,
1+6)/0)M + AE
sup [ E1x (] < (1+06)/0) lol* (3.30)
0<I<T 1-A
When T — +oo, it follows from (3.30) that
((1+0)/0)M + AE|op]|?
sup [eElx(p] < (L1 E/OM + AFlgl (331)
0<t<oo 1-A
So, we can obtain

1-A

The proof of this theorem is completed. O
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Theorem 3.2. Suppose that Assumptions 2.1-2.4 hold and for any given positive scalar x € (0,1), the
uncertain neutral stochastic systems with mixed delays and Markovian switching (2.3) are robustly
exponentially stable in mean square if there exist \; > 0 (i € S), €1; > 0, €2; > 0 (i € S), and some
positive definite matrices P; > 0 (i € S) and Q; > 0 (1 = 1,2,...,10) such that the following linear
matrix inequalities (LMIs) are satisfied:

P<MI, i€8S,
[Q11 Qi 0 Qug Qis Qg Qi7 g 19 19 0 ]
* Qpn 0 0 0 0 €7 g L9 0 Qo
* * Q3 0 0 0 0 0 o0 0 0
* 0% ox Quu Qus Q 0 0 0 0 0
« %+ x Qs Qe 0 0 0 0 0 53
Q=% * % % % Q¢ 0 0 0 0 0 |<0 ies
x % x % *x  x Qi Qo Qs 0 0
x ok ok ok ok k  k Qg Qgg 0 0
x ox  ox  x ok  *k * % Qo 0 0
* % x % % x % % x —el 0
| % ox & x %k k% % *  —gyl]

where * denotes the entries that are readily inferred by symmetry of a symmetric matrix and
. 1
Qll = PiAli + Aﬂpl + ZY’]P] + /\iR{iRli + LT(Q5 + Qg)L + Ql + szz + §<d§ - d%)Qg
=1
+ O'2Q4 + (511' + Ezi)N{iNli,
N
Qi = ALPD; - ZYiijDi/ Qus=P,Ayi+e;iN|Noi, Qs = PiAsi + e:N|N3i, Qa0 = P;M;,
j=1
Qi6 = PiAgi + €iN[;Nyi, Q7 = e2iN|;Nai, Qus = £2iN];Nai, Quo = e2iN];Ny;,
N
Q= LT(Q6 + Qo)L + >.y;iDI PiD; + LR} Roi — (1 - ) Q1, Qo7 = D] PiAy;,
j=1
Qs = D{ PiAsi, Q9 =D/PAy, Qi =D]/PM,
Qs = LT(Q7 + Qo)L + LiRy, Ry — k(1 = 0)Qs,  Qua = —Qs +e1iN;;Nai,  Qus = e1;N3,Ny;,
Que = 1iN3;Nuyi, Qs5 = —Q6 + €1iN3;N3i, Qs = e1;N3;Nui, Qee = Q7 + £1:N; Ny,
Q77 = -Qs + &3N3 Nai, Qrs = 31Ny N3i, Qgo = 2N, Nuj,

Qss = —Qo + £2iN1.N3i, Qg9 = £2iNL Ny, Qoo = —Qio + 2 N1 Nu;.
(3.34)
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PTOOf. Replacing Alir Azl', A3,’, and A4i in (32) with Ali + AAli(t), A2,’ + AAzi(t), Agi + AA3i(i’),
and Ay + AA4(t), AAi(t), AAy(t), AAsi(t), AAs(t) are described in (2.4) and (2.5), in view
of Lemma 2.9 and Lemma 2.10, we obtain

IL(t) = T1; + ST Fi(t)Ey; + ELFT (#)Z; + W] Fi(t)Exi + ELF] ()'®;
= Hi + 6;115153" + EliE{iEli + ggiquil}fiT + SQiE;EQi (335)

= Qi < O,
where

Z=[M'P00000000]", W =[0M'PD;0000000],
(3.36)
E;=[NLOONL NLNL000]", Ex=[N%00000NZL NI NI,

where €1; > 0 and &3; > 0, for any i € S. The proof of the remainder can be easily finished by
following a similar line as in the proof of Theorem 3.1. The proof is completed. O

Remark 3.3. The delay-dependent sufficient conditions ensuring the robustly exponential
stability in mean square of the uncertain neutral stochastic systems with mixed delays and
Markovian switching (2.3) are provided in Theorem 3.2. It should be pointed out that such
conditions are given in the form of LMIs, which could be easily solved by using the standard
software packages. Besides, the criteria derived are dependent upon both the upper and
lower bound of the time-varying delay and the distributed delay, which are less conservative.

Remark 3.4. Besides, by the Borel-Cantelli Lemma, we can also obtain the almost surely
exponential stability of systems (2.3). Here, for the sake of brevity, we omit it and the readers
can refer to [17]. Besides, we can easily come to a conclusion that the uncertain neutral
stochastic delay systems with mixed delays and Markovian jumping parameters (2.3) are
asymptotically stable in mean square from the conditions |D;| < 1 (i € S). Thus, the results
given in [15] are generalized.

Case 1. Consider the problem of delay-dependent robust exponential stability for a special
case of the uncertain neutral stochastic systems with mixed delays and Markovian switching
in (2.6), that is,

d[x(t) - Dix(t - d(t))]

t

= [Ali(t) x(t) + Agi(t) f(x(t) ) + Azi(t) f (x(t = d(t))) + Ax(t) f(x(s))ds] dt

t—o(t)

+ I:A5i(t)x(t) + Agi(H)x(t —d(t)) + Az(t) t x(s)ds] dB(t), t>0,

t—-o(t)

(3.37)
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where Ay;(t), Ax(t), Asi(t), and Ayi(t) are given in (2.3), while As;(t), Asi(t), and Az;(t) are of
the following form:

[Asi(t) Aei(t) A7i(t)] = [Asi Asi Azi] + MiF;(t)[Ns; Nei N7i], (3.38)

where As;, Agi, A7i, Mi, N5;i, Ngi, and Ny; (i € S) are known constant matrices. For systems
(3.37), we can also obtain the robust exponential stability. The proof can be easily established
by following a similar line as in the proof of Theorem 3.1 and then is omitted here.

Theorem 3.5. Suppose that Assumptions 2.1 and 2.2 hold and for any given positive scalar k €
(0,1), the uncertain neutral stochastic systems with mixed delays and Markovian switching (3.37)
are robustly exponentially stable in mean square if there exist \; > 0, €1; > 0, €2; > 0, €3 >0(i € S)
and some positive definite matrices P; >0 (i € S)and Q; > 0(i=1,2,...,10) such that the following
linear matrix inequalities (LMIs) are satisfied:

P, <M, €S,

[Ty T Tis Ta Tis Tie 0 0 0 ALP, PM; 0 0 |

* Tp Tz 0 0 0 Ty Ipg T ALP; 0 DIPM; 0

« x Ty 0 0 0 0 0 0 AR O 0 0

« % « TuTieTe 0 0 0 0 0 0 0

* % % x Is5I5 0 0 O 0 0 0 0

« % % x T 0 0 0 0 0 0 0 (339)
* k% %  x % Iy Iyg I'g O 0 0 0 <0,
« % % % % % x TeTe 0 0 0 0

* %k % % x % % Ig9 0 0 0 0

« % % & x x x % % -P 0 0  PM,

x ok ok % %k ok k% *  —eyl 0 0

* ok % x k% x k% * * —enil 0

[ * x x x x ok x ok % * * * —&3i1 )

where * denotes the entries that are readily inferred by symmetry of a symmetric matrix and

N
1
Ty = PiAy+ ALP + > yii Py + LT(Qs + Qs)L + Q1 + do Qs + 3 (d% - d%) Qs +0%Qs
=

T T
+ EliNliNli + 53iN5iN5ir
N
T T T T T T
I = All‘PiDi — ZYIJPJDz + 531'N51'N6i/ F13 = 831‘N5iN7i, Ty = PiAZi + gliNh‘NZi/
j=1

T T
I'is = PiAzi + €1iN1;N3i, Ti6 = P Ay + €1iN}; Ny,
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N

Iy =L"(Qs+ Qo)L + ZYijDiTPjDi - (1-p)Q1 +&3iNLENgi, T3 = e5iNLNy;,
=

T2y = DIPiAy;, Tas=D]PiAs, Ta=D!PiA;,

T35 =LT(Q7 + Qo)L — k(1 = v)Q5 + £3iNL. N7, Tus = —Qs + ;N3 Noi,  Tus = €1;N2.N3;,

Ts6 = €1iNy;Nyi, Tss=-Qs+€1iNLN3i, Tss=eiNLNy, Tes=-Q7+e1:NLNy;,

T77 = -Qs +€iNLNy, Tz =eNiNsi, T =N Ny, Tss=-Qo+exNiNsi,

Tso = £2iN3Nui, Tog = £5iNNuy;.
(3.40)

Case 2. When o = 0, the uncertain neutral stochastic systems (2.3) are described as

d[x(t) - Dix(t - d(1))] = [Au(t)x(t) + Agi(8) f (x(8)) + Asi(8) f (x(t - (1))

(3.41)
t

+ Ay(t) f(x(s))ds] dt, t>0.

t-o(t) B

Theorem 3.6. Suppose that Assumptions 2.1 and 2.2 hold and for any given positive scalar k €
(0,1), the uncertain neutral stochastic systems with mixed delays and Markovian switching (3.41)
are robustly exponentially stable in mean square if there exist \; > 0 (i € S), & > 0 (i € S) and some
positive definite matrices P; > 0 (i € S) and Q; > 0 (i = 1,2,...,10) such that the following linear
matrix inequalities (LMIs) are satisfied: for i € S,

Q11 Qi 0 Qup Q15 Qie Qi7 Qig Q1o Quzp 0]
* L 0 0 0 0 Qy 9 Qy 0 Qo
* * Q33 0 0 0 0 0 O 0 0
* * * Quu Qu5 Qe 0 0 0 0 0
* % %  x Qs Qs 0 0 0 0 0

Q=% * % x % Qs 0 0 0 0 0 |<0 ies (342
x % x % * x Qo Qi Qi 0 0
* * * * * * x  Qgg Qgg 0 0
* * * * * * * * Qg 0 0
¥ % % % % % o+ % % —eul 0
L %« x x x k% x —enl]
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where x denotes the entries that are readily inferred by symmetry of a symmetric matrix and

N
1
Qi1 = PAy + AP+ D 3P+ LT (Qs5 + Qs)L + Q1 + do Qs + 3 (d% - d%)Qa +0%Q4
=

+ (€11 + £21) N N1,
(3.43)

N
Q= LT (Qs + Qo)L + ZYijDiTPjDi -(1-u)Q1, Qo =D/PAy,
=1

Q33 = LT(Q7 + Qo)L — (1 - 0)Q4,
and 1z, Qua, Q15, Q16, Qu7, 18, Quo, Qo7, Lo, L9, 233, Qua, Qus, Qu6, Qs5, 256, Qes, 77, 78,
Qyg, Qsg, Qgo, and Qg are given in Theorem 3.2.

Remark 3.7. The sufficient conditions ensuring the exponential stability in mean square of
the uncertain neutral delay systems with Markovian jumping parameters in [39, 40] are
dependent upon the upper bound of the exponential stability rate. But, Theorem 3.6 can
remove this restrictive conditions. So, we can improve and generalize the results in [39, 40].

4. Numerical Examples

In this section, two examples are provided to illustrate the feasibility and applicability of our
obtained results.

Example 4.1. Consider the case of 2D Brownian motion, and r(t) is right-continuous
Markovian chain taking values in S = {1,2} with its generator I' = [} 3 ]. And the param-
eters in systems (2.3) are given as follows:

-1.5 0 -1.8 0 03 0.2 06 -0.5
A= , Ap= , Ax = , Axp= ,
0 -1.8 0 -1.8 -0.6 -0.8 -04 -0.3
-0.7 -0.5 0.7 0.5 0.2 0.3 03 0.2
Azl = , Azp = , Ay = , Ap= ,
04 0.6 -0.3 0.3 -0.1 0.2 -0.2 04
-0.2 0.0 0.1 0.0 0.1 0.2 0.2 0.1
Dl = s D2 = s Ml = ’ M2 = 7
1.0 0.1 0.7 0.2 0.0 0.1 0.1 0.2

Ni1 = Nip = Ny = Ny = N3p = Ngp = Nyg = Ny = [0.1 0.1].
(4.1)

The delays d(t) = 0.45sin(t) +0.3, o(t) = 0.4 cos(t) +0.4, and it is easily obtained that d; = 0.15,
d, = 075, u = 045, v = 04, and o = 0.8. Assume that the activation function f satisfies
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Assumption 2.1 with the Lipschitz coefficient matrix L = [33 39] and the function o satisfies
Assumption 2.2 with the matrices R;; (i = 1,2; j = 1,2,3) given by

0.15 0.0 05 0.1 0.3 0.0 0.1 0.0
= , Rp= , Rop = , Ropp= ,
0.20 0.35 0.28 0.20 0.2 0.1 0.2 0.1
0.1 0.2 0.1 0.1
Rz = , Ry = .
0.1 0.2 0.2 0.1

With the parameters above, when x = 0.9999, by using Matlab LMI Toolbox, according to
Theorem 3.2, we solve LMIs (3.33) and obtain there feasible solutions as follows:

(4.2)

70.0930 12.2285 741549 15.4873 134.4662 25.4223
"7 12.2085 21.8248]  |15.4873 20.7284| | 25.4223 205296

1.8693 —0.0065 4.8828 —0.0153 16.7672 —0.0153
27 1-0.0065 0.6213 ~1-0.0153 1.6598 ~ 1-0.0153 1.6598

117.1703 —17.8696 114.7061 67.0438 58.3284 23.0811
7 12178696 119.1560 | | 67.0438 91.0274| ~|23.0811 70.1310|

57.0181 12.7280 41.6921 14.6919 405029 —0.2295
*~ [12.7280 58.0073|" " 146919 408478 <" [-0.2295 332920

A = 753750, A» =80.6197, e =66.1002, e1p=97.9532, ey =47.7433, ex = 56.9671.
(4.3)

Example 4.2. Let r(t) be right-continuous Markovian chain taking values in S = {1,2} with its
generator I' = [ 2 ]. Consider the following uncertain neutral systems with mixed delays

and Markovian switching: for any i € S,

D [0 - Dix(t - d(0)] = Au(x(D) + As)x(t - (1), £20, (44)
where
[0 03 0
L I o A
o1 00 0.1 0.1 02 -0.1 (4.5)
- [o.o 0.1]’ [02 01] [01 01]

Ny = [01 00], Nip=[00 01], Ny =[-00 01], Nyp=][0.1 0.1].
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Applying Matlab toolbox, by Theorem 3.6, for u = 0, it can be obtained that the uncertain neu-
tral systems with delays and Markovian jumping parameters (4.4) are robustly exponentially
stable in mean square with the delay d(t) satisfying 0 < d(t) < 6.0 x 10"7.

5. Conclusions

In this paper, the exponential stability in mean square of the uncertain neutral stochastic
systems with mixed delays and Markovian jumping parameters has been considered.
The mixed delays consist of the discrete delay and the distributed delay. The LMI-based
conditions ensuring the exponential stability in mean square of such systems are obtained
by constructing an appropriate Lyapunov functional, which are dependent upon the upper
bound and lower bound of the discrete time delays and distributed delays. It is worth
pointing out that, compared with the previous works [17, 18], the stability criteria in this
paper can be easily checked by using some standard numerical packages. Two illustrative
examples are provided to show the effectiveness and applicability of the proposed results.
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