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We discuss the existence of solutions about generalized antiperiodic boundary value problems for the fractional differential
equation with p-Laplacian operator ¢p(°Dg+u(t)) = f(t,u(t),u'(t)), 0 <t <T,1 < a < 2,u0)+ (—1)9au(T) =0,
CDéu(O) + (—l)eb CDéu(T) = 1,0 < B < 1, where ‘Dj, is the Caputo fractional derivative, & = 0,1,a > 0, a#1,b > 0 and
@,(s) = s|?2s, p > 1, gb;,l = ¢, 1/p + 1/q = 1. Our results are based on fixed point theorem and contraction mapping principle.
Furthermore, three examples are also given to illustrate the results.

1. Introduction

Fractional differential equations arise in various areas of
science and engineering, such as physics, mechanics, chem-
istry, and engineering. The fractional order models become
more realistic and practical than the classical integer models.
Due to their applications, fractional differential equations
have gained considerable attentions; one can see [1-14] and
references therein.

Anti-periodic boundary value problems occur in the
mathematical modeling of a variety of physical processes.
Anti-periodic problems constitute an important class of
boundary value problems and have received considerable
attention (see [15-19]).

In [20], Zhang considered the existence and multiplicity
results of positive solutions for the following boundary value
problem of fractional differential equation:

‘Dhu(t)y=ftu®), 0<t<l,

u()+u' (1) =0,

, 0
u(0)+u (0)=0,

where 1 < p < 2 is a real number, “D? is the Caputo
fractional derivative, and f : [0,1] x [0,+00) — [0, +00)
is continuous.

In [15], the authors discussed some existence results
for the following anti-periodic boundary value problem for
fractional differential equations:

‘Dix(t) = f(t x(t),

x(0) = -x(T),

t€[0,T], T>0,3<qg<4,
x' (0) = —x' (T),
xll (0) _ _xll (T) , xHI (0) _ _xIH (T) ,
(2)

where D1 is the Caputo fractional derivative of order g; f is
a given continuous function.

In [16], the authors investigated the following anti-
periodic boundary value problem for higher-order fractional
differential equations:

‘Dix(t)=f(t,x(t), te[0,T], T>0 3<q<4,



x(0) = -x(T), x (0)=-x"(T),

xll (0) _ —X” (T) , xHI (0) _ —X,” (T) ,

(3)

where “D1? is the Caputo fractional derivative of order g; f is
a given continuous function.

In [17], the authors investigated a class of anti-periodic
boundary value problem of fractional differential equations

‘Dix(t)= f(tx(t), tel0,T],

x(0) = —x(T),

T>0,1<g<2,

D x(0)=-Df u(T), 0<p<1,
(4)

where °D1 is the Caputo fractional derivative of order g; f is
a given continuous function.

In this paper, we discuss the existence of solutions about
generalized anti-periodic boundary value problems for the
fractional differential equation with p-Laplacian operator

9, (‘D5,u®) = f (Lu®).u' ®),

1(0) + (-1)°au (T) =

0<t<T, 1<a<2,

u(O)+(1)bD UM =24 0<p<l,
(5)

where “Df, is the Caputo fractional derivative, 0 = 0,1,a >

0,a#1,b > 0,and ¢,(s) = Is|?~%s, p > l,gb;,l = ¢, (1/p) +
(1/q) = 1.
If wetakea = b = 1,0 = A = 0and p = 2, then

the problem (5) becomes the problem studied in [17]. In this
paper, we leta # 1.

This paper is organized as follows. In Section 2, we present
some background materials and preliminaries. Section 3
deals with some existence results. In Section 4, three exam-
ples are given to illustrate the results.

2. Background Materials and Preliminaries

Definition 1 (see [21]). The fractional integral of order « with
the lower limit t,, for a function f is defined as

FF) = Jt (t-9 1 f(s)ds, t>ty a>0, (6)

1
r ((X) to
where T’ is the gamma function.

Definition 2 (see [21]). Caputo’s derivative of order g with the
lower limit t,, for a function f can be written as

‘DIf(t) = j%v@”ﬁﬂ“@ds

b
I(n-q) J
t>t;, q>0, n=[q]+1

Lemma 3 (see [22]). Assume that u € C(0,1) N L(0,1) with
a fractional derivative of order o > 0 that belongs to C(0, 1) N
L(0,1). Then

I Diu®)=u®)+q+at+ot+-+e ", (8)
where¢; € R,i=0,1,2,...,n

7)

-Ln=[a] +1.
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Lemma 4. Let y € C[0,1]. Then the fractional differential
equation

¢, (‘Dg,u (1) = y (1),

u(0) + (-1)°au (T) = 0, 9)

0<t<T, 1<a<?2,

D u(0)+ (1) °DE,u(T) =

has a unique solution which is given by

L g
u(t) = ) Jo (t—-9)" " y(s)ds
a a1
— | (T- d
U1>+4rm>J( Ve
al (2 B ﬁ) T a—-fB-1
T - d
[(—1)9 + a] TPT (- B) Jo (=9 y(s)ds
_ar2-p)
[1+(-1)%a] bT+
r (2 B ﬁ) -p-1
+t[_—Tlﬁl“( 7 J (T-3s)"""y(s)ds
CVTe-p)
bT'-# '
(10)
Proof. From Lemma 3, we have
u(®) = I, (¢, (v ) + ¢ + gt
1 a-
“T@ J (t—s) 1(/Sq(y(s))cls+c0+c1
DY) = 157 (¢, (y () + ¢ Dh,t -
R S PR
TP Jo (t-s) ¢, (y(s))ds
e
“T-p)
Thus,
u(0) = g
1 T a-1
u(T) r@ L (T=35)"¢, (y(s))ds + ¢y +¢T,
ey -
Dg,u(0) =0, 1)
1 -
w = ﬂﬂkrﬂ>“%0@ws
T'F
+q
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By “DF,u(0) + (~1)° °DE w(T) = A, we have

r (2 B ﬁ) a—
q= - mj (T -s)*F ‘¢, (y(s))ds
. (13)
(-1)°T(2-B)
+ —yriF A
Using the boundary condition u(0)+(—1)9au(T) = 0and (13),

we obtain

a

[( 1) + a] T'(x) Jo

al (2-p)
[(—1)9 + a] TPT (a -

al' (2-p)
[1+(-1)%a]bTF "

- [ @9, opas

T
5 b @9 ) as

(14)
Thus,

1 “
u(t) = WL (t—9)""¢, (y(s))ds

a

[0 +a]T @ o

. ar (2-p)
[(-1)° +a] T-PT (a - B)

j (T =51, (7 () ds

X JOT (T - s)“_ﬂ_lqbq (y(s))ds

. ar(2-p)
[1+(-1)%a|bT+

r(2-p)
|-y

(15)

T
<[ -9, () as

+(—l)f’r(Z—ﬁ)A]_

bT'-F

3. Main Results

Let X = C'([0, 1], R) denote the Banach space of continuous
functions u(¢) and u'(¢) from [0,1] — R endowed with the
norm defined by

lual, = max {lull, |u'|} (16)
where

_ " _ '
Il = sup (o, o] = sup ' 0. )

Define an operator F : X — X as

Fu(t) = ! ( t=9"", (f(su(s),u' (5)))ds
T'(a) Jo

[( 1)? +a] T (@)

X LT -5 1¢q s u(s),u (s))) ds

.\ al' (2-p)
[(—1)9 + a] TPT (o - B)

T
X J-O (T - s)“7ﬁ71¢q (f (s, u(s),u (s))) ds

- ar(2-p)
[1+(-1)’a]bTF
+t[ r-p

TR (- B)

T
x Jo (T - s)“_ﬁ_l(pq (f (s,u (s),u (s))) ds
)T (2-

p)
o).
(18)

From (18), we conclude that

Flu(t) =

['(a—1) Jo - S)‘H"sq (f (5’ u(s),u (s))) ds

TP
TP (o~ f)

T
X Jo (T - s)“7ﬁ71¢q (f (s,u (s),u' (s))) ds

S )T (2 ﬁ)_

bT'-F
(19)

Then (5) has a solution if and only if the operator F has a fixed
point.

Theorem 5. Let f : [0,T] x R, x R, — R, be continuous.
Assume that f meets the followzng condztzon there existd > 0,
y = 0 such that

lxll, <d,
(20)

f(6x@®),x' ®)<yp, (x @), forte[0,T],



4
(Tt T ar®
¢q(y)si<r(“)+r(o¢+l)+|1—a|r((x+1)

aTT (2 - B) T°T (2 - B)
I-alT(@-p+1) T(a-p+1)

T 'T2-p)\
*m) '
(21)

Then the problem (5) has at least one solution on [0, T for

|1—a|bTﬁ bT-F bT'-F

cA(e-p 1e-p 10 m>*(m)

Proof. From f(t, u(),u' (1)) € C([0,1] x R, X R,,R,), we
know that T is continuous.
Let

By={ul|lull, <d,ueX}. (23)

For u € B, we have

IFu (t)] < mj (t=9°7 |, ( (su(s),u 9)))] ds

f_a
|(—1)9 + ajr(a)

T
x Jo (T —s)*! |¢q (f (s,u(s) u' (s)))| ds

. al (2-p)
|(—1)9 + a' TPT (o - B)

T
X Jo (T - 5)* P! |¢q (f (s,u (s),u' (s)))| ds
ar(2-p)
[1+(-1)%a]|bT+

+t[ r2-p)

TPT (o~ )

T
o L (T =9y (f (s u(s),4 (5)))] ds

o)

bT1-F
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_I (t =99, (y) 1u ()l ds

r@
ML j(T "1, (p) () d
M-ar@ It el ds

al (2-p)

|1 —a| TPT (a - f)
T 1
x J (T = )P, (y) [u(s)| ds

al 2-p)
[1—albT- /3
r2-p
+{Twww—m
T
X L (T =)', (¥) [u(s)] ds
r2-p),
s ]

 (Ehi0,

I'(x+1)

aT¢, (y)
[1-a|T(ax+1)

aT*T (2= B) ¢, (v)
1-alT(a-pB+1)
TT (2~ B) ¢, ()
+F(oc——/3+‘i)>”u"1
al 2-p) , T(2-p)
i —alor P b
1
(—1)

Aa

|F'u(r)| < -

x Jo (t—s)*? |¢q (f (s, u(s),u (s)))| ds
r(2-p)

TP (o - B)
T _aeB-1 !
xL (T =" P g, (f (su(s),u' (9)))|ds

r(2- /3)
T TR

j (£ -2, (y) lu ()l ds

F(oc 1)

R
TR )y @9 ol

r(2- /3)
T TR
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) (T“*% 0) TP, (y)) y

I'(«) [(a-p+1)
r(2-p)
+ e A
(24)
This, together with (21) and (22), yields that
IFu(®ll, <d. (25)

Hence, F(B,) is uniformly bounded.
Next we show that F is equicontinuous.
Forany 0 <t, <t, <1,u € By, we have

|Fu (t,) = Fu(t)|

1 £ a- !
Slmj (t2=5)"" ¢ (f (5u ()4 9)) ds

0

T
x L (T - s)“_ﬁ_l(/)q (f (s,u (s),u (s))) ds

+%)‘} (t,—t;)
PR r '(t2 - s)"‘_1 —(t —s)“_1|¢ (y) lu(s)lds
- T(a) Jo ! 1

+ L rz (t, - s)afl(/) (y) lu(s)| ds
T(a) )i 1 g \Y

t

WY

T
a-B-
g |, 9T () el as

r2-p
+ bT1-B /\:| (t2_t1)

¢ (V)d h a—-1 a—1
< L It - 5" = (t, - )| ds

N ¢, (y)d
I'(x)

[ 0are-p
F(a—p+1)

123
J (t, — )" ds
b

+M/\} (t, - t,),

bT'-F

'F'u (t,) - Fu (tl)'

1 t . ,
- lr(“‘ 1) .[0 (2 =) 2¢q (f<5’”(5)>” (S))>ds

1 (h o ,
T(a-1) L (t =97 (f (su(9),u' (5)))ds

1 J (6= 9)"" = (8, = 9" | &y (1) lu ()1 ds

< —
r((x—l) 0

+ ! J ’ (t; - 5)“72¢q (y) lu(s)| ds

I'(x-1) Jg
< f?:y_) f) L“ (63— 9) = (6, - 5)"| ds
+ lipzofy—) f) J: (t, — )" *ds.
(26)
Thus, we conclude that F is equicontinuous on B, and
F:B; — B, is completely continuous. (27)

By Schauder fixed point theorem we know that there exists a
solution for the boundary value problem (5). O

Theorem 6. Let f: [0,1]xRXR — R be continuous. Assume
that f meets the following condition: there exist I, > 0,1, > 0
such that

0, (F () =0, ( (69 < ol o ],

(28)
( 71 ™ aT*T (2 - B)
+ +
F(@) T(a+1) |1-all(a—p+1)
o a—1 _
aT T*'T(2-p) (29)

" [1-alTl (ax+1) i F(a—p+1)
T°T(2-p)

+m> (L+L) <1

Then the problem (5) has a unique solution on [0, 1] for any
A>0.

Proof. From (18) and (19), we have, for u;, u, € X,
|Fu, () - Fuy (£)]
1 £ . ,
- T (a) Jo (=" |¢‘1 (f (5>”2 (s),u, (S)))
L (f (5’ uy (s), M; (S)))| ds
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e . ar(-p
T @ BRI
T a-1 ! T
X L (T -s) 'qbq (f (s, u, (), u, (s))) % L (T - s)“_‘g_lds
_¢q (f (s, u, (s), u; (s)))| ds N a JT - 5)"“1ds
N ar'(2-p) |(=1)% +a| T (@) Jo
1) +a| TFT (a - B) t[ r(2-p) jT(T_ Jep g D
T e , T TeRr (a=B) Jo ) )
[ -9 oy (£ (s 9,049 1) sl
-4, (f (s, uy (s),u (s)))| ds 3 ( T™ . aT*T (2 - p)
+t[ r(2-p) “"\T(a+1) [1-alT(a—p+1)
T'PT (o - B) aT® T°T(2-p)
M-aT@+1) T(a-pB+ 1))

T
[ a9 o (£ (5 9.4,9)

X< (I 1) fuy =),

-4, (f (s,u1 (s) ,u; (s)))' ds] |F’u2 (t) - |:’u1 (t)|
t
LU—W”WAf@%SL%@m

< 1 J: (t—s)*" [ll |1y (s) = uy (s)) = T(ax-1)

T'(x)

—¢, (f (5, u; (s), u; (s)))| ds

+1, |u; (s) - u; (S)H ds
)

TR S T'PT (a - B)
|(-1)° +a|T () .
<[ @9 gy (f (109,14 9))

T
<[ =9 [ © - ) |
—(bq (f (s, uy (s),u (s)))| ds

- 0 s < (“1_ 5 j; (9% [1, |y (5) — 1y ()
&% iﬁjﬁi)(a ) +h [ (5) =y ()| ] s
x LT (T =) F 1 |uy (5) = uy (9)] + % LT (T = )P 1 Juy (5) = uy (9)]
+ 1, | (5) — u) (9)|] ds +L |5 (5)=u; (5)]] ds
X LT (T - 5)* 1 [11 |ty (5) =y (5)] +% LT (T - S)a—ﬁ—lds)

x (I, +1) "”2 - ”1"1

Toc—l sz—lr (2 _ /5)
) <F<«> "T-p+1) )“l +h) Ju, =

1 g a1
< (m J’O (t - S) ds (30)

+1, |u; (s)—u) (s)” ds]




Discrete Dynamics in Nature and Society

Thus,
7! ™ aT*T (2 - B)
|Fuuz = Foul, < (F(oc)+r(oc+1) 1-alT(a-B+1)
. aT* . T'T (2 - B)
1-a|ll(e+1) T(a—p+1)
TT (2
r(a_(—ﬁ)))(l +1) Juy =y
(31)

It follows from (29) that F is a contraction. Thus, the
conclusion of the theorem follows from the contraction
mapping principle. O

Theorem 7. Let 1 < p < 2. Assume that f meets the following
condition: there exist d; > 0, d, > 0, d > 0 such that

|f (t,u,u'). <M,
(32)
'f(t,u,u') —f(t,v,v')| <d lu-v|+d, |u' - v'|,

( T(X—l T(x

aT’T (2 - B)
T T(a+l)

N1-all(a-B+1)

aT® T'T(2-p)
+ +
N-a|lT(e+1) T(a—p+1)

I S T°T (2 ﬁ) _ (q-2) + <
r(a ﬁ + 1) ) (q I)M (dl d2) L.

(33)

Then the problem (5) has unique solution on [0, 1] for

re- )+F(2—/3)>_1

I1-albT- B Y TP bT1-F

OSM(aF(Z P,

o— a—1
y [d_(T ! LT r(2-p)
F(@ T(a-p+1)
. T N aT”
F'(a+1) [1-a|T(ax+1)
aT*T (2 - B)
1-alT(a-p+1)

(34)

Proof. Let
By ={ul |lul, <d,u e X}, (35)

where

e TUTe-p) T ar*
[(x) T(ax-

/3+1) IFa+1) |1-a|lT(x+1)
al*T (2 - ) T°T (2 - f)
—aT(a—p+1) ' T(a —ﬁ+n>¢”M)
al(2-p) . r(2-p)., T(2-p)
L _alor TerE M T

(36)

By (18) and (19), we have, for u € By,

Fu ()] <

e )J (t =" o, (f (su(s),u' (5)))|ds

N a
|(—1)9+a|r(a)

T
xLauQWW%U@M@LM@»Ms

ar@-p
|(—1)9 + a| TPT (- B)

T
< [ -9, (f (s 9)] s
al (2-p)
[1+(-1)%a| bTF

r2-p)

T
X L (T —5)* P! |</>q (f (s,u (s),u' (s)))| ds

(-DT(2-p)
b AH

j (t ="', (M) ds

1
F (x)

a . a—1
+mjo (T—S) (/)q(M)dS

alr (2-p) T o
+|1‘“|T'ﬁf(<x—ﬁ)L (T=9)"" ¢y (M) ds
aF(Z ﬁ)
|1—a|bTﬁ
r2-p)
|y

r(2-p)
bR

T
x L (T =)', (M) ds +



<( T . al*®

T \T'(x+1) [1-a|T(x+1)
aT*T (2 - B) T°T (2-PB)
|1—a|F(cx—ﬁ+l)+F(oc—ﬁ+1)

al(2-B) . TI'(2-B)
L _aor )t TR

Joyan

(37)
This, together with (36), yields that
[Fu(®)]l; < d. (38)
Hence,
F:B, — B, (39)

In view of 1 < p < 2, we have g > 2. Thus, by the following
property of p-Laplacian operator:

itp > 2,1x|, |yl < ¢, thenlp,(x)-¢,(y)l < (p—l)c(pfz)lx—
yl; we have, for u € By,

|Fu, (£) = Fuy (1))

1

< 5 Jy €97 0 (F (512.9.54.9)

-, (f (s, u, (s) ,u; (s)))| ds

La
|(-1)° +a| T (a)

T
<[ -9, (f (9.6 9)

~¢, (f (s, u; (s), u; (s)))| ds

. ar(2-p)
|(—1)0 + a| TPT (a - B)

T
<[ @9 oy (f (109,14 9)

—gbq (f (s, u, (s) ,u; (s)))| ds

r-p)
‘”[ﬂ%rm—m

T

[ -9 oy (£ (s 90,1490

-@Af@mmgﬂugnwﬁ
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_ (a-2)
_g-ym

I' ()

t

X L t-s)" lf (ssuy (), 15 (5))

-f (s, u, (s) ,u; (s))'ds

a(q-1) M
'(—1)9 + a| T (x)

T

X L (T — )~ 'f (s, U, (s), 1 (5))

-f (5’ uy (s) ,u; (5))| ds

a(q-1)MTIT(2-p)
|(—1)‘9 + a| TPT (a - B)

T
x L (T - s)* P! |f (S, u, (s), u; (S))

~f (511 ()14, (9)| ds

(- ) M1 (2-p)
*ﬂ T (o )

T
X L (T - s)* P! |f (S, u, (s), u; (5)>

-f (5’ uy (s), 14; (5))| ds]

-1 M(Q*Z) t
% L (t=9""[d, |uy (5) = uy (5)]

IN

+d, |u; (s) - u; (s)” ds

a(q-1)MT?
|-1)% + a| T (a)

T
X j (T =97 [d) |uy (5) = uy (5)]
0
+d, 'u; (s) - u; (s)'] ds

a(g-1)MTIr(2-p)
|(-1)° + a| T#T (a - B)

T
<[ -9 [ -, )

+d, |u; (s) - u; (s)” ds
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_ @271 ( _ T )
i [ (q ”_Il")lfl\;[l“ (oc i %2) /3) 8 Jo (- S)a_ﬁ_l |f (S’ Uy () Uy (S))

. —f(su (s),u’ (s))|ds
o J (T - S)oc—ﬁ—l [dl |u2 (s) - u, (S)| ( 1 1 )'
: (q-1) M1

t
e [ =9 [ ) =, 9]

+d, |u; (s) - u; (s)” ds]
+d, |u; (s) - u; (s)” ds

1 ! a-1 (q-2)
— - -1)M re-
<(tig Jy -9 as L Tzﬁr(a_;) P
aF(2—[3) T a—p-1
T - d T
' |(—1)9 + a|T*/51“ (a=p) L = ’ X L (T—S)DC_'B_1 [dl |“2 (8) —uy (5)|
a T 1 ’ o
. “* T - %4 +d, (u, (s) —u, (s)||ds
+ |(—1)9+oc|1“((x) L ( s) s 2' 2 1 ']
1 ‘ a2
TPT (a - B) Jo r2-p) (T
B Bl
x(g- )M (d, + ) Ju - ], g b )
<( T aTT(2-p) x (q—1) M9 (d, +d,) ||u, —uy,
“\I(a+1) [1-a|T(a—B+1)

< <T°“1 . T'T (2 —ﬁ))

(@) T(a—p+1)

aT® T"‘r(z-/j)
M-aT@+]) T(a-p+1)
x(q- 1)M(q_2) (dy +dy) |Juy —uy|,-

x (q=1) M2 (d, +dy) Ju, — ], (40)
|F'u, (£) = F'uy (2)]
Thus,
< 1
I'(x-1)
t ~ , |Fu, — Fu |,
* L (t=9" 6y (f (s:109.1.9) 3 <T"“l LT aTT2-p)
, “\T Ta+1) [1-a|T(a-pB+1
b, (f (5,0, (9), 4, (5)))| ds @ Tla+D) N-all{a-p+1)
. ar” +T"“1F (2-B) N T°T (2 - B)
+ r(2-p) 1-a|ll(e+1) T(a-B+1) T(a—p+1)
) -2
x(q-1)M T (dy +dy) |uy — uy),.
T . (41)
8 Io (T =97 | (f (529,165 (5)))
/ It follows from (33) that F is a contraction. Thus, the con-
% <f <S’u1 (), (S)))' ds clusion of the theorem follows by the contraction mapping
(g— 1) M principle. O
q- ! a— !
A Jo (t — )2 |f(s,u2 (s),u, (s))
4. Examples

—-f (s, u, (s) ,ui (s))| ds

Example 8. Consider the following boundary value problem:

(q-1)M2r (2 p)
T'FT (o - B) ¢, (‘Du®) = f(Lu@®),u' ), 0<t<l,
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u(0) + (-1)2u (1) =
Dy?u(0) + (-1)° 2= \/— DY*u(l)=1, 6=0,1
(42)
where
3 1
T= 1, & = E, /3 = E>
(43)
a=2, b= ¥
Let
d=2, p=2,
t u (44)
St 0) = f T
By computation, we deduce that
-1
OSM_(“W p r(z—/s)+r<z—/s>>
L—albTF ' bTF bT'-P
=<2r(3/2) [ (3/2) r(3/2) )
Gvar) " (3vaR) | (3valR)
(2(vﬁﬂ) Va2 a2 )‘lzg
(3vm/2)  (3vm/2) (3\/’/2) 4’
1 T(x 1 Ta
¢ (y) = E(r(a)+r(a+1)
. aT“ aT*T (2 —[3)
M-alT(e+1) [1-a|lT(a-p+1)
TTQ-p) T'TC2-p)\ "
Ta-B+1)  T@a-p+1)
1 1 2 2T (3/2)
) <r(3/2) TG TteRr TR
r3/2) IrG/2)\!
r@)+ru))
C1f18+6n\ 3w 1
B _< 3m ) T 36+127 5
(45)
Thus, let y = 1/9; we have
t u 1
f(tu®,u' @)= 10057 ful + ] < 12D = g lud-
(46)

Hence, by Theorem 5, BVP (42) has at least one solution for
0<A<3/4

Discrete Dynamics in Nature and Society

Example 9. Consider the following boundary value problem:

¢, (‘DyPu®) = f(tu@®,u' (1), 0<t<l,
u(0)+ (-1)%2u(1) =0, (47)
‘Dyu(0) + (-1)°vVr ‘DPu(l)=1, 6=0,1,
where
T=1 «a= 3 B=-
’ 2’ 2’ (48)
a=2 b=+m, A>0.
Let
p=2
fbu®,d' @)
1 | () + o' (2)] _
= +10(1 + sint) |.
(t +cost +10)* \ 1+ |u(t) +u ()]
(49)
By computation, we deduce that
f (tu®,u' ®)-f(Evo), @)
1 (50)
< 255 (@O -v@Ol+ o' ) -V @)).
Let
I =1 = (51)
1727 1007
Thus,
(T"‘l ke aT*T (2 - p)
T(@ T(a+1) |l-alT(a—f+1)
. aT® N T (2 - ﬁ)
1-a|lT(ae+1) T(a—p+1)
T“F(2 p)
Ty e
_( . ar(3/2), 2
“\Ir@/2) I6G/2) T2 I(6/2)
I'(3/2)  T(3/2) 1
T T To ><1oo+ﬁ>
:< . +2(\/5/2)+ 2
(Vr/2)  (3+m/4) 1 (3+/m/4)
Lm2) (ﬁ/@)(i . L)
1 1 100 100
3+
25\/_
(52)

Hence, by Theorem 6, BVP (47) has a unique solution.
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Example 10. Consider the following boundary value prob-
lem:

bas3 (”Défu(t)) =f (t,u(t),u' (t)), 0<t<l,
u(0)+ (-1)%2u (1) = 0, (53)
DY (0) + (-1)° v DYu(1) =1, 6=0,1,

where
(54)

Let
ftuw,u )

1 |u(t)+u’ @) ,
= +10(1 + sint) |.
(t+cost +10)% \ 1+ |u(t)+u' (1)
(55)
Thus,
q=4
' 1 13
[f(bu@.u' ®) < 150412 = 5= M, (50
B @2 _ 4 a2 _ o 13 2
(@-)MT =@4-1)M"" = 3(100) <1
By Example 9, we know that
|f (bu),d' ®) - f(Eve),v @)
1 (57)
< 255 (@ -vOL+ [ ) -V @)).
Let
1
d =d,= 00" (58)
It follows from Example 9 that
( T 1 T aT*T (2 - B)
T@ T(a+1) |l-all(a-p+1)
aT* T'T (2 - B)
+|1—a|1“(oc+l) T(a—p+1) 59)
T°T(2-p)
+m) (dl +d2) <1.
On the other hand, we have
(e-p +r(z—/s>+r<z—ﬁ>>‘1
[1—a|bT-# bT-B b1k
(60)
~ <2r(3/2) RACTEN r(z»/z))‘1 1
\ Vr e e S 2
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Let
3+m
d=2 v (61)
Thus,
( 7! T aT*T (2 - B)
T(@ T(a+1) |l—alT(a—f+1)
L art  TUTe-p)
M1-a|lT(ae+1) T(a—p+1)
T“F(Z—ﬁ) (9-2)
+m>(q—l)Mq (d1+d2)<1,
0<A
al2-B) T(2-p) T2-B)\'
S(|1—a|bT-ﬁ+ bTF | bTIF )
o— oa—1 o (62)
x[d—(T 1+T 1“(2_[3)+ T
F(@) T(a—p+1) T(ax+1)
aT® aT“r(z—ﬁ)

+
l1-alT(e+1) [1-aT(a-B+1)

tagen) ]

1[ 3+71 347 <13)3]

—|2x - X| —

2 25y 25+ \100

3+ [2 - <£>3]

50/ 100/ |’

Hence, by Theorem 7, BVP (53) has a unique solution for 0 <
A < ((3 +m)/50~/7)[2 — (13/100)*].
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