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We investigate the existence of multiple positive solutions for three-point boundary value problem of fractional differential equation
with p-Laplacian operator —SJZtﬁ((pp(@t“x))(t) = h(t) f(t, x(t)), t € (0,1), x(0) = 0,2.x(1) = aD,"x(£), D,*x(0) = 0, where
2F, 2,2, are the standard Riemann-Liouville derivatives with 1 <« <2,0 < <1,0 <y < 1,0 <a—y—1,& € (0,1) and the
constant a is a positive number satisfying af* > < 1 — y; p-Laplacian operator is defined as Pp(s) = Isl” s, p > 1. By applying
monotone iterative technique, some sufficient conditions for the existence of multiple positive solutions are established; moreover
iterative schemes for approximating these solutions are also obtained, which start off a known simple linear function. In the end,

an example is worked out to illustrate our main results.

1. Introduction

In this paper, we study the existence of multiple positive solu-
tions for the following three-point boundary value problem
of fractional differential equation with p-Laplacian operator

-2 (9, (25%) O =h®) f(t,x(t), te(1),

x(0)=0, 2/x(1)=a2.x (), 1

D%x(0) =0,

where 2., 2%, 9, are the standard Riemann-Liouville
derivatives with 1 < a < 2,0 < < 1,0 <y < 1,0 <
a—7y—1,& € (0,1) and the constant a is a positive number
satisfying af* Y™ < 1 — y; p-Laplacian operator is defined as
@p(s) = IsI"s, p> 1.

Fractional differential equations have gained considerable
importance due to their application in various sciences, such
as physics, mechanics, chemistry, and engineering. In the
recent years, there has been a significant development in ordi-
nary and partial differential equations involving fractional
derivatives; see the monographs of Kilbas et al. [1], Miller

and Ross [2], Podlubny [3], and the papers [4-14] and the
references therein.

In [15], Li et al. were concerned with the nonlinear
differential equation of fractional order

DEXW + ftx®)=0, te(01), l<as<2 (2)

subject to the boundary conditions

x(0)=0, 2 x(1)=a2 xE). 3)

By using some fixed point theorems, the existence and
multiplicity results of positive solutions were established.

On the other hand, the differential equations with p-
Laplacian have also been widely studied owing to the fact
that p-Laplacian boundary value problems have important
application in theory and application of mathematics and
physics. For example, in [16], by using the fixed point index,
Yang and Yan investigated the existence of positive solution



for the third-order Sturm-Liouville boundary value problems
with p-Laplacian operator:

(‘Pp (x" (t)))’ +f(tx@)=0, te(0,1),
ax (0) - bx' (0) =0 (4)
ex()+dx' (1)=0, x"(0)=0.

However, there are few articles dealing with the existence of
solutions to boundary value problems for fractional differen-
tial equation with p-Laplacian operator. In [17], the authors
investigated the nonlinear nonlocal problem

2 (9, (25%) O + f(t,x () =0, te(0,1),
x (1) = ax (&), (5)
2 x(0) =0,

x(0) =0,

where 0 < o < 2,0 < f < 1,0 < a £ 1,0 <
¢ < 1. By using Krasnoselskii’s fixed point theorem and
Leggett-Williams theorem, some sufficient conditions for the
existence of positive solutions to the above BVP are obtained.
In [18], by using upper and lower solutions method, under
suitable monotone conditions, Wang et al. investigated the
existence of positive solutions to the following nonlocal
problem:

DL& (9, (25%)) @) + f (£,x(1) =0, t€(0,1)

x (1) = ax (&), (6)
2x(1) =b2,"x (1),

x(0) =0,
P,“x(0) =0,

where 1 < &, < 2,0 <a,b <1, 0 < &n < 1 Recently,
Chai [19] investigated the two-point boundary value problem
of fractional differential equation with p-Laplacian operator:

25 (9, (25%)) ) + f(L.x () =0, te(0,1),

x(0) =0, x()+aP x(1) =0, (7)

2,%x(0) = 0.

By means of the fixed point theorem on cones, some existence
and multiplicity results of positive solutions are obtained.
Motivated by the above mentioned works, in this paper,
we consider the multiplicity results of positive solutions
for the three point boundary value problem of fractional
differential equation with p-Laplacian operator. Difference to
[15-19], by using monotone iterative technique, we not only
establish the existence of multiple positive solutions but also
obtain the iterative sequences of these positive solutions.

2. Preliminaries and Lemmas

In this section, we introduce some preliminary facts which
are used throughout this paper.
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Definition 1 (see [1-3]). The Riemann-Liouville fractional
integral of order &« > 0 of a function x : (0,+00) — R is
given by

Fx () = ﬁ JO (t - )% x (s) ds (8)

provided that the right-hand side is pointwise defined on
(0, +00).

Definition 2 (see [1-3]). The Riemann-Liouville fractional
derivative of order « > 0 of a function x : (0,+0c0) — R

is given by
< )
I'(n—a)\dt

¢
X J (t— )" x(s)ds,
0

DEx(t) =
9)

where n = [«] + 1, [«] denotes the integer part of number
«, provided that the right-hand side is pointwise defined on
(0, +00).

Proposition 3 (see [1-3]). (1) Ifx € LY0,1),v > 0 > 0, then

I'xt)=1"x(t), DT x(t) =1""x (),

(10)
DIx(t) = x(t).
(2)Ifv>0,0 >0, then
v,o-1 _ r (U) o-v-1
Pt = I['(o-v) (v

Proposition 4 (see [1-3]). Let « > 0, and f(x) is integrable,
then

I*Dx(t) = f(x)+¢ x>
(12)

72 —
+ox" T o

wherec, € R (i = 1,2,...
than or equal to «.

,n), n is the smallest integer greater

Definition 5. A function u € C(I, R) is called a nonnegative
solution of BVP (1), if # = 0 on [0,1] and satisfies (1).
Moreover, if u(t) > 0,t € (0, 1), then u is said to be a positive
solution of BVP (1).

For forthcoming analysis, we first consider the following
fractional differential equation:

D x(t)+g@t)=0, te(0,1),
(13)

x(0)=0, D x(1)=aD/ x ().
Lemma 6 (see [15]). If 1 <a <2and g € L! [0, 1], then the
boundary value problem (13) has the unique solution

x(t) = Jl G(t,s)g(s)ds, (14)

0
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where
G (t,s)
(A N (1 =)V —adt* Y (E— o)V = (- )

I'(e)
0<s<min{t&} <1,

>

dtoc—l(l _ S)(x—y—l _ (t _ S)a—l
I'(x)
0<&<s<t<l,

>

dt* (1 - s)* V! —adt* T (E - o) !
T'(x)

>

0<t<s<ié<l,

dt(x—l (1 _ S)ocfyfl

T , max{t,&} <s<1,

(15)

1

whered = (1 —a&* 771 .

Lemma 7 (see [15]). The Green function G(t,s) in Lemma 6
has the following properties:

(i) G(t, s) is continuous on [0, 1] x [0, 1],

(ii) G(t,s) > 0 for any s,t € (0, 1).

And if af*V"* < 1 — y, the Green function G(t, s) also
satisfies

(iil) G(t,s) < G(s, s) for any s, t € [0,1],
(iv) there exists a positive function o(s) € C(0, 1) such that

gtlsr} G(t,s)=20(s)G(s,s), (16)
where
ds* 1 (1 —s)* 7 —ads* 1 (E—5)¥ !
I'(x) ’
G(s,s) = 0<s<é, 17)
a—1 _ eyl
dS(l—S), E <s<l.

T (x)

Let N be the set of positive integers, let R be the set of real
numbers, and let R, be the set of nonnegative real numbers.
Let I = [0, 1]. Denote by C(I,R) the Banach space of all
continuous functions from I into R with the norm

x|l = max {x(t): t € I}. (18)
Define the cone P in C(I,R,) as
P= {u eC(LR,):

(19)

minx(t) >0 @) |x|, tel}.
E<t<1

Let g > 1 satisfy the relation (1/gq) + (1/p) = 1, where p is
given by (1).
To study BVP (1), we first consider the associated linear
BVP:
2 (9,(25%) O +g®) =0, te(01)
x(0) =0, Dx(1) =aDx (&), (20)
D,"x(0) =0,

for g € L'[0,1] and g > 0.
Letw = 9,"x,v = ¢, (w). By Proposition 4, the solution
of initial value problem

2 o) +g(t)=0, te(0,1),v(0)=0, (21

is givenby u(t) = Cltﬁ_l—lﬁg(t),t € [0, 1]. From the relations
v(0) = 0,0 < B < 1, it follows that C; = 0, and so

v(t)=-1Pg@t), tel0,1]. (22)

Noting that 2,"x = w,w = go;)l(v), from (22), we know that
the solution of (20) satisfies

2 xO) =9, (-IPg®), te 1)

2 x(1)=aPD x ().

(23)
x(0) =0,

By Lemma 6, the solution of (23) can be written as
1
x(t) =~ J Gt9)g, (-IPg(s))ds, tel — (24)
0

Since h(s) > 0, s € I, we have (pI_)l(—Iﬁg(S)) = —(Iﬁg(s))q_l,
s € I,and so

x(t) = Ll Gt,5) (IFg(9)" ds

1

:a(myﬂL(xng<E@—Tf4¢ﬂm>Tug

tel,
(25)

which implies that the solution of (23) is given by

x(t) = Jl G(t,s) (Iﬁg (s))q_lds

0

1 s q-1
= (r ()" j G(ts) (j (s-f'g(1) dr) ds.
0 0
(26)
For the convenience, we make the following assumptions.

(HI) f : [0,1] x [0,400) — (0,+00) is continuous and
nondecreasing, and there exists a constant A > 0 such
that, for any t € [0, 1], x € [0, +00),

f(t,cx)zc’lf(t,x), Y0 <c<1. (27)



(H2) h(t) € L'(0,1) is nonnegative on (0, 1), and
1 s g-1
0< J- G (s,s) (J s -1 h(r) d‘l’) ds < +00. (28)
0 0

Remark 8. By (27), for any ¢ > 1,(t,x) € [0, 1] x [0, +00),
clearly,
f(tex) < C)Lf (t, x). (29)

Now, for any x € P, define one operator T as follows:

1
HM@=G@W”LG¢@

s -1
XU (s-0Fh() f(r,x(r))dr)q ds, OO
0

tel.

Then by (20) and (23), the BVP (1) is equivalent to the fixed
point problems of the operators T.

Lemma9. Assume that (H1) and (H2) hold. ThenT : P — P
are continuous, compact, and nondecreasing.

Proof. In fact, for any x € P,

ITx] = max {(r (B)"1 Ll G(t,s)

y (L (5= h(@) f(nx () dr)qlds}

<(r ()™
1 s q-1
y J Gs,s) <J (s=Fh (@) f(1,x () d-r) ds.
0 0
(31)
On the other hand, by Lemma 7,
énin1 Tx (t)
<ts

= min @)™ [ G

E<t<1

s q-1
x(j (s— T)ﬁflh (1) f (1, x (1)) dr) ds]>
0

> o (1) (T (B)) ™ Ll G (s, s)

([or

gq-1
xh (T)f(r,x(r))dr) ds

=0 (t)|Tx].
(32)

SoT(P) c P.
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Next, supposing D C P is a bounded set, then for any
x € D, there exists a constant M > 0 such that ||x|| < M.
Thus for any x € D, we have

|| = max {(r (B)"™

x Ll G(t,s) <L (s—7)f!

gq-1
xh (1) f (1,x (1)) dT) ds}
< (r(p)"*

1 s q-1
X J G (s, ) <j (s— T)'B_lh(r)f(‘r,x(r))d1> ds
0

0

g-1

< (r(B)" Ll G(ss) (L (s—Fh () dr) ds

q-1
x( sup f(t,x))

[0,1]x[0,M]
< +o00,
(33)

which implies T(D) is bounded. On the other hand, accord-
ing to the Arzela-Ascoli theorem and Lebesgue dominated
convergence theorem, we easily see T : P — P is completely
continuous. In the end, noticing the monotonicity of f on x
and the definition of T, we also have that the operator T is
nondecreasing. O

3. Main Results

Define two constants

B=(T(B)™ JOI G (s,s) (Ls -1 h) dr)qlds,

l= ntleale (t,1).
(34)
Theorem 10. Suppose conditions (H1) and (H2) hold. If there
exists a positive constant b > 1 such that
17'B < p' MY, (35)

where | and B are defined by (34), then the BVP (1) has the
maximal and minimal solutions x* and y*, which are positive,
and there exist two positive constants m, < m, such that

m,o (t) < x*(t) < b,
(36)

mo )<y (t)<b, tel.

Moreover for initial values x, = b, y, = 0, define the iterative
sequences Xx,,, ¥, by

x, (t) = (Tx,_;) (t) =T"xy (t),

Vo) = (Ty,_1) () =T"y, ().

(37)
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Then

. %
lim x,=x",
n—+00

lim y, =y (38)

n— +00

fort € I uniformly, respectively.

Proof. Let P[0,b] = {x € P: 0 < ||x|| < b}; we firstly prove
T(P[0,b]) c P[0,b]. In fact, for any x € P[0, b], we have

0<x(t) < max x ) =|x|l <b. (39)

By the assumption (H1), we have
0< f(t,x ()< f(tDb)

40
sb’\f(t,l)sbATE%xf(t,l)zle. (40

It follows from Lemma 9 that T : P — P is completely
continuous operator; thus by (35) and (40), we have

ITx] = max {(r B

x Ll G(t,s) (L (s—1)f!

g-1
xh (1) f (1, x (1)) dt) ds]»

<(r(p)"

0 0

<(r(p)"

s -1
X Jl G (s,s) (J (s— T)ﬁ_lh(r)d1>q ds
0 0
X lb’\)q_1
1
<

= B(")" <b,

(41)

which implies that T'(P[0, b]) c P[0, b].
Let yo(t) = 0, t € [0,1]; then yy(t) € P[0,b]. Leting
() = (Tyy)(t), we have y, € P[0,b]. Denote

Yot =Ty, =Ty, n=1,2,.... (42)

It follows from T'(P[0, b]) ¢ P[0, b] that y, € P[0, b]. Since T
is compact, we obtain that {y,} is a sequentially compact set.
Since y, = Ty, = TO € P[0, b], we have

y1 () = (Typ) (t)

(43)
= (TO) (1) 20=y, (1), telo1].
By the induction, we get
Vpr1 2V n=0,1,2,.... (44)

s -1
X Jl G (s,s) (J (s— T)ﬁ_lh(‘r)f(r,x(r))d1>q ds

Consequently, there exists y* € P[0,b] such that y, — y*.
Letting n — +00, from the continuity of T and Ty, =
¥,_1» we obtain Ty = y*, which implies that y” is a non-
negative solution of boundary value problem (1). Since f :
[0,1] x [0,+0c0) — (0,+00), we know the zero function
is not the solution of boundary value problem (1), thus
maxy,; |y (£)] > 0; by ¥* € P, we have

Y=y o) >0, te(o1), (45)

that is, y* is a positive solution of boundary value problem
(D).

On the other hand, let x,(t) = b, t € [0, 1]; then x,(¢) €
P[0, b]. Leting x, = Tx,, from the previous expressions, we
have x; € P[0, b]. Thus let us denote

Xpyy = Tx, =T %y, n=1,2,.... (46)

It follows from T'(P[0, b]) c P[0, b] that

x, € P[0,b] n=0,1,2,.... (47)
Since T' is compact by Lemma 9, we can assert that {x,} is a
sequentially compact set.

Now, since x; € P[0, b], we have

0<x (1) < x| sb=2x,(t). (48)

It follows from Lemma 9 that T : P — P is nondecreasing,
S0

x, = Tx; < Tx = x;. (49)
By the induction, we have

Xp1 <X, n=0,1,2,.... (50)
Consequently, there exists x* € P[0, ] such that x,, — x*.
Lettingn — +00, from the continuity of T and Tx,, = x,,_;,
we obtain Tx" = x*, which implies that x* is a nonnegative
solution of boundary value problem (1).

Next, noting x,(t) = b > y,(t) = 0, t € [0,1], thus
it follows from monotonicity of T that Tx, > TY,; by the
induction, we have x,, > y,, n = 0,1,2,..., which implies

that x* > y*. Thus by (45) we have
x"(t) > y" ()= x| o) >0, t€(0,1). (51)
This means that x* is also a positive solution of boundary
value problem (1).
In the end, let u™ be any fixed point of T in P[0, b], then
Yo=0<u" <b=x, (52)
and then
v =Ty, <Tu" =u" <Tb=x,. (53)
By induction, we have

yp<u'<x, n=123,.... (54)



Taking the limit, we have
Y <ut <x". (55)

This implies that x* and y* are maximal and minimal
solutions of the BVP (1). Let m; = [|y*||, m, = ||x*||, then
we have

m,o (t) <x*(t) < b,

(56)

mo )<y (t)<b, tel.

The proof is completed. O

Remark 11. If h(t) = 1, then (H2) holds naturally, and in this
case we take

e[ s
_d(pr(p)
T@ B0+ 1)

Thus we have the following Corollary 12.

s q-1
B” J (s— T)B_1d1> ds

0
(57)

Corollary 12. Suppose condition (HI) holds and h(t) = 1. If
there exists a positive constant b > 1 such that

lq—lB* < bl—/l(q—l), (58)

where | is defined by (34), then the BVP (1) has the maximal
and minimal solutions x* and y*, which are positive, and there
exist two positive constants m; < m, such that

myo (t) < x* () < b,
(59)

mo )<y (t)<b, tel.

Moreover for initial values x, = b, y, = 0, define the iterative
sequences x,,, ¥, by

xn (t) = (Txn—l) (t) = Tn'xO (t) >

Vo () = (Ty,_;) (1) =T"y, (2).

(60)

Then

_ *

lim y, =y (61)

. *
lim x,=x",
n— +00

n— +00

fort € I uniformly, respectively.
Corollary 13. Suppose conditions (H1) and (H2) hold. If

A<p-1. (62)
Then there exists a constant b > 1 such that the BVP (1) has the
maximal and minimal solutions x* and y*, which are positive,
and there exist two positive constants m; < m, such that

m,o (t) < x*(t) < b,
(63)

mo{t)<y" (t)<b, tel.
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Moreover for initial values x, = b, y, = 0, define the iterative
sequences x,,, ¥, by

x,(t) = (Tx,_;) () =T"x, (t),

) (64)

Yu®) = (Ty, 1) ) =T"y, (1)
Then

nl—i}?ooxn X nl—i»r-{looyn R4 (65)
fort € I uniformly, respectively.
Proof . Tt follows from A < p — 1 that

A
lim —— =0, (66)

u— +oo P!

which implies that there exists b > 1 large enough such that

b 1

<« 67
T < (67)
Notice that (1/p) + (1/gq) = 1; (67) is equivalent to
7B < b, (68)
By Theorem 10, the conclusion of Corollary 13 holds. O

Remark 14. In Corollary 13, we obtain that the BVP (1) has the
maximal and minimal solutions x* and y* only by comparing
p—1to A. But note that p and A are irrelative, so (62) is easy to
be satisfied; this implies that Corollary 13 is very interesting.

Example 15. Consider the following boundary value prob-
lem:

-2 (9 (2.x)) (t)
=sintx (1) + 23 (1) + 25

+5t+2, te(0,1),

(69)

1
x(0) =0, 2% ()= ——P I/Gx(—>,
(0) ¢ x(1) T 1

2.x(0) = 0.

Leta = 3/2, B =1/2, y = 1/6, p = 6,and f(t,x) =
sintxt + 2634 + 26% + 5t + 2,h(t) = 1, then

-2/3
e = =(5)

=—|-
4
6716 70)
1 <1 5
B =%
Forany 0 < ¢ < 1 and x € [0, +00), we have
f(t,ex) = sin t(cx)* + tz(cx)3/4 +2t7 45t +2
> sin t(cx)4 + 2t
(71)

+ct (Zt3 + 5t + 2)

= c4f(t,x).



Discrete Dynamics in Nature and Society

Taking A = 4, then
A=4<p-1=5 (72)

which implies that (62) holds. By Corollary 13, we know the
BVP (69) has at least two positive solutions.
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