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We investigate the existence of positive solutions for the fractional order eigenvalue problem with p-Laplacian operator
~2,K(9,(2,°0)(t) = Mf (£, x(1)), t € (0,1), x(0) =0, D,°x(0) = 0, D,"x(1) = Y72 0,2, x({;), where 2,F, D,%, D" are the

j=1

standard Riemann-Liouville derivatives and p-Laplacian operator is defined as @,(s) = s|P2%s, p>1 f:(01) x(0,+00) —
[0, +00) is continuous and f can be singular at ¢ = 0,1 and x = 0. By constructing upper and lower solutions, the existence of
positive solutions for the eigenvalue problem of fractional differential equation is established.

1. Introduction

Differential equations of fractional order have been recently
proved to be valuable tools in the modeling of many phe-
nomena arising from science and engineering, such as vis-
coelasticity, electrochemistry, control, porous media, and
electromagnetism. For detail, see the monographs of Kilbas
etal. [1], Miller and Ross [2], and Podlubny [3] and the papers
[4-23] and the references therein.

In [16], the authors investigated the nonlinear nonlocal
boundary value problem:

2 (9,(2,%)) (®) + f (t.x(#) =0, te(0,1),
)

x(0) =0, 2,%x(0) =0, x(1) =ax (&),

where0 < <2, 0<f<1,0<a<1, 0<E&< 1. Byusing
Krasnoselskii’s fixed point theorem and the Leggett-Williams
theorem, some sufficient conditions for the existence of
positive solutions to the above BVP are obtained. In [17], by
using the upper and lower solutions method, under suitable

monotone conditions, the authors investigated the existence
of positive solutions to the following nonlocal problem:

22 (0, (2,%)) ) + f(t,x () =0, t€(0,1),

x(0) =0, 2,%x(0) =0, x(1) = ax (&), (2)

2,%x(1) =b2,"x (1),

where0 < a, $<2,0<4a, b<1, 0<& 5 < 1. Recently,
by means of the fixed point theorem on cones, Chai [18]
investigated two-point boundary value problem of fractional
differential equation with p-Laplacian operator:

22 (9,(2,°%)) (O + f (t.x () =0, te(0,1),

x(0) =0, 2,%x(0) =0, x(1) +a2,”x (1) = 0.

3)

Some existence and multiplicity results of positive solutions
are obtained.



As far as we know, no result has been obtained for the exis-
tence of positive solution for the fractional order eigenvalue
problem with p-Laplacian operator:

-2, (¢,(2,°%)) (1) = Af (t.x (1), te(0,1),
x(0) =0, 2, x(0)=0, @

m—2
2,/x1) =Y a;2,'x(§;),
j=1

where 9,F, 2,% 2, are the standard Riemann-Liouville
derivatives with 1 < &« < 2,0 < < 1,0 <y <1,
0<a-y-1,0<§ <§ < <§,, <1, a; €[0,+00)

with ¢ = Z;":_lz ajfj‘fyfl < 1, p-Laplacian operator is defined

as ¢,(s) = Isl”s,p > 1, f can be singular at t = 0,1,
and x = 0. In order to obtain the existence of positive
solutions of the fractional order eigenvalue problem (4), we
will apply the upper and lower solutions method associated
with the Schauder’s fixed point theorem. It is worth empha-
sizing that the problem (4) not only includes the well-known
Sturm-Liouville boundary value problems and the nonlocal
boundary value problems as special case, but also f can be
singularatt = 0,1 and x = 0.

The organization of this paper is as follows. In Section 2,
we present some necessary definitions and preliminary
results that will be used to prove our main results. In
Section 3, we put forward and prove our main results. Finally,
we will give an example to demonstrate our main results.

2. Preliminaries and Lemmas

In this section, we introduce some preliminary facts which
are used throughout this paper.

Definition 1 (see [1-3]). The Riemann-Liouville fractional
integral of order « > 0 of a function x : (0,+0c0) — R is
given by

I“x(t) = ﬁ L (t—s)*"x(s)ds (5)

provided that the right-hand side is pointwise defined on
(0, +00).

Definition 2 (see [1-3]). The Riemann-Liouville fractional

derivative of order « > 0 of a function x : (0,+00) — R
is given by
1 a\" e
D x(t) = —jt—"“l ds, (6
¢ x(t) F(n_“)<dt> 0( s)" " x(s)ds,  (6)

where n = [a] + 1 and [«] denotes the integer part of number
«, provided that the right-hand side is pointwise defined on
(0, +00).
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Proposition 3 (see [1-3]). (1) Ifx € LY(0,1),v > 0 > 0, then

I'’x(t)=I""x (), 2,°Txt)=1"x(t),

)
D1 x(t) = x ().
(2)Ifv>0,0>0, then
v,0-1 r (0) o-r-1
2t _F(a—v)t ’ ®

Proposition 4 (see [1-3]). Let « > 0, and f(x) is integrable,
then

Ia@taf (X) _ f (x) + Clxvcfl + czxoc72 bt Cnxocfn’

)

where¢; € R (i = 1,2,..
greater than or equal to «.

.»n) and n is the smallest integer

Definition 5. A continuous function y(t) is called a lower
solution of the BVP (4), if it satisfies

-2 (0, (2,5y)) () <M (Lw (), te(0,1),

m—2
2z Y a2y (), 00

Jj=1

2,y (0) > 0.

v (0) =0,

Definition 6. A continuous function ¢(¢) is called an upper
solution of the BVP (4), if it satisfies

-2, (9, (2:9)) O = M (16 (1), €O 1),
m—2
$0) <0, 27601 < > a,2,¢(E;), 1)
j=1

2,%¢ (0) < 0.

For forthcoming analysis, we first consider the following
linear fractional differential equation:

D, xt)+h(t)=0, te(0,1),

(12)

m—2
x(0) =0, D,7x(1) = ZanZtyx (EJ)
=

Lemma 7 (see [15]). If 1 < « < 2 andh ¢ L0, 1], then the
boundary value problem (12) has the unique solution

x(t) = J: G(t,s)h(s)ds, (13)

where

toc—l m—2

a—y-1 Zang (Ej,s) (14)

Gt,5)= gy (t,8) + —— 57—t
1- Zj=12 ajEj j=1
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is the Green function of the boundary value problem (12) and
( tOC*I (1 _ S)(X—y—l _ (t _ S)(x—l
T (x)
t(x—l(l _ S)oc—y—l
I'(a)

, 0<s<t<],

gl(t)s):<
, 0<t<s<],

(1 =s)* " = (-9
I'(a)
(t(1-s)*""
I'(a)

9 (t,s): P,

> 0<t<s<l.
(15)

Lemma 8. The Green function G(t, s) in Lemma 7 has the fol-
lowing properties:
(i) G(t, s) is continuous on [0,1] x [0, 1];
(ii) G(t,s) > O for any s,t € (0,1);
(i) t* 0, (s) < G(t,s) < t*'0,(s), for t, s € [0, 1], where

Y a0, (9)

0= —=5 o
X (16)
_ gyl
0'2(5) = % +O'1(S).

Let g > 1 satisty the relation 1/q + 1/p = 1, where p is
given by (4). To study BVP (4), we first consider the associated
linear BVP:

25 (9,(2,°%)) (O +h(t) =0, te(0,1),

x(0) =0, 2,%x(0) =0,

17)

m=2
2,x(1) = Y a;2,'x(E;),
j=1

for h € L'[0, 1] and h > 0. For convenience, let

b=(r(p) ™ (18)

then we have the following lemma.

Lemma 9. The associated linear BVP (17) has the unique pos-
itive solution

x(t)=b Ll G(ts) <L (s—F h (o) d-r)q_lds. (19)

Proof. In fact, let w = 9,%x, v = ¢,(w). By Proposition 4,
the solution of initial value problem

DPvt)+h(t)=0, te(0,1),
(20)

v(0)=0

is given by v(t) = Clt&1 — IPnt), t € [0,1]. From the
relations v(0) = 0, 0 < B < 1, it follows that C; = 0, and
)

v(t)=-TPh(t), telo,1]. (21)

Noting that 2,%x = w, w = (p;(v), it follows from (21) that
the solution of (17) satisfies
2.2 =9, (-I’n (1)), te(0,1),

m=2 (22)
x©0)=0,  2/x1)=)Y a2 x(§).
j=1

By Lemma 7, the solution of (22) can be written as

x(t):—JolG(t,s)¢;l (-I’n(s))ds, te[0,1]. (23)

Since h(s) = 0, s€ [0, 1], we have g (~I#h(s)) =—(I"h(s))"",
s € [0, 1], which implies that the solution of (22) is given by

x(H)=b Ll Gt s) (JO (s—0F 'h(r) dr)q_lds, o

te[0,1].

The following lemma is a straightforward conclusion of
Lemma 9.

Lemma 10. If x € C([0, 1], R) satisfies

m—2

2)x(1) =Y a,2,x(£;), (25)
j=1

x(0) =0,

and -D,%x(t) = 0 for any t € (0,1), then x(t) = 0, fort €
[0,1].
3. Main Results

Set
e(t) =t*". (26)

We present the following two assumptions.

(HI)f : ((0,1) x (0,00) — [0, +00)) is continuous and
decreasing in x.

(H2) Forany pu > 0, f(t,u) # 0,and

q-1
ds < +00.

(27)

0< Ll a, (s) (JOS (s— T)ﬁflf (1, e (1)) dT)

Let E = C[0, 1], and

P= {yeE: there exist positive numbers
0<Il,<1,L,>1suchthatle(t)<x(t)<L,e(t),

t € [0,1]}.
(28)



Clearly, e(t) € P, so P is nonempty. For any x € P, define an
operator T by

1

(T)x) () = )Lbj G(t,s)

0

g (L (=0 f (1,x(1) dT)’“ D)

te0,1].

Theorem 11. Suppose conditions (H1) and (H2) hold. In addi-
tion, if the following condition (S1) holds:
(S1)

. 1/(g-1) _
KgerK f (t,kx) = +00, (30)

for (t, x) € (0,1) x (0, 00) uniformly holds. Then there exists a
constant A* > 0 such that the BVP (4) has at least one positive
solution w for any A € (A, +00), and there exists one positive
constant n >1 such that

e(t)<w(t) <me(t), tel0,1]. (31)

Proof. The proof is divided into four steps.

Step 1. We show that T is well defined on P and T, (P) c P,
and T) is decreasing in x.

In fact, for any x € P, by the definition of P, there exists
two positive numbers 0 < [, < 1, L, > 1 such that[ e(t) <
x(t) < L,e(t) forany t € [0, 1]. It follows from Lemma 8 and
(H1)-(H2) that

1 s q-1
(T)x) (£) = Ab L Gt,s) (L (s=)Ff (1, (1) dT> ds

1
0

< Abe(t) J 0, (s)

gq-1

x <LS (s— T)ﬁ_lf (7, 1.e(1)) dT) ds

< +o00.
(32)

Now take ¢ = max,[o;;x(t), by (H2), for any s € (0, 1),
f(s,c) # 0. Thus by the continuity of f(¢,x) and Lemma 8
and (32), we have

1
0

(Tyx) (t) = Abe (t) J- o, (s)

q-1

« < L (s— 1)t f(‘r,x(‘r))dr) ds

s -1
> Abe (t) jl o, (s) (J (s— T)ﬁ_lf (1,¢) d‘r>q ds

0 0

> 0, t e (0,1).
(33)
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Take

! = min {ub Jl o, (5) (J (-1 f (1,0) dT)qlds]» ,

0 0

L’X = max {I,Ab

s -1
X Jl g, (s) (J (-1 f(r, e (1) d‘r>q ds]» ,
0 0
(34)
then by (32) and (33),
Le(t) < (Tyx)(t) <L e(t), (35)

which implies that T} is well defined and T, (P) ¢ P. And the
operator T is decreasing in x from (H1). Moreover, by direct
computations, we also have

-2, (9, (2, (Thx))) (1) = Af (t,x (1)), t€(0,1),

(Tyx) (0) =0, 2,%(T)x) (0) =0,

(36)

m—2
2,7 (T)x) (1) = Z a;,2," (T)x) (Ej) :
=

Step 2. In this step, we will focus on lower and upper solutions
of the fractional boundary value problem (4).
By Lemma 8, we have

g-1

b Ll Gt,s) (L (=P (1,0 (1) d1> ds

s -1
>e(t)b Jl 0, (s) <J (s— T)ﬂ‘lf(r,e (T))d‘r>q ds,

0 0

vt € [0,1].
(37)

Let
1 s q-1 -1
" (bj o, (s)(J (s—r)ﬁ‘lf(r,e(r))dr> ds) :
0 0

(38)

it follows from (37) that

1 s q-1
ybj G, s)(I (s - r)ﬁ*lf(r,e(r))dr> ds>e(t),
0 0

vt € [0,1].
(39)

On the other hand, take

s -1
V() = b Ll G(t,s) (L (s—DF ' F(r,e(@) dT)q ds;
(40)
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then by monotonicity of f in x and (37)-(40), for any A > y,

we have
1 s q-1
J G(t,s) (J (s— T)ﬁ_lf (T, Av (1)) d‘l’) ds
0 0

< Ll G(t,s) (LS -0 f(r v (D) d‘r>qlds

(41)
1 s q-1
< J- 0, (s) (J (s— T)ﬁflf (1,e (1)) dT> ds
0 0
< +00.
From (S1), we have
lim @ 1)f (t,kx) = +00, (42)

K — +00

uniformly on (£, x) € (0,1) x (0, 00). Thus there exists large
enough A" > p > 0, such that, for any ¢ € (0, 1),

1 -1/(g-1)
)L*l/(q_l)f (s,A"e(s)) = [g(jo o, (s) sﬁ(qfl)ds> ,
(43)

which yields
1 s q-1
/\"bj G(t,s) <J (s— T)l;_lf (r,A"e (1)) d‘r) ds
0 0

1 -1/(g-1)
> ﬁ(J oy (s) sﬁ(‘rl)ds>
0

X Ll G(t,s) <r (s— T)[Hdr)qlds (44)

1 ﬂ( N -1/(g-1)
d
ﬁ( JO S)

-1
x Jla (s)<J (s—r)ﬂ‘ldr>q dse(t) =e(t),
0
Vvt € [0,1].

Letting

¢(t) = A"b Ll G(t,s) <L -1 f (e (1) dT)q_lds

= A"y (t) = T)-e,

1 s q-1
y()=A"b L G(t,s) <L (s—1)f'f (T,A*V(T))d‘[> ds

=Ty ¢,
(45)

and by Lemma 9, (39), (44), and (45), one has

s -1
¢t)=A"D Jol G(t,s) (Jo (s— T)ﬁ_lf(‘[, e(r))dr)q ds

>e(t),
$(0) =0, 2.°¢0)=0
2,7 (¢x) (1) = Za 2,9 (&),
(46)
1 s gq-1
y(t) = /\*bJ G(t,s) <J (s—1) 1 f (1, A" (1)) dT> ds
0 0
>e(t),
y(0)=0 2.2y (0) =
m—2
2, (yx) (1) = Y 0,2, y (&)
j=1

(47)

By Step 1 and (46), (47), we know ¢(t), y(t) € P. And it
follows from (45)—(47) that

e <yt <p(t), Vtelo1]. (48)

Consequently, it follows from (44)-(48) that

2 (0, (2,59)) (O + A" f (ty (1))
=97 (9, (2, (12:9))) O + 1" f £,y ()
=-Af(tLo@®)+ A f(ty(t) =0,

25 (9, (2:°9)) (0 + 1" f (6, ()
=9, (9,2, (T1-0))) ) + A" f (1.6 (1))
=-A"fte@®)+ A" f(t,p(1) <0;

(49)

that is, ¢(¢) and y(t) are a couple of lower and upper solu-
tions of fractional boundary value problem (4) by (46)-
(49), respectively.

Step 3. Let
fty@®), x<y@)),
F(tx)=1ftx®), yt)<x<¢@®), (50)
o), x>¢().

It follows from (H1) and (46) that F :
[0, +00) is continuous.

(0,1) x [0,+00) —



We will show that the fractional boundary value problem

-2 (9,(2,°x)) (1) = V'F (t,x (1)), te€(0,1),

x(0) =0, 2,%x(0) =0,
: (51)
m—2
2,/x1) =Y a;2,'x (&)
=1
has a positive solution.
To see this, we consider the operator A,. : C[0,1] —

CJ0, 1] defined as follows:

1
(Apx)(t) = A*bjo G(t,s)

ng“ﬂﬁwﬁxmmﬁﬁ%)ﬁm

te[0,1].

Obviously, a fixed point of the operator A, is a solution of
the BVP (51). Noting that ¢ € P, then there exists a constant
0 < l¢ < 1 such that ¢(t) > l¢e(t), t € [0,1]. Thus for all
x € E, it follows from Lemma 8, (50), and (H2) that

(Ay-x) ()

<A Jl o, () (L (s - F'F (1, x (1)) dr)q_lds
g-1

<A°b Jl o, (s) <L (s-F F (1.6 () dT) ds

q-1

<A'b Jol o, (s) <L§ (s - T)ﬁflf (T, Ipe (T)) dT) ds

< 400,
(53)

which implies that the operator A . is uniformly bounded.

From the uniform continuity of G(t, s) and the Lebesgue
dominated convergence theorem, we easily obtain that A is
equicontinuous. Thus by the means of the Arzela-Ascoli the-
orem, we have that Ay. : E — E is completely continuous.
The Schauder fixed point theorem implies that A ;. has atleast
a fixed point w such that w = A . w.

Step 4. We will prove that the boundary value problem (4) has
at least one positive solution.
In fact, we only need to prove that

v sw)<p), telol]. (54)

Discrete Dynamics in Nature and Society

By (46), (47) and noticing that w is fixed point of A,., we
know that

m-2
¢ (0) =0, D,7p(1) = Zaj‘@ty(p (51) >
=

2,%¢(0) =0,
(55)

m-2
w0 =0, P w)=)Y a2 w(E),
=1

2,%w (0) = 0.

Notice that the definition of F and the function f(f,x) is
nonincreasing in x, we obtain

ftg®)<Ft,.x®) < f(t,y(®), VYxeE  (56)
So by (48) and (56),

ft¢®) <F(t,x(t) < f(te®), VxeE  (57)
Thus one has by (57)

gtﬁ (ﬁ"p (gt‘x‘/’)) t) - gtﬁ ((Pp (gtaw)) (t)

= 9tﬁ ((Pp (2,°¢) - Pp (Qt“w)) ()

(58)
=-A"f(te®)+ A F(t,w(t) <0,
vt € [0,1].
Let z(t) = 9,(2,%¢(t)) — ¢,(2,*w(t)); then
2Fz2(t)<0, telo1], (59)
and (55) implies that z(0) = 0. It follows from (21) that
z(t) <0, (60)
and then
9, (2,50 () -9, (2, "w (1)) < 0. (61)

Notice that ¢, is monotone increasing; we have
2,5 1) <2, w(t),

It follows from Lemma 10 and (55) that
o) -w(t) =0. (63)

that is, 9,% (¢ —w) (t) <0. (62)

Thus we have w(t) < ¢(f) on [0, 1]. By the same way, we also
have w(t) > y(t) on [0, 1]. So

v(t)<w()<¢(),

Consequently, F(t,w(t)) = f(t, w(t)), t € [0,1]. Then w(¢) is
a positive solution of the problem (4).
Finally, by (48) and (64) and ¢ € P, we have

e(t)Sl//(t)Sw(t)S¢(t)sl¢e(t)=ne(t), (65)

where

tel0,1]. (64)

n=1l,>1 (66)
O
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In the end of this work we also remark the above results
to the problem (4) with which f(¢, x) is nonsingular at x = 0
and t = 0, 1; that is, we have the following result.

Theorem 12. If f(t,x) : [0,1] X [0,+00) — [0,+00) is
continuous, decreasing in x and f(t,u) # 0, for any u > 0,
then the boundary value problem (4) has at least one positive
solution w(t) for any A > 0, and there exists a constant n > 1
such that

e(t) <w(t) <ne(t). (67)

Proof. The proof is similar to Theorem 11; we omit it here.
O

Example 13. Consider the following boundary value prob-
lem:

~9, (g, (2,x)) () = .
t12x (t)

te(0,1),

9tl/ﬁx(l) =3

1 1 1 3
9t1/6x<—> + —9t1/6x<—>,
4 3 4

P2,*x(0)=0

x(0)=0

(68)

Letaw=3/2,3=4/3,y=1/6,p=2,and

ftx) =

m (69)

Firstly,

p-2 1/3 1/3
o 171 1/3
c=Yaf = 5(1) + 5(1) =0.3816 < 1. (70)
=

And, it is easy to check that (H1) holds. For any 4 > 0,
f(t,pu) # 0and

gq-1

0< Jlaz(s)<J (s—1)F 1f(r,;4e(r))d‘r) ds

[0 [0

Lls (s)j (1-1)3!

=Y 1)
= B(Z = ,
U L (72 (s)ds <3 5 < +00

25 dr ds

(71)
H_l/zdr ds

which implies that (H2) holds.
On the other hand,

lim /@ 1)f(l‘ kx) = lim «

K — +00 K—>+OO

1
=400, (72)
Kxtl/2

Thus (S1) also holds.
By Theorem 11, the boundary value problem (68) has at
least one positive solution.
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