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By introducing new definitions of ¢ convex and —¢ concave quasioperator and v, quasilower and u, quasiupper, by means of
the monotone iterative techniques without any compactness conditions, we obtain the iterative unique solution of nonlinear mixed
monotone Fredholm-type integral equations in Banach spaces. Our results are even new to ¢ convex and —¢ concave quasi operator,
and then we apply these results to the two-point boundary value problem of second-order nonlinear ordinary differential equations

in the ordered Banach spaces.

1. Introduction

In this paper, we will consider the following nonlinear Fred-
holm integral equation:

u(t) = LH(t,s,u(s))ds, tel, 1)

where I = [a,b] and H € C[I x I X E, E], E is a real Banach
space with the norm || - ||, and there exists a function G €
Cl[I x I x E x E, E] such that for any (t,s,x) e I x I x E

H(t,s,x) =G(t,s,%,x). (2)

Guo and Lakshmikantham [1] introduced the definition
of mixed monotone operator and coupled fixed point; there
are many good results (see [1-13]). In the special case where
H(t,s, x) is nondecreasing in x for fixed t,s € I, Guo [2]
established an existence theorem of the maximal and minimal
solutions for (1) in the ordered Banach spaces by means of
monotone iterative techniques. Recently, Jingxian and Lishan
[3] and Lishan [4] obtained iterative sequences that converge
uniformly to solutions and coupled minimal and maximal
quasisolutions of the nonlinear Fredholm integral equations
in ordered Banach spaces by using the Mouch fixed point
theorem and establishing new comparison results. But these
all required the compactness conditions and the monotone
conditions in the above papers, and furthermore they did not

obtain the unique solutions. In addition, extensive studies
have also been carried out to study the global or iterative
solutions of initial value problems [8-13].

In this paper, by introducing new definitions of ¢ convex
and —¢ concave quasioperator and v, quasilower and u,
quasiupper, by means of the monotone iterative techniques
without any compactness conditions which are of the essence
in [2-4, 7, 8, 14], we obtain the iterative unique solution
of nonlinear mixed monotone Fredholm-type integral equa-
tions in Banach spaces and then apply these results to the two-
point boundary value problem of second-order nonlinear
ordinary differential equations.

2. Preliminaries and Definitions

Let P be a cone in E, that is, a closed convex subset such that
AP c Pforany A > 0 and P N {-P} = {0}. By means of P, a
partial order < is defined as x < yifand onlyif y — x € P.
A cone P is said to be normal if there exists a constant N >
Osuch that x, y € E, 0 < x < yimplies [x < N [y,
where 8 denotes the zero element of E (see [2, 14]), and we call
the smallest number N the normal constant of P and denote
Np. The cone P is normal if and only if every ordered interval
[x,y] ={z € E: x < z < y} is bounded.

Let P, = {u € C[L,E] : u(t) = O forallt e I}, where
Cl[I,E] denotes the Banach space of all the continuous



mapping u : I — E with the norm | ulo = max,|u(t)].
It is clear that P; is a cone of space C[I, E], and so it defines
a partial ordering in C[I, E]. Obviously, the normality of P
implies the normality of P; and the normal constants of P;,
and P are the same.

Let uy, v, € CI[I, E]. Then, u,, v, are said to be coupled
lower and upper quasi-solutions of (1) if

uy (1) < J G(t,s,uy(s),vy(s))ds, tel,
I
(3)
vy () 2 JIG(t,s,vo (s),ug(s))ds, tel.

If the equality in (3) holds, then u, v, are said to be coupled
quasi-solutions of (1).

We will always assume in this paper that P is a normal
cone of E. For any u,,v, € CI[I, E] such that v, < w,, we
define the ordered interval D = [u,, v,] = {u € C[[,E] : u, <
u < vl

Next, we will give the new definition of ¢ convex and
—¢ concave quasi operator and v, quasi-lower and u, quasi-

upper.

Definition 1. Suppose that, G € C[I x I x E x E, E]. Then
G is called ¢ convex and —¢ concave quasi operator, if there
exist functions

¢ : (0,00) x (0,00) — (0,00),

(4)
¢ : (0,00) x (0,00) — (0,00),

such that

(1) G(t,s,au, Bv) > (o, )Gt s,u,v), &« < B,a, B €
(0,00), forall u,v € E,

(2) G(t,s,au, pv) < (o, f)G(t,s,u,v), & =2 B, f €
(0,00), forall u,v € E.

Definition 2. Suppose that G € C[I x I x E x E, E], u, € P.
Then, G is called u, quasi-upper, if for any u,v € E, u, v < u,
such that L G(t,s,u,v)ds < u,.

Definition 3. Suppose that G € C[I x I x EX E, E], v, € E.
Then, G is called v, quasi-lower, if for any u,v € E, u,v > v,
such that L G(t,s,u,v)ds > v,.

Let us list the following assumption for convenience.

(H,) G is uniformly continuouson I X I x E x E, and G is
¢ convex and —¢ concave quasi operator.

(H,) G(t,s,x, y) is nondecreasing in x € E for fixed
(t,s,¥) € I xIx E.G(t,s,x, y) is nonincreasing in
y € E for fixed (t,s,x) € I x I X E.

(H;) ¢(ex, B), ¢(ax, B) are all increasing in «, decreasing in
B, and ¢(eyg, By) =y, 9By, ) < By and for o, B €
[(Xo, ﬂ()]a a < ﬂ,

¢(Ba)-¢(xp)<l(f-a), O0<I<l (5
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3. The Main Result

The main results of this paper are the following three
theorems.

Theorem 4. Let P be a normal cone of E, let uy, v, € P; be
coupled lower and upper quasi-solutions of (1). Assume that
conditions (H,), (H,), and (H;) hold and

(H,) There exists wy € Py such that u, < w, < v,, and for
oy, By € (0,00) of (Hs) such that u, > ayw,, fow, >
V.

Then, (1) has a unique solution x*(t) € D = [uy, v,], and for
any initial x,, y, € [Uy, v,], one has

X, () = x" (1), p, () — x" (1),

(6)
uniformlyont € I as n— oo,
where {x,(t)}, {y,(t)} are defined as
x, (t) = L G(t,s,%,_1 (5), ¥, (5)) ds,
(7)

v, () = LG (£, Yoy (8),%,_1 (s))ds, tel

Proof. We first define the operator A : [u, vy] X [ugy, vy] —
Cl[I, E] by the formula

A(u,v) = L G(t,s,u(s),v(s))ds. (8)

It follows from the assumption (H,) that A is a mixed
monotone operator, that is, A(u, v) is nondecreasing in u €
[uy, Vo] and nonincreasing in v € [uy,vy], and u, <
Alug, vg), Alvg, ug) < .

By (7), we have x,(t) = A(x,_;({), y,_1(1), y,(t)
A(y,_1(t), x,_1(t)) and set w,(t) = A(w,_,(t),w,_,(t)) for
initial w, in (H,), and we also define that

un (t) = A (unfl (t) > Vn—l (t)) >

Vn (t) =A (Vn—l (t) > un—l (t)) .

)

Since A is a mixed monotone operator, it is easy to see that

UNESTAE-SERE-S THESIPE S AE-SIEE S-S

(10)
U, <w, <V,
Obviously, by induction, it is easy to see that
u, > o,w,, v,<pw, n=01,..., @)

A< <<, < <1< KB << B < By
(12)

where «, = ¢(e,,_1, Br1)> B = P(Bro1> 1) n=1,2,....
In fact, by the assumption (H,), we have that inequality
(11) holds as n = 0. Suppose that inequality (11) holds asn = k,
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that is, u, > apwy, v, < Brwyg. Then, as n = k + 1, by the
assumption (H;), we have

sy = A o) = [ G (6510 5), v () ds

2 L G (t, s, 0wy, Prwy) ds

> ¢ (o Br) L G (t, s, wy (5), wy (8)) ds = o Wy,
Ve = Aon) = | G (6579 (9) ds

< L G (.5, frw awy) ds

< ¢ (B o) .[1 G (t, 5, Wy (5), Wy (5)) ds = Py Wy
(13)

Then, it is easy to show by induction that inequality (11) holds.

For inequality (12), by 1,; < wy,; < Vi, and the above
discussion, we have 0 < o ; < 1 < i, ;. Obviously, it follows
from the assumption (H,) that oty < o}, 3; < f3,. Suppose that
A < & i < Pi_y> S0 it is easy to show by (H;) that

¢ (1> Bir) < ¢ (o Br) »

@ (B o) < @ (B> ) »

that is, o < &,1> Brsr < Pi- Then, it is easy to show by
induction that inequality (12) holds.

Then, it follows from the inequality (12) that there exist
limits of the sequences {«,}, {f3,}. Suppose that there exist
a, 3 such that o, — o, 8, — f,and n — 00, and by
(H,), we also have

0<B,-a,=¢ (ﬁnq’“n—l) -¢ (‘xnfl’ﬁnfl)
<H(Buor — o) < < (By — ),

they 0 < I < 1, and taking limits in the above inequality as
n — 00, we have o = f3.

Next, we will show that the sequences {u,}, {v,} are all
Cauchy sequences on D.

In fact, by (10) and (11), for any natural number p, we
know that

(14)

(15)

6Sun+p_unsvn_unS(ﬁn_(xn)MO’

(16)
0 < Vi = Vutp SV, U, < (ﬁn_“n)uO'
By the normality of P; and (15), we have
un+p — Uy o) < NPln (ﬁ() - OCO) ”u()"C’
17)

"V,, - Vn+p||c < Npl™ (By = ) o s

where N, is a normal constant. So {u,}, {v,} are all Cauchy
sequences on D, and then there exists u*,v* € [u, v,] such
that lim,, _, . u, = u*, lim, _, v, = v".

It is easy to know by (10) and (11) that

0 < Vp— Uy S /';nwn - W, < (ﬁn - “n) Uy < I" (ﬁO - (XO) Up»
(18)

so by the normality of P;, we have

v, = tallc < Nol™ (B = o) [0l (19)

and taking limits in the above inequality asn — oo, we have
x* =u" =v" € [uy, ], and for any natural number n, we
alsohaveu, < x™ <wv,, t el

Then, by the mixed monotone quality of A we have
un+1 = A(uﬂ’ Vn) S A(x*’x*) S A(Vn’ un) = Vn+1’ (20)

and taking limits in above inequality asn — co, we know
that

x'=A(x",x"), (21)

that is, x* € [ug,v,] is the fixed point of A; thus, x™ is the
solution of (1) on D = [uy, v,].

Furthermore, we will show that the solution is unique.
Suppose that y* € [u,,v,] satisfy y* = A(y", y"). Then,
by the mixed monotone quality of A and induction, for any
natural number n, it is easy to have that u, < y* < v,.
Then, by the normality of P; and taking limits in the above
inequality as # — oo and the above discussion, we have
y'=x"

For any initial x, ¥, € [u, vy], by (7) and (8), the mixed
monotone quality of A and induction, for any natural number
n, we have u, (t) < x,(t) < v, (t),u,(t) < y,(t) < v, (), t € L.
Then, the normality of P; and (19) imply that

% = ttallc < Npl™ (Bo = o) [|ttol s

")’n - ”n"c < NPNPln (/30 - “o) “uO"C'

Thus, the sequence {x,,(£)}, {y,(t)} all converges uniformly to
x*(t) ont € I. This completes the proof of Theorem 4. [

Theorem 5. Let P be a normal cone of E, let uy, v, € P; be
coupled lower and upper quasi-solutions of (1). Assume that
conditions (H,), (H,), and (Hs) hold.

(Hy) G is uy quasi-upper, and there exists w, € P; such that
wy < Uy < vy, and there exist &y = supfa > 0 : uy >
awy}, By =1nf{f > 0: v, < Pw,}.

Then, (1) has a unique solution x*(t) € D = [uy, v,], and for
any initial x, ¥, € [Ug, v,], one has

X, (1) — X" (), y () > (1),

(23)
uniformlyont € I as n — oo,
where {x,(t)}, {y,(t)} are defined as
x, (t) = J G(t,8,%,_1 (5), ¥,y (5)) ds,
' (24)

Y, (£) = LG (£, Yy (8),x,_; (s))ds, tel



Proof. We first define the operator A : [ug, vy] X [ug, vo] —
C[I, E] by the formula

A(u,v) = LG(t, s,u(s),v(s))ds. (8')

It follows from the assumption (H,) that A is a mixed mono-
tone operator, that is, A(u,v) is nondecreasing in u €
[ug, Vo] and nonincreasing in v € [ug,v,] and u, <
Alug, vy), Alvg,ug) < v By (7), we have x,(f) =
Alx, 1), v, @), y,(1) = A(y,,(t), x,,_,(t)) and set
w,(t) = A(w,_,(t), w,_,(t)), and we also define

un (t) = A (un—l (t) > Vn—l (t)) >

Vu (H=A (Vn—l ), Uy (t)) :

(25)

Since A is a mixed monotone operator, it is easy to see that

(107)

UgSuy <o Sy <<y, < <Y< V.
Because G is 1, quasi-upper and w; < u,, we have

w, (1) = A(w, (), w, 1))

(26)

= J G (t,s,wy (s),wy (5)) ds < uy.
I

So for any natural number #, by induction, we know that
w,(t) = A(w,_, (1), w,_, (1)) < u,.
It is easy to see by induction that

Vk < ,Bkwk, (11,)
(12')
where oy = (a1 Br1) B = PPy tr)s k= 1,2,

In fact, by the assumptions (H,) and (H;) and the above
discussion, as n = 0, we have

uk > OCkwk,

Gy<a; < <ag < <h << b <,

uy = A (g vo) = JIG(t,s, o (), v, (5)) ds
> ch(t, 5,y fowy) ds 27)
> ¢ (00 o) [ G (050 (), (9) s = oy,

v, = Avptty) = L G (t,5, v (5) g (5)) ds
< JIG(t’ S, BoWp» Wy ) ds (28)

<@ (B ) L G (t,s,wy (s),w, (s))ds = Byw,.
By the above two inequalities and assumption (H;), we have

ay < a; = ¢ (ag, By) < ¢ (Borag) = Py < by (29)
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Suppose that for k — 1 we have u;_; > og_ Wi, Vg <
Browr_p>and g, < oy < By < Py, Then, for k + 1,
by the assumption (H;), we have

= A, v y) = L G(t,s,up_y (5), vy (5)) ds

> L G (t,s, 0 Wiy Proy Wiy ) ds

> ¢ (og_1s Breet) J-I G (t, s, Wy (), wy_ (5)) ds = ogwy,
Vo= A i) = LG (£, Vi (5) 24y (5)) dIs

< L G (t, s, BroyWy1> G Wy ) ds

< ¢ (Br-1> %-1) L G (t s, Wiy (5), Wiy (5)) ds = Py
(30)
By the above two inequalities and assumption (H;), we have
ey = (02 Bra) < P (k1 Bior) = o < P

= ¢ (Beov @) < @ (Broa #z) = Prcr-

(31)

Then, it is easy to show by induction that inequalities (1 1')

and (12') hold.
The following proof is similar to that of Theorem 4. This
completes the proof of Theorem 5. O

By a similar argument to that of Theorem 5, we obtain the
following results.

Theorem 6. Let P be a normal cone of E, and let u,,v, € P;
be coupled lower and upper quasi-solutions of (1). Assume that
condition (H,), (H,), and (H;) hold.

(H!) G is v, quasi-lower, and there exists w, € P, such that
4 09 (1 T
Uy < vy < wy, and there exist oy = sup{a > 0 : 1y >
awy}, By =1nf{f > 0: vy < Pw,}.

Then, (1) has a unique solution x*(t) € D = [u,,v,], and for
any initial x,, y, € [uy, v,], one has

x, (1) — x" (), y, () — x" (1),

(32)
uniformlyont € I as n — oo,
where {x,(t)}, {y,(t)} are defined as
x, () = L G(t,s,%,_1(5), ¥, (5))ds,
(33)

¥, (£) = LG (£, Yoy (), x,_; (s))ds, tel.
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4. Applications

Consider the following two-point BVP in the Banach space:
"= ftu), te]=1[0,1],

u(0)=u(l)=0,

(34)

where f € C[J x P,P], P is a cone in a real Banach space
E. Suppose that there exists a mapping g € C[J x P x P, P]
such that f(t, x) = g(t, x, x), and that g satisfies the following
conditions:

(C,) g is uniformly continuous on J x P x P, and G is ¢
convex and —¢ concave quasi operator,

(C,) g(t, x, y) is nondecreasing in x € P for fixed (¢, y) €
JxP,and g(t, x, y) is nonincreasing in y € P, for fixed
(t,x) e Jx P,

(C;) there exist the bounded nonnegative Lebesgue inte-
grable functions a(t), b(t), c(t), and d(t) satistying
L a(s)ds < 8, L c(s)ds < 8 such that

at)x+bt)<g(t,x,y)<c(t)x+d(t), te], x,y€P.

(35)

It is well known that u € C*[J, P] is a solution of BVP(34)
in C*[J, P] if and only if u € C[J],P] is a solution of the
following integral equation:

u(t) = Lh(t,s)g(s,u(s),M(S))ds, tel, (36)

where

t(1-ys),
s(l1-1t),

t<s,

t>s. (37)

h(t,s) = {

Lemma 7. If assumption (C;) holds, then there exists uy, v, €
C[J, P] such that

Uy (t) < J]h(t,s)g(s, uy (s),vy(s))ds, te],

(38)
Vo () > Lh(t, 9 g (s,vy ()1 (5))ds, £ € 7.
Proof. In fact, let
Lyiu(t) = J h(t,s)a(s)u(s)ds,
J
X, (t) = J h(t,s)b(s)ds, te],
] (9)

Lyv(t) = L h(t,s)c(s)v(s)ds,

¥ (1) = Lh(t,s)d(s)ds, tel].

Obviously, by assumption (C;), we can get that || L, [|<
max,;(t(1 - £)/2) j} a(s)ds = (1/8) j] a(s)ds < 1, then the
equation (I — L,)u = x, has a unique solution

[ee]
ug ()= (I-Ly) 'xp= Y Lix, € Py. (40)
n=0
Similarly, the equation (I — L,)v = y, has a unique
solution
vo () =(I-Ly) yp = ZLZJ’O € P (41)
n=0

Thus, by assumption (C;), for any t € J, we have
J-I h(t,s) g (s,uq(s),v,(s))ds

> J h(t,s)(a(s)x+b(s))ds
J

=Liuy () +xy(t) =uy (1),

(42)
L ht,s) g (s,vy(s),ug(s))ds
< J h(t,s) (c(s)vy(s) +b(s))ds
]
=L,v, (t) + Yo (t) = Vo ),
that is, (38) holds. O

Theorem 8. Let P be a normal cone of E. Assume that (C,)
and (C5) hold,

(Cy) there exists wy € P; and u, v, in (38) of Lemma 7 such
that u, < wy < vy, and also there exists o, 3, € (0, 00)
such that uy > ayw,, Bywy = vy,

(Cs) ¢(a, B), @(a, B) are all increasing in «, decreasing in
B and $lag, By) = &, 9B o) < o, for & B €
(s Bols & < B,

e(Ba)-¢(a,f)<I(f-a), 0<I<1. (43)

Then, (34) has a unique solution x™ (t) € D = [u,, v,], and for
any initial x, ¥, € [t, v,], one has

x, (1) — x7 (1), y,(t) — x" (1),

(44)
uniformlyont € I asn— oo,
where {x,,(t)}, {y,(t)} are defined as
x, (t) = J h(t,s) g (s, x,_1 (5), y,_1 (5))ds,
’ (45)

7, (1) = L (5 g5y, (), %, (5))ds, tel.



Proof. It is easy to see by conditions (C,)and (C,) that
G(t, s, x, y) = h(t,s)g(s, x, y) satisfy the conditions (H,) and
(H,) of Theorem 4. By (C;) and (38), we have v, v, € C[I, P]
as coupled lower and upper quasi-solutions of (34).

Thus, the assumption (H,;)-(H,) of Theorem 4 is satisfied
from the assumption (C,)-(C;) of Theorem 8. The conclusion
of Theorem 8 follows from Theorem 4. O

Example 9. In fact, we can construct the function f(t,x) in
Theorem 8.

Let

f(t,x)=g(t,x,y)=x+i, te[o,1],

. 1
</>(<x,ﬁ)—sm(x+2ﬁ, )
71
€ [0,5] >
¢ (o B) = 3a = 5B,

then
=h(t,s) g (s, ax, By)

1
(t,s) ocx+/3y

> (1,9 (sina+ ﬁ) (+ i>

= ¢ (0BG (65 %),

G(t,s,ax, By) = h(t,s) g (s, ax, By)

=h(t,s) <ocx+ /3%/)

<h(ts) (3a-5p) (x+ i)

G (t,s, ax, By)

(47)

(48)

=¢(@p)G(tsxy).
Thus, G is ¢ convex and —¢ concave quasi operator and thus
satisfies (C,).

It is easy to check that g(t, x, y) is nondecreasing in x for
fixed (¢, y) and is nonincreasing in y for fixed (¢, x) and thus
satisfies (C,).

There exist a(t) = t/2, b(t) = t/100, c(t) = 2t, and
d(t) = 1000t satisfying

! 1 (! 1
Ja(s)ds:—J tdt=- <8,
0 2 Jo 4

(49)

1 1
J c(s)d5:2j sds=1<8,
0

0
such that

a)x+bt)<gt,x,y)<ct)x+d(t). (50)
Thus, (Cs) holds.
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There exist

! 1
g = JO hit,s) [uo O+ (S)] ds,

1
VO:ZuO:J h(t, s)[vo(s)+ o()]

Choose w, = (3/2)u, such that u; < w, < v,, and also there
exist oy = 2/3, f3, = 4/3 such that

3
ﬂoz“o =2uy = v,. (52)

3
Ug = Go5 U = Koo
Thus, (C,) is satisfied.
oo, B), @(a, §) are all increasing in « and nondecreasing
in f3,

24\ 2 1
¢<§’ 5) BEERET T -
4

and for o, f € [2/3,4/3], a < 3, we have

gb(oc,ﬁ)=3/3—50c—smoc—i —(ﬁ ).

¢ (o) - 28 = 00
(54)

Thus, (Cs) also holds.
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