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We investigate the problem of existence of positive solutions for the nonlinear third-order three-
point boundary value problem u" () + Xa(t) f(u(t)) =0,0 <t <1, u(0) = ' (0) = 0, u' (1) =t ' (77),
where \ is a positive parameter, x€ (0,1), 7 € (0,1), f : (0,00) — (0,00), a : (0,1) — (0, )
are continuous. Using a specially constructed cone, the fixed point index theorems and Leray-
Schauder degree, this work shows the existence and multiplicities of positive solutions for the
nonlinear third-order boundary value problem. Some examples are given to demonstrate the main
results.

1. Introduction
This paper deals with the following third-order nonlinear boundary value problem:

u"(t) + Xa(t) f(u(t)) =0, 0<t<1, (1.1)
u(0) =u/(0) =0, u'(1) = au” (n). '
Third-order boundary value problems arise in a variety of different areas of applied ma-
thematics and physics. In the few years, there has been increasing interest in studying certain
third-order boundary value problems for nonlinear differential equation and have received
much attention. To identify a few, we refer the reader to [1-6].

Recently, El-Shahed [1] discussed the following third-order two-point boundary value
problem:

u"(t) + Aa(t) f(u(t)) =0, O0<t<l1,

! ! " (12)
u(0) =u'(0) =0, au' (1) + pu”(1) =0.

The methods employed in [1] are Kransnoselskii’s fixed-point theorem of cone.
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In later work, by placing restrictions on the nonlinear term f, Sun [2] studied the fol-
lowing boundary value problems and obtained the three solution via leggett-williams fixed
point theorem:

u" () = a(t) f(t,ut),u'(t),u"(t), O0<t<l, (13)
u(0) = 6u(n) =0, u'(n) =0, u"(1) = 0. '

The upper and lower solution is a powerful tool for proving existence for boundary va-
lue problems, Ma [7] studied the multiplicity of positive solutions of three-point boundary
value problem of second-order ordinary differential equations. Du et al. [5] investigated a
class of third-order nonlinear problem.

Motivated by the work of the above papers, the purpose of this article is to study the
existence of solution for boundary value problem (1.1) using a new technique (different from
the proof of [1, 2, 7]) and we get a new existence result. The tools are based on the fixed point
index theorems and Leray-Schauder degree.

The paper is organized as follows: Section 2 states some definitions and some lemmas
which are important to obtain our main result. Section 3 is devoted to the existence result of
BVP (1.1). Section 4 gives some examples to illustrate our main results.

2. Preliminary

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set K C E is called a
cone of E if it satisfies the following two conditions:
(1) x € K, A > 0 implies Ax € K;

(2) x € K, —x € K implies x = 0.

Definition 2.2. An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Lemma 2.3. Let y € C[0, 1], then the following boundary value problem:

u"(t)+y(t) =0, O0<t<l, (2.1)
u(0) =u'(0) =0, u"(1) = au” (1), (2.2)
has the unique solution
1
u(t) :f G(t,s)y(s)ds, (2.3)
0
where
(1 , b
_E(t_s) +5, s<n, s<t,
t2
5 t<s<my,
G(tl S) =9 1 ) t2 (24)
_E(t—s) +2(1_ % n<s<t,
t2
— < <
2(1—a) ’ n<s, t<s
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Proof. From (2.1), we have
1 2 2
u(t) = 5 (t—5s)7y(s)ds + At* + Bt + C. (2.5)
0
In particular,

t
u(t) = _% J; (t - s)*y(s)ds + A + Bt + C,

t t
u'(t) = —tf y(s)ds + f sy(s)ds +2At + B,
0 0

t (2.6)
u'(t) = —I y(s)ds + 2A.
0
Combining this with boundary conditions (2.2), we conclude that
~ [y y(s)ds ~ afly(s)ds .
C2(1-a) 2(1-a) ’ 27)
C=0.
Therefore, BVP (2.1)-(2.2) has a unique solution:
1 (! 5 at? [ly(s)ds 1 fé y(s)ds
u(t) ——Efo(t—s) y(s)ds — 51 —a) + 20—
It Losps : (s)d +Ft2 (s)d +J'1 £ (s)ds, t<
12 s 5 [v(9)ds tzys s n2(1—a)ys s, t<m,
_ ) [ 1 2 o 2
= 2 2
Io[ 2(if s)” + 2]y(s)ds+fq|i 2()f s)" + 2(1_a)]y(s)ds
1 p
D E— d t>
L +ft 2(1 _ a) y(s) S/ = Tl/
1
=I G(t,s)y(s)ds.
0
(2.8)
The proof is completed. O
Lemma 2.4. Forall (t,s) € [0,1] x [0, 1], one has G(t,s) > 0.
Lemma 2.5. forall (t,s) € [7,1] x [0, 1], one has
YG(1,s) < G(t,s) £G(1,5s), (2.9)

where y = at?/2, and T statisfies f; G(t,s)a(s)ds > 0.
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Proof. For s<t, s<1y,

2 —
Glts) = -9+ 5 = 222 < g,
(2.10)
G(t,s) 2t-s t+t-s >£
G(l,s) 2-s 2-s 2
Fort<s <,
t2
G(t,s) = 5 <G(1,s),
2.11
G(t,s) _ tz£ _p @11)
G(1,s) 1/2
Forn <s<t,
1 ) 2 af+2ts(1-a)+s*(1-a)
G(t/ S) - _E(t - S) + 2(1 — a) - 2(1 — lX) < G(1/ S)/ (2 12)
G(t,s) at*+2ts(1-a)+s*(1-a) f? '
G(1,s) a+2s(l-a)+s*(l-a) ~—
Forn<s, t<s, X
= <
G(t5) = 37— <G5,
(2.13)
G(t,s)
G(1,5)
Thus,
at?
TG(L s) <G(t,s) <G(1l,s), for (t,s)e[0,1]x][0,1]. (2.14)
Therefore,
yG(1,s) <G(t,s) <G(1,s), V(ts)e[r,1]x[0,1]. (2.15)
The proof is completed. O

Lemma 2.6. If y € C[0,1] and y > O, then the unique solution u(t) of the BVP (2.1)-(2.2) is non-
negative and satisfies

minu(t) > y|lul. (2.16)

te[r,1]

Proof. Let y € C*[0,1], it is obvious that it is nonnegative. For any ¢t € [0,1], by (2.3) and
Lemma 2.5, it follows that

1 1
u(t) = J-o G(t,s)y(s)ds < f G(1,s)y(s)ds, (2.17)

0
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and thus,
1
lu]| < f G(1,s)y(s)ds. (2.18)
0

On the other hand, (2.3) and Lemma 2.5 imply, for any t € [7,1],

1 1
u(t) = f G(t,s)y(s)ds > yf G(1,s)y(s)ds. (2.19)
0 0
Therefore,
minu(t) > yllul. (2.20)
te[r,1]
This completes the proof. O
Let E = C[0, 1] with the usual normal ||u|| = maxe[o,17|u(t)|.
Define the cone K by
K= {u e C[0,1] : trr[lirll]u(t) > yllull } (2.21)
e[r,

Define an operator T by
1
Tu(t) = A'[ G(t,s)a(s) f (u(s))ds. (2.22)
0

By Lemma 2.3, BVP (1.1) has a positive solution u = u(t) if and only if u is a fixed point
of T.

Lemma 2.7. Assume that 0 < A < co. Then, T : K — K is completely continuous.

Proof. Firstly, it is easy to check that T : K — K is well defined. By Lemma 2.6, we know that
T(K) c K.

Let Q be any boundary subset of K, then there exists r > 0, ||u|| < r, for all u € Q.
Therefore, we have

[Tu| =2 Jj G(t,s)a(s) f(u(s))ds| <A Jj G(1,s)a(s) f(u(s))ds|. (2.23)

So TQ is boundary. Moreover, for any #;,t, € [0,1], |t — 2| < 6, 6 > 0, we have

1
ITu(ty) - Tu(t)| < A fo IG(t1,5) — G(ts, s)|a(s) f (u(s))ds. (2.24)
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By the continuity of f and a, we have a(t) and f (u(t)) are boundary onu € Q,t € [0, 1], which
means that there exists a constant M/ > 0, depending only on Q such that

|at) f (u(t)] < M}, (2.25)

and thus for any € > 0,
IG(t1,5) = G(tz,5)| <

M’ (2.26)
|Tu(ty) — Tu(ty)| < e.

Therefore, we can get TQ is equicontinuity. Thirdly, we prove that T is continuous. Let 1, —
uasn — oo, U, € K. Then, the continuity of f, we can get

1 1
|Tu, (t) — Tu(t)| = )LIO G(t,s)a(s) f (un(s))ds - .)LJ‘O G(t,s)a(s)f(u(s))ds

1
= AL G(t,s)a(s)(f (un(s)) = f(u(s)))ds

IN

—0, n— oo.

1
A _[0 G(L s)a(s)(f (ua(s)) - f(u(s)))ds

(2.27)

Then, Tu,(t) — Tu(t). Therefore, T is continuous.The operator T is completely continuous by
an application of the Ascoli-Arzela theorem. This completes the proof. O

Lemma 2.8 (see [7, 8]). Let E be a real Banach space and let K be a cone in E. For r > 0, define

K, ={xeK:|x| <r}. AssumeT : K, — K is a completely continuous operator such that Tx # x
forx € 0K, = {x e K: ||x|| =r}.

(1) IfITx|| > ||x|| for x € OK,, then

i(T,K,, K) = 0. (2.28)

(2) If |ITx|| < ||x|| for x € 0K, then
i(T,K,,K)=1. (2.29)

3. Main Results
Theorem 3.1. Assume that
(A1) X is a positive parameter, 1 € (0,1) and a € (0,1);
(A2) a:[0,1] — (0, 00) is continuous;
(A3) f :[0,00) — (0, 00) is continuous;
(A4) fo :=limy, o (f(u)/u) = oo.
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When A is sufficiently small, (1.1) has at least one positive solution, whereas for A is sufficiently large,
(1.1) has no positive solution.

Proof. 1f g > 0, then

p(q) = max UlG(t,s)a(s)f(u(s))ds]>0. (3.1)

uek|lull=q1Jo
For any number 0 < ry, let 61 = r1/f(r1), and set
K, ={ueK:|u|| <r}. (3.2)

Then, for A € (0,61) any u € 0K,,, we have

1
Tu(t) < 6, [I G(t, s)f(u(s))ds] <61p(r) =m. (3.3)

0
Thus, Lemma 2.8 implies

i(T,K,,,K) = 1. (3.4)

Since f, = oo, there is M > 0, such that f(u) > pu, for u > M, where p is chosen so that

1
J\‘l/lYJ‘ G(1,s)a(s)ds > 1. (3.5)
Letr, > M/y, and set
K, ={ueK:|u|| <n}. (3.6)
If u € 0K,,, then
minu(t) > ylull > M. (3.7)
te[T,1]

Therefore,
1
Tu(1) = /\I G(1,s)a(s) f(u(s))ds
0
1
> /\I G(1,s)a(s) f(u(s))ds

1
> J\J G(1,s)a(s)pu(s)ds
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1
> /\‘u’[ G(1,s)a(s)dsy||ull

1
> Ay [ G(1,a(s)ds]ul

> [lull,
(3.8)
which implies that
T ull > [luell, (3.9)
for u € 0K,,. An application of Lemma 2.8 again shows that
i(T,K,,,K) =0. (3.10)

Since we can adjust 7y, 1, so that r; < 1y, it follows the additivity of the fixed-point index that

i(T,K, \ Ky, K) =1, (3.11)

Thus, T has a fixed point in K, \ fﬁ which is the desired positive solution of (1.1).

We verify that BVP of (1.1) has no positive solution for A large enough.

Otherwise, there exist 0 < Ay < Ay <--- < A, <---, with lim,,_, ,A,, = +o0, such that for
any positive integer 7, the BVD,

u"(t) + Apa(t) f(u(t)) =0, 0<t<l,
u(0) =4'(0) =0, u'(1) = au”(n), (3.12)

has a positive solution u,(t). By (2.22), we have
1
Uy = )LnJ‘ G(t,s)a(s) f(un(s)) — 4+, (n — o0). (3.13)
0
Thus,
U, — oo, (n— o0). (3.14)

Since fo, for ¢p > 0, there exists r3 > 0, such that f(u)/u > co, for u € [r3, o0), which implies
that

f(u) >cou, forue[r3 ). (3.15)
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Let 7 be large enough that ||u,|| > 73, then
llunll = un(1)
1
~ 4, [ 61, 9aE) flun(e)ds
0

1 (3.16)
> mf G(1,5)a(s)dscollu]
0

> [[unl]-

Choose n so that coA,y f; G(1,s)a(s)ds > 1 which is a contradiction. The proof is completed.
O

Theorem 3.2. Assume that

(B1) A is a positive parameter; n € (0,1) and a € (0,1);

(B2) a:[0,1] — (0, o0) is continuous and there exists m > 0 such that a(t) > m;
(B3) f:[0,00) — (0,00) is continuous;

(B4) foo =limy, o (f(u)/u) =0, fo =limy,_o(f(u)/u) =

(B5) there exists o > 0, for u > o, such that f(u) > p, where p > 0, then there exists 6, > 0,
such that, for \ > 6,, BVP (1.1) has at least two positive solutions u}, u; and maxu} > o.

Proof. Let &, = (Mymp) "o, then for A > &,, Lemma 2.7 implies that T : K — K is completely
continuous. Considering (B4), there exists 0 < r < ¢ such that f(u) < u/2A\ forO<u <r,
where A = fol G(1,s)a(s)ds.

So, for u € 0K,, we have from (2.4)

1
(Tu)(t) = A fo G(t, s)a(s)f(s)ds]

1
<A f G(1,s)a(s) f(u(s))ds

(3.17)
<A I G(1, s)a(s)ds] 2”/&
TP
Consequently, for u € 0K,, we have ||[Tul| < ||lu||, by Lemma 2.8,
i(T,K,,K)=1. (3.18)

Now considering (B4), there exists h > 0, for u > h, such that f(u) < u/2A\. Letting p =
maxo<,<p f (1), then

0< f(u)<2A)L p. (3.19)
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Choose
R > max{r,2ApL}. (3.20)

So for u € 0Kg, from (3.18) and (3.19), we have
M Al
(Tu)(t) =L f G(t, s)a(s)f(u)ds]
| /o

M Al
<A f G(l,s)a(s)f(u)ds]

0

<) f: Ga, s)a(s)ds] (gl +0)

lull R _
<t =lul,
(3.21)
That is, by Lemma 2.8,
i(T,Kg,K) =1. (3.22)

On the other hand, for u € Ei ={u € K : |lul]| £ R, mingj, u(t) > 0,0 € (0,1/2),Jo =
[6,1-6]}, (2.3) and (2.4) yield that

1
|Tu|| < AI:I G(t, s)a(s)ds] (ﬁ”u” +p> <R (3.23)

0

Furthermore, for u € Ei, from (2.3) and (2.4), we obtain

Itré}? (Tu)(t) = r};}?)u [f: G(1, s)a(s)f(u(s))ds]

v

1-6
rtreli]?)tfa G(t,s)a(s)f(u(s))ds

1-0
> Ay G(1,s)a(s) f(u(s))ds
0

> AMymp > 6oMymp = o,
(3.24)

where M = f;fe G(1,s)ds. Letug = (o + R)/2 and H(t,u) = (1 — )Tu + tug, then H : [0,1] x

—R —R
K, — K is continuous, and from the analysis above, we obtain for (t,u) € [0,1] x K,:

H(t,u) € KX, (3.25)
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Therefore, for u € 0KX, we have H (t, u) # u. Hence, by the normality property and the homo-
topy invariance property of the fixed point index, we obtain

i(T, KX, K) =i(up, KR, K) =1. (3.26)
(T.K3,K) =10, K3, K)

Consequently, by the solution property of the fixed point index, T has a fixed point u; and
u} € KR By Lemma 2.4, it follows that u} is a solution to BVP (1.1), and

1 .
maxu, > minu, > Y.
wef01] A = tejo A Y (3.27)

On the other hand, from (3.18) and (3.19) together with the additivity of the fixed point index,
we get

i(T, Kr\ (Er uEf)) = i(T,Kg, K) - i<T,K§, K> —i(T,K,,K)=1-1-1=-1.  (3.28)

Hence, by the solution property of the fixed point index, T has a fixed point 12 and

2 € Kg\ (K, U Ef). By Lemma 2.3, it follows that 7 is also a solution to BVP (1.1), and
u} #u2. The proof is completed. O

4. Examples

Example 4.1. We consider the following third-order boundary value problems:

u”(t) + A2t +1)e* =0,

u(0) =u' (0) =0, u’ (1) = Zu" <31>,

(4.1)

herenn=1/4,a =3/4, f(u(t)) = e, a(t) =2t +1, fo, = lim, o (f(u)/u) = oo, f is continuous,
a(t) is continuous. By direct calculations, we obtain that A < r1(1-a), for r; > 0. Therefore, by
Theorem 3.1, there exists at least one solution u(t) for BVP (4.1), whereas for \ large enough,
(4.1) has no solution.

Example 4.2. Consider the following third-order ordinary differential equation:

u" + M2t +1) f(u(t) =0,
(4.2)

u(0) =u'(0) =0, u"(1) = iu”(%),
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where

ue™, ifu<a,

4.3
a2 /ue™?, ifu>a, (43)

fu(t)) = {

f is continuous, a(t) is continuous. Here, m = 1, a = 1/4, = a’e™®, 0 = a, a > 0. Choose
8y =6a/(20° -30>+30-1),0 € (0,1/2), T € (0,1), when A > 5,, by Theorem 3.2, there exist
at least two solutions u (), 13 () for BVP (4.1).
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