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We study the nonlinear nonhomogeneous n-point generalized Sturm-Liouville fourth-order p-

Laplacian boundary value problem by using Leray-Schauder nonlinear alternative and Leggett-
Williams fixed-point theorem.

1. Introduction

In this paper, we prove the existence of one and multiple positive solutions of the following
differential equations:

(¢ (' (D))" = K, (' (1)) = g(Of (L, u(t)), te[0,1],
u'(0) = dgla),  u'(1) = py(b),

au(0) - pu' (0) = nz_faiu(éi), (1.1)
i=1

n-2

yu(l) +61/(1) = 3 bu(®),
i=1
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where ¢, is p-Laplacian operator, that is, ¢, (1) = [ulP~u,p > 1, 4);1 =¢4, 1/p+1/q9=1m,k#0,
a,B,v,6>0,¢¢€(0,1),a b,ai,b€(0,00) (i=12,...,n-2), f € C([0,1] x [0, 0), [0, 0)),
F£(£,0)£0, g() € C([0,1],[0,0)).

Recently, much attention has been paid to the existence of positive solutions for
nonlocal nonlinear boundary value problems (BVPs for short), see [1-4] and references
therein. Such problems have potential applications in physics, biology, chemistry, and so
forth. For example, a second-order three-point is used as a model for the membrane response
of a spherical cap in nonlinear diffusion generated by nonlinear sources and in chemical
reactor theory.

At the same time, the boundary value problems with p-Laplacian operator have been
discussed extensively, for example, see [1-3, 5-7].

In [1], Feng et al. researched the boundary value problem

(¢p()) () = q(t) f(tu(t), 0<t<T,

m m (1.2)
u(0) = > am(é),  u(l) =D bu);
i=1 i=1

they obtained at least one or two positive solutions under some assumptions imposed on the
nonlinearity of f by applying Krasnoselskii fixed-point theorem.

Zhou and Ma studied the existence and iteration of positive solutions for the following
third-order generalized right-focal boundary value problem with p-Laplacian operator in [3]:

($p(u)'(t) = q() f(t,u(t)), 0<t<1,

m n (1.3)
u(0) = D au),  W'(n)=0, u"(1)=Dpu"6);
i=1 i=1

they established a corresponding iterative scheme for (1.4) by employing the monotone itera-
tive technique.

We would also like to mention the work of Zhang and Liu in [7], in which they con-
sidered the existence of positive solutions for

(6o (' (1)) = ft,u(t), 0<t<1,

n-2 n-2 (14)
w©) = Sau@), ul)=0, u'(0)= Sbu'@), u'(1)=0,
i=1 i=1

by virtue of monotone iterative techniques, and they established a necessary and sufficient
condition of positive solutions for their problem.

However, to the best of our knowledge, there are not many results concerning about
the existence and multiple solutions of fourth-order p-Laplacian generalized Sturm-Liouville
n-point boundary value problems. In this paper, motivated by the study of [4, 8], we commit-
ted to consider the fourth-order p-Laplacian generalized Sturm-Liouville nonlocal boundary
value problem without assuming any monotonicity condition on the nonlinearity f.

The rest of the paper is arranged as follows. We state some definitions and several
preliminary results in Section 2 that we will use in the sequel. Then in Section 3 we present
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the existence of one positive solution of BVP (1.1) by Leray-Schauder nonlinear alternative.
In Section 4 we get three solutions by Leggett-Williams fixed-point theorem.

2. Preliminaries and Some Lemmas

The basic space used in this paper is E = C[0, 1]. It is well known that E is a real Banach space
with the norm [Ju|| = maxeqo,17|u(t)|.
Denote

p(t)y=Pp+at, ¢t)=y+6-yt, te][0,1], p =ay+ py+ab,

—'gaiq)(@i) - 'gaiq;@n @.1)

A= n-2 n-2
P ébi‘P(gi) _ébi([’(gi)

Definition 2.1. A function u is said to be a solution of the boundary value problem (1.1) if
u € C?[0,1] satisfies (1.1) and ¢, (u) € C?[0,1]. In addition, u is said to be a positive solution
ifu(t) >0fort e (0,1), and u is a solution of BVP (1.1).

Throughout the paper, we assume the following condition is satisfied:

(HO) p > 0, p - SiF aigp(é) > 0, p - i bip(&) > 0, A < 0, f(t,u(t)) > k*(a+b)/
minyepo,118(f).

Let y(t) = —¢,(u"(t)), then BVP (1.1) is divided into the following two parts:
Y+ Ky =g f(tu®), te (1),

y(0) =a, y(1)=b,
u' +¢q(y) =0, te(0,1),

(2.2)

n-2 n-2 (2.3)
au(0) — pu'(0) = Zaiu(éi), yu(l) +6u'(1) = Zbi”(gi)‘
i=1 i=1

It is not difficult that we can transform (2.2) into the following differential equations:

-y + Ky =gt f(t,u(t)) - K*a(l-t) - k*bt, te(0,1),
y(0) =0, y(1) =0.

(2.4)

By routine calculations we can get the following three Lemmas.

Lemma 2.2. The BVP (2.4) has a unique solution

1
y(t) = fo Gi(t,s) [g(s) f(s,u(s)) - K2a(1-s) - kzbs] ds, (2.5)
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where

1 smhksk-s:u;hkk(l—f), 0<s<t<,
Gs=l ] 51.nhk 1 (2.6)
p | sin -sinh k(1 -s) 0<t<s<1.

ksinh k

Lemma 2.3. The BVP (2.3) has a unique solution

1
u(t) = 4[0 Ga(t, 8)Pq(y(s))ds + Ag(t) + By(t), 27)
where
Ga(t,s) = l{q’r(t)‘P(s)/ 0<s<t<],
p(s)p(t), 0<t<s<l,

no 1 n-2
Dai L Ga(&i, )9q(y(s))ds p~ D aip(&)
i=1 i=l

-2 1 n-2
>n fo Galt M (y()ds -~ Sap@) 2.8)

n-2 n-2 1
o) Yo [ Galts)by(v(s))ds
i=1 i=1

| =

n-2 '
p- S () zbf Gal&i, )¢y (y(s))ds
i=1

The proof of Lemma 2.3 is similar to that of Lemma 5.5.1 in [8], so we omit it here.
From Lemmas 2.2 and 2.3 we can get that u(t) is a solution of BVP (1.1) if and only if

u(t) = fl Gz(t,s)g‘bq{ f Gi(s,7) [g(T) f(r,u(r)) - K2a(l - 1) - kzbr] }ds
0 0 (2.9)

+ A(¢q () (1) + B(dq(y))p (1),

where

A(¢q(¥))

n-2

Zalf Gz(él,s)d)q(f Gi(s, T) g(T)f(r,u(r))- K*a(1-1)- k2bT]dT>ds p- Za w(é)

i=1

l>|

n-2

n-2 1 1
Zbifo G, s>¢q< f Gl [3(n)f (ru(m)-Ka(l - 1)Kk dT>ds 2 ()
i=1

i=1
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B($(v))

n-2 n2 Al 1
—Zaﬂp@i) Zuij G2 (&, S)¢q<f Gi(s, 1) [g(T)f(T,u(T))—kza(l —T)—ksz]dT>ds
p) o1 Jo 0

n-2 ’
p- > aip() be Ga (&, s)¢q<f Gi(s, T [g(T)f(T u(t))-K2a(l - 1)- kZbT]dT>ds
i=1

(2.10)
Lemma 2.4. Consider,
Gi(t,s) < Gi(s,s), tsel0,1],i=1,2,
Gi(t,s) = ANoGi(s,s), tele 1-€], s€[0,1], (2.11)
Ga(t,5) = NGy(s,s), tele,1-€], s€[0,1],
where
sinh ke 1
Ao = smnk’ €€ <0'§>’
. (2.12)
A= min{@, g(1-e) }, €€ (0,1>.
p(1)" ¢(0) 2
Denote

A =max{||¢||, ||¢|l} A2=min{ r[n%n](p(t), mm qr(t)} /\=min{A,%}. (2.13)
€ 1

Lemma 2.5. Let

K= {u |ueC[0,1],u(t) >0,Vte [0,1],t I[nin ]u(t) > )L||u||},
€le,l-€

Tu(t) = Jj GZ(t, S)(i)q {Jz Gy (S, T) [g(T)f(T,u(T)) — k2a(1 _ T) _ ksz] }dS (214)
+ A($q(¥)9(t) + B(dq(y)) (1),
then
T(K) C K. (2.15)

Proof. Firstly, we prove that Tu(t) > 0. For f € C([0,1] x [0, 00), [0, 20), g(t) € C([0,1], [0, 00)),
then we can get ¢,(y) = gbq(jo Gi(s,7)[g(T) f(t,u(t)) - k*a(1 - ) - k*br]dT) > 0, for all
u € K. Furthermore, condition (HO) leads to A(¢4(y)) > 0, and B(¢,(y)) > 0, thus, we get
Tu(t) > 0.
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Secondly, for t € [e,1 — €], we can get

min Tu(t)
tele,1-¢€]

1 1
J Ga(t, s)y <J Gi(s,7) [g(T)f(T,u(T)) - K*a(l-T1) - k2b7-] dT> ds
0

= min
tele,1-€] 0

v Al (¥)o(D) + B<¢q<y>>qr<t>}

> AJ‘1 Ga(s,5)¢q <J‘1 Gi(s,T) [g(r)f(’r,u(r)) - k*a(l-71) - ksz] dT> ds
0 0
+A(Pq(y)) () + B(dg(v)) g (1) (2.16)

Z A’[: Ga(s, )4 <I: Gi(s, 1) [g(T)f(T,u(T)) ~Ka(l-1) - ksz] dT> ds
+ REALAG (1)) + BBy )])
1 1
> )L{L Ga(s,5)q <J‘0 Gi(s,T) [g(T)f(T,u(T)) —Ka(l-7) - k2b7-] d7-> s
v MA@ () + B<¢q<y>>]} .

Thus we can get that minee,1-¢]Tu(t) > A||Tu||, which means T(K) C K. O

We present here several definitions.
Given a cone K in a real Banach space E, a map «a is said to be a nonnegative continuous
concave (resp., convex) functional on K provided that & : K — [0, +0c0) is continuous and

a(tx+ (1 -t)y) > ta(x) + (1 - tH)a(y),
(2.17)
(resp., a(tx+ (1-1t)y) <ta(x) + (1-t)a(y)),

forall, x, y€ Kand t € [0,1].
Let 0 < a < b be given, and let a be a nonnegative continuous concave functional on
K. Define the convex sets P, and P(a, a, b) by

P,={xeK||x||<r}, P(a,ab)={xeK|a<alx),]|x| <b}. (2.18)

For the convenience of the reader, we present here the Leggett-Williams fixed-point
theorem and the Leray-Schauder nonlinear alternative theorem.
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Lemma 2.6 (see [9], Leggett-Williams fixed-point theorem). Let A : P, — P. be a completely
continuous operator, and let a be a nonnegative continuous concave functional on K such that a(x) <
llx|| forall x € P.. Suppose there exist 0 < a <b < d < ¢ such that

(Al) {x € P(a,b,d) : a(x) > b} #0, and a(Ax) > b for x € P(a, b, d);

(A2) ||Ax]|| < afor ||x|| < a;

(A3) a(Ax) > b for x € P(a, b, c) with || Ax|| > d.
Then A has at least three fixed points x1, x,, and x3 and such that ||x1|| < a, b < a(x2) and ||x3]| > a,
with a(x3) < b.

Now we cite the Leray-Schauder nonlinear alternative.

Lemma 2.7 (see [10]). Let F be a Banach space and Q a bounded open subset of F, 0 € Q. T : Q —
F be a completely continuous operator. Then, either there exists x € 0Q, A > 1 such that T(x) = Ax,
or there exists a fixed point x* € Q.

3. Results of One Nontrivial Solution

In this section, we study the existence of one nontrivial solution of BVP (1.1) by Leray-
Schauder nonlinear alternative.
Denote

Hi = ¢, G1(T, T)g(T)p(T)dT>,

1
)
1

H> = ¢, <j0 Gl(T,T)g(T)T(T)dT>,

n-2 n-2
Zai P Zﬂi‘P(éi)
Ao e i=1
- A |n-2 n-2 ’
bi =) aip(é)
2 6
n-2 n-2
D) Da
5 1 i=1 =
B= Z n-2 n— 4
p-2ap&) Db
i=1 i=1

N =M .24 (1 + AAL + 1§A1),

NH,

I= 1-NH,’

Q= {ueCo,1],|ull <.

Theorem 3.1. Assume NH; < 1, f(t,0)#0, and there exist nonnegative functions p, r € L'[0,1]
such that |f (t,u)| < p()|ufP +r(t), ae. (t,u) € [0,1] x [0, +00), then BVP (1.1) has a nontrivial
solution u* € Q.
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Proof. If there exist two nonnegative functions p, r € L'[0,1] such that | f(t, u)| < p(t)|uP~* +
r(t), a.e. (t,u) € [0,1] x [0, +o0), we can get that

1
b, ( f Gl ) [s(0)f(r,u(m) - KPa(1 - 7) - kb1 dT>

1
< ¢y <f0 Gi(s,7)g(7) f(T, u(T))dT>

1 3.2
<4y U Gi(r,m)g(™) (p(r) ™! +r<T>)dT] (32)

1 1
=041 [||u||¢q <’[0 Gi(7,7)g(T)p(T)dT + g <L G1(T,T)a(T)r(T)>dT>]

=297 (|u| Hy + Hy),

thus, we get

1 1
fo G2(8i,8) Py <j0 Gi(s, 7) [g(T)f(T,u(T)) - kza(l -T) - k2b~r] dT> ds

1 1 (3.3)
< f GZ(éi/ S)qu <I Gl(sl T)g(T)f(T/u(T))dT> dS
0 0

< M- 277 (|lull Hy + Ha).
In the same way, we obtain

A(dq(y)) < M- 27 (|ul|Hy + Hp) A,
(3.4)
B(¢q(y)) < M -297(||ul| Hy + H)B.

Thus we have

Tul| = Tu(t
ITull = max Tu)|

b=

= max
0<t<1

1 1
fo Ga(t,s), <f0 Gi(s,7) [g(T) f(r,u(r)) - K2a(l-T1) - kzbr]>ds

+ A(pg () o(t) + B(dg (v))(t)
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N

max
0<t<1

1 1
J; Ga(t, )y <I Gi(s, T)g(T)f(T,u(T))dT> ds

0

+ AP (y)p(t) + B(g(y)) g (t)

< M- 297 (|lul| Hy + Ho) + M - 277 (|jul| Hiy + H) (AAs + BAy )

= M- 29 (Jul| Hy + H) (1+ AAs + BAy) = N(|jul[ Hy + Hy).

(3.5)
Suppose that there exists y > 1 such that
Tu=pu, u€oQ. (3.6)
Therefore,
pl =l = Tl < 1(NHy + 572, (3.7)

which leads to ¢ < NH; + NHy/I = 1, and this contradicts ¢ > 1, then by Lemma 2.7, T
has a fixed point u* € Q; since f(t,0) #0, the BVP (1.1) has a nontrivial solution u* € Q. This
completes the proof of Theorem 3.1. O

4. Results of Multiple Positive Solutions

In the following parts, we will study the existence of multiple positive solutions of BVP (1.1)
by using Leggett-Williams fixed-point theorem.
Denote

P.={ueK||ul <c}. (4.1)

Define the nonnegative continuous concave functional on K by

a(u) = min u(t). (4.2)

e<t<l-¢e

It is obvious that for each u € K, a(u) < |[u|.
Let M = maxoci<i Jy Go(t,s)ds, m = [.  Ga(s,s)ds, h = ¢g([. “ K*(a + b)Gi(7,7)dT),
and A, ]§, A, Ay, A1 be defined in Sections 2 and 3.
We list the following three hypotheses:
(H1) f(t,u) < gp(c/M(1+ A A+ A B))/ [} Gi(r,7)g(r)dr, for all t € [0,1],0
(H2) f(t,u) < dpp(a/M(1 +AA + AiB))/ [y Gi(r,7)g(r)dr, for all t € [0,1], 0

(H3) f(t,u) > ¢p (297 (b/mA(1+ Ay A+A1B)+h)) /Ao [° Gi (7, 7)g(T)dr, forall t € [0,1],
b<u<b/\

Su<gc
<u<

u<a
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Theorem 4.1. Assume (H1)—(H?3) hold, then BVP (1.1) has at least three positive solutions uy, uy,
and uz, such that ||u1|| < a, b < minge1-qjua(t), and ||uzl| > a, with minge1_qus(t) <b.

Proof. Firstly, we prove that T : P, — P.. The operator T is completely continuous.
From condition (H1), we can get

1 1
Jo Ga(¢;, s)%{jo Gi(s,T) [g(T)f(T,u(T)) - kza(l -T) - kZbT] dT}ds

1
< Mé, <f0 Gi(r,7)g(7) f(T,u(T))dT> (4.3)

c
<

T 1+AMA+AB

Hence,

Tul| = Tu(t
1Tl ggtaél u(t)]

max
0<t<1

jl Ga(t, )y {Jl Gi(s,7) [g(T)f(T,u(T)) - K*a(l-T1) - k2br] dr}ds
0 0

+ A(@q(¥)p(t) + B(dq(y)) g (b)

(4.4)
1 1
< ongl?é fo Ga(t, s)¢q{fo Gi(s, 1) [g(T)f(T,u(T)]dT] }ds
+ A(dg () o(t) + B(¢q(v))w(t)]
< ¢ ¢ MA+——C AB=c

= = + = = + = =
1+A1A+A1B 1+A1A+A1B 1+A1A+A1B

Thus we get || Tu|| < ¢; therefore, T : P. — P,. The operator T is completely continuous by an
application of Ascoli-Arzela theorem.

In the same way, condition (H2) implies that condition (A2) of Lemma 2.6 is satisfied.
In the following, we show that condition (A1) of Lemma 2.6 is satisfied.

Let

uo(t) = ;, teo,1], (4.5)

then

b b
uy € P(a, b, X), a(uy) = 1 >b, (4.6)

thus, {u € P(a,b,b/\) | a(u) > b} #0.
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IfueP(a,b,b/L),thenb <u(s) <b/A,sele1-¢].
By condition (H3), we obtain

f; Ga (¢, s)¢q{f: Gi(s,7) [g(T) f(T, u(r) - Ka(l-1) - k2b7>]dr}ds

1-€ 1 1-e
> A f G2<s,s>[2q—_1¢q<j Gl<s,r>g<f>f<r,u(r)))]drds

€ €

- ¢4 (Il_e Gi(s, 1) <k2a(1 -T)+ k2b7'> dT] ds

€

1-e 1 1-e
21\[ GZ(S’S)I:F(pq(J Gl(S,T)g(T)f(T,u(T))>]deS

€ €

1-e
- ¢,,< Gi(t,7) (kza(l —7)+ k2b7> dr] ds

€

1-e 1-e
>A| Gass) [%%( G1(s,T)g(T)f(T,u(T))>]dT

€ €

— g Ul Gi(t, 7) <k2a + k2b> dT] ds

€

>— 2
1+ A1A + AlB
(4.7)

Thus we get

a(Tu(t)) = ter[relilr}e]Tu(t)

tele,1-€] e

> min < 1e(;z(s,s)qbq{f Gl(s,T)[g(T)f<T,u(T)_kZa(l—T)—kzbr]>d‘r}>ds
0

+ Aq(y)) (1) + B(g ()9 (1))
b N b
1+A2A+A2E 1+A2A+A2§

— b AB-b

AzA +
1+ AzA + AzB

>

(4.8)

Therefore, condition (A1) of Lemma 2.6 is satisfied.

Finally, we show that condition (A3) of Lemma 2.6 is satisfied.

Ifue P(a,b,c),and || Tu|| > b/ A, then a(Tu(t)) = min.cici-Tu(t) > A||Tu|| > b.

Therefore, condition (A3) of Lemma 2.6 is also satisfied. By Lemma 2.6, there exist
three positive solutions 1, 1y, and uz such that |[u1]| < a, b < minse[e,1-)#2(t), and [luz]| > a,
with minse[e,1-¢)#3(t) < b. Thus we completed the proof. O
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